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The positive solution for singular eigenvalue
problem of one-dimensional p-Laplace operator

Lv Yuhua

Abstract—In this paper, by constructing a special cone and using
fixed point theorem and fixed point index theorem of cone, we get the
existence of positive solution for a class of singular eigenvalue value
problems with p-Laplace operator, which improved and generalized
the result of related paper.
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I. INTRODUCTION

HE eigenvalue problems with p-Laplace operator arises

in a variety of applied mathematics and physics, and
they are widely applied in studying for non-newtonian fluid
mechanics, cosmological physics, plasma physics, and theory
of elasticity, etc. In recent years, some important results have
been obtained by a variety of method(see[1-9]). In paper [10],
Wang and Ge study for the following problem

(0p(u))" +a(t)(t) (¢, u(t) = 0,t € (0,1)
u(0) = u(1) =0,

by using fixed point theorem of cone, they get the existence

of multiple positive solution. Motivated by paper [4,6,10], we

consider the following problems:

—(pp(e' (1)) = An() f (1)), ¢ € (0,1)
apy((0)) — Bep(2'(0)) = 0, (1)
Yep((1)) +dpp(2'(1)) = 0,

where ¢, (s) = |s|P~2s,p > 1, and X is a positive parameter,
h(t) is nonnegative measurable function in (0, 1), h(t) may
be singular at ¢ = 0,1, « > 0,8 > 0,7 > 0,6 > 0 f(x) is
nonnegative continuous function in [0, +00), f is sup-linear
and sub-linear at 0 and co.

We first list the following conditions:

(H1) h(t) is nonnegative function in (O 1) for any closed
subinterval of (0,1), h(t) # 0 and 0 < [0 t)dt < +o0;

(Ha) f € C([0,+00),[0,+00)) and f(0 ) = 0; for u >
0, f(u) >

(Hs) }g}) f—) = a, where a € [0, +00);

(Ha) L Hm fslz = +o0;( f is sup-linear at z = +00.)
(Hs) lim ng 2 = 0;( f is sub-linear at = = 0.)

(He) LETOC Lic) = 0.(f is sub-linear at z = +cc.)

For the sake of convenience, we list the following
definitions and lemmas:
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Definition 1.1 If =z €  C[0,1]NC'(0,1) and
satisfy (1), ¢p(a’(t)) is absolutely continuous in (0,1),
—(pp(@' (1)) = Ah(t)f(z(t)) hold almost everywhere in
(0,1), we call z is positive solution for problem (1).

Definition 1.2 Let E be a real Banach space, if K is a
nonempty convex closed set in F, and satisfy the following
conditions:

MzeKA>0=>eK;2reK, e K=na=
0, 0 is zero element in E; we call K is a cone in E.

Let £ = C[0,1](C*[0,1], we induce the order z < y:
for all t € [0,1], we have x(t) < y(¢). If we denote the

/
norm ||z| = maz{ max |=(t)], max |2'(£)l}, then (E, |.[)
is a Banach space.

Let K ={z € E: .Z'(

t)
0,7¢p(x(1)) + depp(2'(1))
[0,1]}, then K is a cone in E.

2 0,a¢p(@(0)) — Bpp(2'(0) =

0,z is concave function in

Lemma 1.l Forany 0 <e < 3,
properties:
(1) x(t) > ||lz[[t(1 1), vt € [0,1];
(@ =) > &?||z|,Vt € [g,1 — €]. (the proof is elementary.)

x € K has the following

lemma 1.2 Suppose Hs,H,; hold, and a = oo,

then there exists R > 0, such thatf(R) = min flt ,
Rp—1 t>0 tp—1

suppose Hs, Hg hold, then there exists L > 0, such that
JL)_ )

Lr—1  t>0 ¢p1

Lemma 1.3 ( see[11]) Let E be Banach space, K is a
cone in E, for » > 0, we define K, = {z € K : ||z| < r}.
Suppose T : K, — K is completely continuous, such that
Vu € 0K, = {x € K : ||z| = r}, we have Tx # z,
If |z|| < ||Tz|,z € 0K, then (T, K, K) = 0; if
lz|| > |Tx||, z € OK,, then (T, K,, K) = 1.

