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Weighted Composition Operators Acting between
Kind of Weighted Bergman-Type Spaces and the
Bers-Type Space

Amnah E. Shammahy

Abstract—In this paper, we study the boundedness and
compactness of the weighted composition operator W, ¢, which is
induced by an holomorphic function u and holomorphic self-map ¢,
acting between the Ak -space and the Bers-type space HS® on the
unit disk.
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I. INTRODUCTION

ET D = {z : |z| < 1} be the unit disk in the
complex plane, D it’s boundary. (D) denotes the
class of all analytic functions on D, while dA(z) denotes the
Lebesgue measure on the plane, normalized so that A(D) = 1.

For each a € D, the Green’s function with logarithmic
singularity at @ € D is denoted by g(z,a) = log m,
a—z

where ¢,(2) = {2 is a Mobius transformations of D. The

pseudo-hyperbolic disk D(a, ) is defined by

D(a,r) ={z€ D :|p.(2)| <}
We will frequently use the following easily verified equality:

(1 —1a*)(1 = [2*)
1—az2

(1= lea(2)?) =

For p € (0,00) and —1 < & < o0, the Bers-type spaces HZ°
consists of all f € H(D) such that

1 £llec = sup [£(2)I(1 = [2*)* < o0,
z€D
and HZ%, consists of all f € H(D) such that
[fllao = lim [f(2)I(1 = [2[*)* = 0.
|z|—1

For more information about several studied on Bers-type
spaces we refer to [3], [12].

For 0 < a < oo the a-Bloch space B* consists of all
f € H(D) such that

1l = sup (1 = [2[)*]f'(2)] < oo.
z€D
Moreover, f € Bf if

£l = fim 7)1 = |22)" =o0.
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The space B! is called the Bloch space B (see [11]). For each
a > 0, we know that HZ® = B>+! and HZ = B§™ (see
[13], Proposition 7).

El-Sayed Ahmed and Bakhit in [4] introduced the Ny
spaces (with the right continuous and nondecreasing function
K :[0,00) — [0,00)) consists of f € H(D) such that

11 = sup /D F(2)PK (g(z, a))dA(z) < oo,
If
lim /D FEPE (9(z a))dA(z) = 0,

la|—1

then f is said to belong to N . For K(t) = 1 it gives the
Bergman space. If Nk consists of just the constant functions,
we say that it is trivial. Clearly, if K (¢) = ¢?, then Ng = N, ;
since g(z,a) ~ (1 — |¢4(2)]?). The Np-space was introduced
by Palmberg in [8]. Finally, when K (t) = t, Nk coincides
N1, the Ni-space was introduced in [7].

From a change of variable we see that the coordinate
function z belongs to Nk space if and only if

sup/D MK(log i)dA(z) < .

aepJp |1 —azl* E

Simplifying the above integral in polar coordinates, we
conclude that Nk space is nontrivial if and only if

L (1—1t)? 1
tESE)I,)l)/O (1_tT2)3K(logT)rdr<oo. @Y
We assume from now that all K : [0, 00) — [0,00) to appear
in this paper are right-continuous and nondecreasing function.
Moreover, we always assume that condition (1) is satisfied, so
that the Nk space we study is not trivial.
Given u € H(D) and ¢ a holomorphic self-map of D.
The weighted composition operator W, o : H(D) — H(D) is
defined by

Wao(f)(2) = u(2)(f © ¢)(2),

It is obvious that W, , can be regarded as a generalization
of the multiplication operator M, f = u - f and composition
operator Cyf = f o ¢. The behavior of those operators is
studied extensively on various spaces of holomorphic functions
(see for example [3], [4], [6], [7], [8]). El-Sayed Ahmed and
Bakhit in [4] considered the composition operator Cy f = fo¢
on the space N . They gave complete characterizations for the
boundedness and compactness of Cy : N — HZ°. However

z€eD.
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the boundedness and compactness of the case Cy : HS®

Nx remain to be studied.