Lemma 1.4 (see [12]) Let Q1,92 is a bounded open
set in B, 9 € 9,0 C Q0,4 : KN\ Q) —
K is completely continuous. If |[Az|| < |z|,Vz €
KN oQ; ||Az|| > |jz],Vx € K(9Qa. or [|[Az| <
|zl|, Yz € KN 0Qa;||Az| > ||=|l,Yz € K [0, then A
has fixed point in K (22 \ 21).

Il. CONCLUSION
Theorem 2.1 If conditions (H,), (Hz), (Hs), (Ha
and a = +oo0. )
(@) If there exists A* > 0 such that (A\*»—T +

max{(2)7t5, PG iy < 1

) hold,
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where v,(t) = |t\v7ilsgn(t) is converse function of ¢,
R € (0,R] is the maximum point of f in (0, R], then
for 0 < A < A*, Problem (1) has two positive solutions
)

x1(t), z2(t), and satisfy 0 < ||1]| < R < ||z2]|.

(b) There exists A**, when A > \**, the problem (1) has
no positive solution.

(a) Proof  For any = € K, we have 2/(0) > 0,2/(1) <
so there exists a constant o(= o) such that z’(c) = 0, we
define T, : K — E as follow

w2 [ Mwparan+
/wp//\h r))dr)ds,0 <t <o,
byl / Br) () dr)+

/wp/Ah

By the definition of T, we know Va € K, Thx € C*[0,1] is
nonnegative and satisfy the boundary condition, furthermore,

wp/” W) f(u(r)dr) >0, 0<t<o,
pr/Ah dr) <0,

is continuous and non-increasing in [0,1], and (Thx)' (0) =
0, so (Thz)(o) is the maximum value of Thz in [0,1].
Since (Thx)' is continuous and non-increasing in [0, 1],
we have Thx € K, this imply Th\K C K, furthermore,
—(pp(Tha'(t))) = Ah(t)f(z(t)), so the fixed point of T
in K is solution for problem (1).

Similar to the method of [4,5], we know T : K — K is
completely continuous.

By (Hi), Ve > 0, Wehave0<f

andwhenegxgl—e,y()—/ %(/

€ S

(Te) (1) =

r))dr)ds,o <t <1,

(Taz)'(t
o<t<l1,

h(t)dt < +o0,
h(r)dr)ds +

1—¢ s

Yp( | h(r)dr)ds is nonnegative continuous.
‘Let P'=  min y(z) > 0, by (Hs) and a = oo,

e<z<l—e
o fl@) . ,
i.e. lim = 00, We know there exists 0 < 7’ < R,
z—0 gp—1

such that when 0 < = < ¢/, f(x) > (Mz)P~!, where
1
M > 2(\7=1&%P), for z € OK,» = {z € K : ||z|| = r'}, we

have
2| Tl z/ wp/ Na(r) f(u(r))dr)ds+

/1 E¢,,/ AR (r) f (u(r))dr)ds

> Av—1 1M52r’(/: 1/),,(/ h(r)dr)ds+

l1—¢
1/)1,/h )dr)ds)

—)\p T Me3r
2)\1 T Me2r P
> 2r' =2||z|,

o€le,1—¢

1—¢ 1—¢
ITha]| > / %(/ Nh(r) £ (u(r))dr)ds

) l1—¢ l—¢
> /\F]MEQT'(/ wp(/ h(r)dr)ds)
€ S
= AéM@QT’y(l —€)
> \p-1 Me2r' P

>2r > =z||, o>1-c¢,

el > / o / h(r) £ (u(r)dr)ds
> )\v T Me2r "y(e)
> A1 = M2 P

>2r' >0l =z, o<e,

so for x € OK,, we have ||Th\z| > ||z||, by lemma 1.3,

i(Ty, K., K)=0. (2)
o fl@) -
By (Hy) hrf o1 = +o00, there exists Ry > 0,Vo >
Tr——+00 I