In this paper, we will characterize the boundedness and
compactness of the case Wy 4 : HY — Ng and W, 4 ¢
Nk — HZ. Our situations have not been covered by a
recent progress of studies of weighted composition operators.
Of course, the results in this paper will also give the
characterizations of the case W, 4 : H® — Nx and the
case Wy 4 : Nx — HZ° is a generalization of the results
in [4], [8] and [10]. Furthermore, by the derivative operator
f— f',Qr-spaces (see [9]) are closely related to Ny -spaces
and Bloch-type spaces B related to HS°.

For a subarc I C 9D, let

SI)y={r¢eD:1—|I|<r<1,(el}.

If [I| > 1 then we set S(I) = D. For 0 < p < oo, we say
that a positive measure dy is a p-Carleson measure on D if

o u(SW))
Iscua% ||

< o0

Here and henceforth sup;- 5p indicates the supremum taken
over all subarcs I of 9D. Note that p = 1 gives the classical
Carleson measure (see [1], [2]). A positive measure dy is said
to be a K-Carleson measure on D if

1—
sup / K< M)d,u(z) < 0.
1can Js) 1]

Clearly, if K (t) = ¢?, then p is a K-Carleson measure on D

if and only if (1 — |2|?)dp is a p-Carleson measure on D.
Pau in [9] proved the following results:

Lemma 1. Let K satisfy (1) and p be a positive measure.

Then

(i) p is a K—Carleson measure if and only if

sup / K1~ pa(2)2)dA(z) < ox. @)

ac€D

(ii) p is a compact K —Carleson measure if and only if (2)
holds and

lim [ K (1~ |pa(2)|*)dA(2) =

la]—1

Lemma 2. Let K satisfy (1) and let f € H(D). Then the
following are equivalent.

(i) feNk.

(ii) supgep [ |(f 0 a)(2)* K(1 = |2*)dA(z) < o0
(iii) | f(2)|>dA(z) is a K-Carleson measure on D.

Lemma 3. (Test function in N see [5], Lemma 2.2) Let K

satisfy (1). For w € D we define

1—[wf?

hy(2) = ——.
() = A=y

Then hy, € Nk and ||hy||ae < 1.

The following lemma proved by Ueki (see [10], Lemma 2):
Lemma 4. (Test function in H° ) For each a € (0,00),
0 €10,2m), r € (0,1] and w € D, we put

ho.»( Z 2’“" 7"6

Then hy, € H® and Hh97\|H>o <L
In particular, hg . € H3 if 7€ (0,1).

Recall that a linear operator T : X — Y is said to
be bounded if there exists a constant C' > 0 such that
IT(Hlly < C|fllx for all maps f € X. Moreover,
T:X — Y is said to be compact if it takes bounded sets
in X to sets in Y which have compact closure. For Banach
spaces X and Y of H(A), T is compact from X to Y if and
only if for each bounded sequence {z,} € X, the sequence
{Tz,} €Y contains a subsequence converging to some limit
inY.

Two quantities Ay and By, both depending on an f €
H(D), are said to be equivalent, written as Ay ~ By, if
there exists a finite positive constant C' not depending on
f such that for every analytic function f on D we have:
&By < Ay < CBy. If the quantities Ay and By, are
equivalent, then in particular we have A; < oo if and only if
By < o0o. As usual, the letter C' will denote a positive constant,
possibly different on each occurrence.

1. WEIGHTED COMPOSITION OPERATORS FROM HZ° INTO
Nk SPACES

In this section, we characterize the boundedness
and compactness of weighted composition operators
Wae t HY — N . First, in the following result, we describe
the boundedness of W, ¢ : H3® — Nk.

Theorem 1. Let K : [0,00) — [0,00) be a nondecreasing
function and ¢ be a holomorphic self-map of D. For
€ (0,00) and u € H(D), then the following are equivalent
@) Wa,e : HP — N is a bounded operator.
(i)  wu and ¢ satisfy:
2
sup / %K (9(z,

acD Jp (1 = [6(2)[?)
(i) w and ¢ satisfy:

a))dA(z) <oco.  (3)

Y T N
f?a%[e<z><1—|¢<z>|2>2aK<1 |2)dA(z) < oo (4

Proof. (ii) =

|u(2)]”
2 /D (DA

where C'is a positive constant. If f € HS°, then forall a € D,
we have

(i). We assume that condition (3) holds and let

a))dA(z) < C,

W (F) v
= sup [ ) PIAGE)P K (o0, 0)dAC)
< Ul s [ Kt aiae)
< Ol fllree-
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(i) = (ii). Suppose that W, 4 : H3® — N is bounded, then

IWoo (Dl < M1l zge-

For each a € (0,00),0 € [0,27) we set the test function
he = hg,1 which is defined in Lemma 4 with w = ¢(zp). Fix
w € D, by Fubini’s theorem we have

1 = /QWHWw he) HNKZQ
> [ K [ ook )aae),

By Parseval’s formula as in [10], when |¢(z)| > W’ we have

2 5 df 1
J, heIPS 2 g

Hence we obtain

()P )
/h 0= o) Py 9l

V2

a)dA(z) <1, (5

forany a € D, where D 1 ={zeD:|¢(z)| > \}5}
By noting that u € N, or any a € D, we have

s

'/|¢(z>g;§ (1= [o(z)[2)2 a))dA(2) < Cllully-

(6)
Inequalities (5) and (6) show that the condition (3) is true.
(iii) = (i). For every f € HZ it follows that

sup / u(2)]?|£(p(2)) K (1 — |2])dA(z)
S(I)

ICoD |u( )|2
< Wl g 1e8D /5(1) (1 —1lo(2)[?)2

Combining this with condition (4), we see that

dy = [u(2)P|F($(2)PE(L — |2))dA(2)

is a K-Carleson measure. Thus Lemma 1 implies that
Wu@(f) (S NK and

K(1— |2])dA(2).

Wi, (F) [l v

sup / [u(2) 2L F(6() P (912, @) }dA(2)

WA
< Wtz 399 |, G ol KA
< Ol

and so W, 4 : H® — Nk is bounded. (i) = (iii). Assume
that W, o : H® — N is bounded. Fix an arc I C D, again
we consider the test function hy, 0 € [0, 27). By Lemma 1 and
Lemma 4, we have

|u(2)|
T omea K (L= [2)/[I)dA(z) < 1
/S(I)nD ’ (1 —|p(2)[*)2
Since u € N K by the boundedness of W, 4, it follows from
Lemma 1 that |u(z)|?dA(z) is a K-Carleson measure and

sup / (=) PdA(2) < [Jul2,
S(I)

ICoD

Then we have

WP (=D,
/su)m{.wwi} e (e

2
< fulli -

Hence, we obtain the condition (4) and we accomplish the

proof.

Under the same assumption in Theorem 1 we obtain the
following theorem.

Theorem 2. Let K : [0,00) — [0,00) be a nondecreasing
function and ¢ be a holomorphic self-map of D. For
€ (0,00) and u € H(D), then the following are equivalent
@) We: HY — N is a compact operator.
(i)  wu and ¢ satisfy:

|u(z)[?
lim 5up/ —————K(g(z,
P S, T e
(i) w and ¢ satisfy:
. u(2)?
lim sup / — - K(1
P 28 S, T 0P
where D, = {z € D : |¢(z)| > r}.

a))dA(z) =
— [2)dA(z) =0,

Theorem 3. Suppose o € (0,00),u € H(D) and let
K :[0,00) — [0,00) be a nondecreasing function and ¢ be
a holomorphic self-map of D. Then W, 4 : HP — N is

a bounded operator if and only if %dA( ) is a
K-Carleson measure.
Proof. Necessity. By Lemma 1, it suffices to prove that

Ju(2)[?
SEE/D WK(I — |pa(2)})dA(z) < 00

Since K is nondecreasing and (1 — ¢?) < 2log+t, for
t € (0,1], we have 1 — |, (2)|? < ZIOgm < 2¢(z,a),
for all z,a € D. Using Theorem 1, we have