Ry, we have f(z) > (Mz)P~!, take R > max{R, R}, for
x € IR, ||z|| = R, by lemma 1.1, we have

o [eg

2Tl = [ ([ M) (ur))dr)ds

/?8 2/)p‘(g/: A7) f(u(r))dr)ds
> /\ﬁ]V&:?R(/U wp(/: h(r)dr)ds—+

/1 ol [ty

> ApT 1M52Ry( )
>\ T T Mc2RP

>2r=2|z|, o€lel—¢,

Tl > / X / () (u(r))dr)ds

l—e 1—e
W / h(r)dr)ds)
= AT Me2Ry(1 —¢) (
> \7-T Me>rP
> 2R > R = |z|,

> )\p_ilMezQR(/
€

oc>1-—c¢,
l1—¢ s
1Tl = [ ([ A fatr)ards
€ ~E

> )\ﬁMsQRy(E)

> N1 Me2RP

>2R>R=|z|, o<e,

so for x € 0K, we have ||Thz| > |||, by lemma 1.3,
i(Th, K, K) = 0. (3)

On the other hand, for z € 0K i, we have
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ITaall < v / B £ (u(r))dr)ds+

maz{yp(— /Ah u(r))dr),
w(% /0 Na(r) f(u(r))dr)}

<1+ mas{ ()7, (1))
G /O h(r)f(R)dr)

= A7t 1(1+mar{(ﬁ) w %)P T} x
Up( <p(R)‘PP fo (r)dr)

— i 1(1+mam{<ﬁ> = ,<§> L)
(_Rp r)P- Mp fo R

<H<R=|q|,

by lemma 1.3,
(T, Kpy K) = 1. 4)

by (2),(3),(4) and the additivity of fixed point index
(T)\,KR\KR) -1 ’L(TA,KR\K) 1.
So T has fixed point z; in KR\KR and x5 in KR\K
Next we show x; # xo, we only need to show when z; €
aKR,i = 17 2, Thx; 75 X; hold.
If it is not true, when z; € 0Kg,i = 1,2, Tha; = x;, SO
I Thx;|| = ||z:]|. Since z; satisfy (1), we have

1
| 7| §wp(/0 Ma(r) f(u(r))dr)ds+

E ' r) f(u(r))dr
maz (i (2 /0 Nh(r) f (u(r))dr),

6 1
(. / N () f (u(r))dr)}

< Aﬁ(umm{(g)ﬁ

ol W) (Rydr)
AP (1 man{ ()7
Up (L0, (R) [y h(r)dr)
:Av71<1+max{<ﬁ>ﬁ,<§
(;QEFZ Py (fy h(r)dr)R
< ApT 1(1+ma9c{( )r%,(
(LB 74, (fiy b

0, 1
V-1 V) x
7) )
r)dr)||a||

this imply
! <Aﬁ<1+max{<§>ﬁ,< )P

(Rp 1 11/)1) fo )

this is a contradiction, so x; # zs.
Last, obviously 0 < |lz1|| < R < [Jz2]|.

=2 >

(b) Proof  Suppose there exists a subsequence {\,,}, and
An > n such that for any n, problem (1) has a positive solution
z, € K, by Hz, Vo > 0, we have f(x) > CzP~!, where

C:};](? T, When o < ¢, by lemma 1.1, we have

1—¢
]l >

Ul / M) £ (u(r))dr)ds

zm“/g”%(/s h(r)C )P dr)ds
> (AC)7t1 2, H/l gw/ h(r)dr)d

A
:(An@pllezl\w llu(e)
> (A Q)7 e?||ay | P,
SO

1> nCe2P=Hpr=t, (6)

Since n is sufficient large, so we get a contradiction.

When o >1—¢ and o € [¢,1 — €], we can get the similar
result.

So there exists \**, when A\ > A\**, problem (1) has no
positive solution, the proof is finished.

Theorem 22 If (Hy),(Hs),(Hy) hold , and
0 < a < +oo if there exists A***l > 0 and
5. 1
AP max( (37, )R e [ a < 1

0

where 1, (t) = |t\p 1sgn( ) is converse function of ¢, so
for 0 < A < A***, problem (1) has a positive solution.

Pr oof Take ¢ > 0, such that (AP—T +
ﬁ 1 0, 1 1 !
marl (27 (07T + o7 hod) < 1,
by Hs, there exists » > 0 such that W%en 0 <z < 1,
f(z) < aP~Y(a+e). so for z € OK,, we have
1
| Tz Swp(/o AR(r) f (u(r))dr)ds+
maz{yy(2 [ N7 (utr)ir),

(=}

5 1
4 / N(r) £ (u(r))dr))

<27 (1 mar{ (D)7, (27

1 Y
wp(/ h(r)z? = (r)(a + €)dr)
0
5.
<At 1<1+max{<§>p ()P
(a+e) 71y fy %(r) r)\lch
<A 1(1+maz{<a>ﬁ,<;>ﬁ}>x
(a—|—e)v 11y, fo h(r)dr)n
<n=|z].
By H,, there exists o > 0, such that when

x > of(x) > (Mx)P~t, choose u > max{o,n},
by the similar method with theorem 2.1, we can show
when =z € 0K, ||Thz| > ||, so if we define
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={z e K:|z|| <n}, Q2 ={z e K:|z| < pu},
by lemma 1.4, T has at least one fixed point x € K, and
i > ||z|| > n, the proof is finished.

Corollary In condition Hs, let a = 0, then YA > 0,
problem (1) has at least one positive solution.

Theorem 2.3 |If Hy, H>, H5, Hg hold, then

(@Ve € (0,1), there exists A\, = A.(¢) > 0, such that
for all A > )., problem (1) has at least two xi,z> and
0< Hxlﬂ <L< ngw

(b) If there exist A\, > 0 SLIJCh that )\**ﬁ(l +
Oyt Oy, [ i) < 1, then for
a Y

all A <( )A** problem (1) has no Bositive solution, where
o =

max{

Lr—1-

(a) Proof
Let v =

Forany 0 < e < 3,Vz € K and ||z = L,

f(u(t))

e<t<l-e u(t)p~1’

et = 2

=T gty
A > A, we have

by (Hz) and lemma 1.1, v > 0,

where @ = min y(z) > 0, then for

e<zx<l—e

o o

n(

€ s

ol " AB(r) () dr)ds
> ()\U)ﬁ&g(/ wp(/ h(r)dr)ds+

1—¢ s
o / h(r)dr)ds)
= (W)71e2QL
> 2L =2||z||,0 € [e,1 — €],

ATl > Nn(r) £ (u(r))dr)ds+

Q

1—e¢ 1—¢

[Tl = [ ([ M) fatr)drds
E(Av)ﬁEQQL
> o> 1,

1—¢ s
Il > / i / Nh(r) f (u(r))dr)ds
Z(Av)ﬁEQQL
> a0 < e,

so for x € 0K, we have [|Thz| > ||lz||.
> 0 such that €(\#-T +
h(r)dr) < 1, by (Hs), there

(zyrt,

For the same ), choose ¢
1 5 41, E
maa{(5)77, ()7

eX|stso<l<L such that when 0 < x <, f(z) <

so for x € 0K, we have

ITaell - < / A
max{wp(g N(r) f (u(r))dr),
%(% [ wesute >>dr>}
0 P, ()7
Ty

r) f(u(r))dr)ds+

=}

ol
\:

< AP (1 + max{(

G / h(r) fa

< AFT (1 + maz{(

by fo €x)P~Lh(r
< AT (14 max{(

€'y, ( fo h(r)dr)l

<l=|z|.

ﬁ
QITb =
=Y
2

)7, (=) 7T )

—
REG

v‘ =
A

o 2>

)P THx

We define a new function f(z) = max

f(s), so f(x) is

0<s<z
nondecreasing monotonously, by (Hg) lnf fp(fz =0, we
_ Tr—+00 I
L f@) / i
can get hrf -1 = 0, for the same ¢’ > 0, there exists
Tr——+00 I

S > 0 such that when z < S, f(z) < (¢z)?~!, choose
L' = max{L, S}, so for z € K., we have

r) f(u(r))dr)ds+
| Ah(r) f(u(r))dr),

)
o / N(r) £ (u(r))dr))

<X (Lt maz{(2)7, () )

b / W) (L ’)dr)

1

T <
ITaell < /
max{p(

QIQ,-\

5.
< A7 (1 + maz{ (2 ) L)X
’wpfo r)dr) L’
< L' = |lz]|.
we define Q) = {z € K : ||z|| < L} Q0 = {z € K :

llz|| < L'}, by lemma 1.4, T has at least two fixed points
21 (t), m2(t) in K, and satisfy | < ||z1|| < L < ||aa] < L.