P vl

2gg/p 1= ()2 K1~ lea(2))dAG)
L z,a 2

= flelg/D (1—|¢(z)|2)2uK(29( ,a))dA(z)

fu(2)]? )
< s | G

Sufficiency. Assume that %dﬁl@) is a K-Carleson
measure. Then

(=)
SZE/D - \¢<z>\2>2aK(

We obtain that for all f € H,
W,
s [ Wools
~ sup / ()P F(S(2)PE (1~ |pa(2)]?)dA(2)
aceD JD

)P
Wl 308 [, om0

a))dA(z) < 0o

1= Jpa(2)|*)dA(2) < o0

2)PKE(1 — |pa(2)|?)dA(2)

IN

= lpa(2)[*)dA(2)

IN

Q.
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By Lemma 1, W, 4(f) € Ng. Thus W, 4 : HP® — N is a
bounded operator. The proof is completed.

III. WEIGHTED COMPOSITION OPERATORS FROM N INTO
HE
In this section, we will consider the operator
Wiye + Nk — HZ. The case w = 1 can be found in
the work [4] by El-Sayed Ahmed and Bakhit.

Theorem 4. Let K : [0,00) — [0,00) be a nondecreasing
function and ¢ be a holomorphic self-map of D. For
a € (0,00) and u € H(D), then W, 4 : H® — Nk is a
bounded operator if and only if

2 1— 2\«
qup 10— 121)
aeD 1 —[0(2)]
Proof. We know that N C H{°, for each nondecreasing

function K : [0,00) — [0, 00) (see [4], Proposition 2.1). First
assume that condition (7) holds. Then

[Wao () ree sup [u(2)[|£(#(2))1(1 = |2[*)°

u(2)|( — |2*)*
1—o(2)?

< o0. @)

A

< [If g sup
zeD
Cllflnc -

IN

This implies that W,, 4 : H® — N is a bounded operator.
Conversely, assume that W, o : H® — N is bounded, then

W6 (F)lze < M1 Fllave -

Fix a point 2y € D, and let h,, be the test function in Lemma
3 with w = ¢(z0). Then,

L2 [hwllve = CollWa,g(hu)l e

|u(z0)|(1 — wl?)

= iwatp DS
ju(z0)(1 - |20
e

where (' is a positive constant. This completes the proof of
the theorem.

Theorem 5. Let K : [0,00) — [0,00) be a nondecreasing
function and ¢ be a holomorphic self-map of D. For
a € (0,00) and u € H(D), then W, 4 : H® — Nk is a
compact operator if and only if

u(z)|( — |2[)*
1—[o(2)?
Proof. First assume that W, ¢ : H>® — N is compact and

suppose that there exists €9 > 0 a sequence {z,} C D such
that

lim su
r=1.¢eD,

=0. (8)

u(za)l(1 — |2 |*)*
1- |¢(zn)‘2

whenever [¢(z,)| >1— +.

Clearly, we can assume that w,, = ¢(z,) tends to wg € 0D

2 €0,

as n — oo. Let hy,, = % be the function in Lemma 3.

Then h,,, — hy, With respect to the compact-open topology.
Define fn = Ny, — Ru,- By Lemma 3, we have || f,||a < 1
and f,, — 0 uniformly on compact subsets of D. Thus, f, o
¢ — 0 in HS° by assumption. But, for n big enough,

W (fn)ll e
> Ju(za)| [P, (#(2n)) — hug ((20))[ (1 — |Zn‘2)a
o TGl = lz) | (= Jwa?)(1 — wol?)
B 1—|p(2n)]? |1 — o wh| ’

which is a contradiction.
To prove the necessity of (8), we assume that for all € > 0
there exists § € (0, 1) such that

[u(2)I@ — |=[*)*
1—o(2)?
whenever |¢(z)| > 6. Let {f,,} be a bounded sequence in N

norm which converges to zero on compact subsets of D.
Clearly, we may assume that |¢(z)| > 4. Then

||Wu-,<l5(fn)”Hg°
= sup [u(2)|| fa(@(2)I(1 — |2/
zeD

|u(2)|(1 —

_ |2%)* B
S S res 1 | Fal(2))(1 = [6(2)?)

< eCllfallaz < eClifalae < e

< e

It follows that W, , : H3® — N is a compact operator. This
completes the proof of the theorem.
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