Similarly to the proof of theorem 2.1, T, has no fixed
point in 0K, so x1(t) # x2(t), the proof is finished.

(b) Proof  Suppose there exists a subsequence \,, < ..
and \,, € (0,1) such that for Vn problem (1) has a positive
solution z, € K. since =z > 0, f(z) < (C'z)P~!, where
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¢’ = L8 we have

lonall < vl [ M) o, ()t
maz{uy(> [ N7, (r)ar),
0

(5 /O M(r) f (@, (r))dr)}
S)\ﬁ%](l—i—max{(g)ﬁ,(%)ﬁ})x

([ b i
< /\T”#(l —l—max{(g)ﬁ, (;)ﬁ})x
C'7 gy (fy h(r)dr)|aa, |
i.e.

1< )\,’i+1 (1—|—mcw:{(§)ﬁ7 (é)ﬁ})C/ﬁqj;p(/o h(r)dr).

(7)

2

since An < Ak SO

B 1 0, 1 S_1 ! .
maz{(Z)7=, (Z) 7T HC 7T (| h(r)dr) <1, this
is contradiction, the proof is finisheg.

Example 1

{ —(pp(a'(1)))" = A1 = t)PreP2 (ca (t) 4 222 (1)),
z(0) = z(1) =0,

where X is a positive parameter, ¢ € Rt |J{0}, -1 < p1 <
0,-1<p2<0,0<q1 <p—1<ga.
we cinsider the following two cases:

(1) when 0 < ¢ < plf 1 < g and ¢ >

00 R = R = (2w, and » =
@2—p+1 .

go —p+ 1Pt (p 1 — g )P 1m0 e—a

(2 =p+1) (_ql PTER e

2

Lpa+1))7 1 x i

By theorem 2.1, if A € (0, \*), then problem (1) has at least
two positive solutions x1, z5 satisfy 0 < |lz1]] < R < ||z2]|,
there exists A\** sufficient large, when A > A**, problem (1)
has no positive solution.

2)¢1 =p-—1,and ¢ > 0, if ¢ > 0, then h(t) = (1 —
t)PreP2 and f(x) = ca? (t) + 2% (t) satisfy all the conditions
of theorem 2, and 8 = 0,6 = 0. Let \*** = (cB(p1 + 1,po +
1))~!, where 3 is 3 function, for 0 < A < A***, problem (1)
has at least one positive solution.

If ¢ = 0, by corollary, for each A\ > 0, problem (1) has at
least one positive solution.

Example 2

{ —(pp(@ (1)) = An(t)(e"® — 1), te(0,1)

z(0)=2z(1)=0

where X is positive parameter, h(t) is same as above, we

consider three cases:
casel p>2. let \* =

R=Rc((p—-2,p—1)i

Rr—1

( /(R) B(p1+1,p2+1))" 1, where
s the only zero point of function

te(0,1)

x(z) = e*(z—p+1)+p—1, by theorem 2.1, when X € (0, A*),
problem (1) has at least two solutions, and 0 < ||z < R <
[|z2||. there exists A** sufficient large, when A > A**, problem
(1) has no solution.

case 2 p=2,let \*** = (B(p1+1,p2+1))"", where
is 3 function. by theorem 2.2, for 0 < A < A*** problem (1)
has at least one positive solution.

case 3 1 < p < 2, in this case a = 0, by corollary, for
each A > 0, problem (1) has at least one positive solution.

Example 3
—(p(@' (1)) = N a(t) e,
z(0)==z(1)=0
where0 <a<1l,p—1<gq.
By theorem 2.3, for = € (0, 3), let A, () = ( = yP=1, for
v
0 < A > A, problem (1) has at least two positive solutions,
and 0 < [|z1]] < ¢ —p+1 < ||a2||. there exists A, sufficient
small, when X\ < .. problem (1) has no solution. Specially,
p=2let A(e) = (-5 )P v =270 (g — 1)e= (179,
ve
527@ + (1 _ E)Zfa _ 20(71

and Q =

1-a)(2-0a)
A > A, problem (1) has at least two positive solutions, and
0<[lz1]l <g—1< [z

te(0,1),

, we can get for 0 <
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