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The Pell Equation z° — (k* — k)y* = 2!

Ahmet Tekcan

Abstract—Let k, ¢, d be arbitrary integers with & > 2, ¢ > 0 and
d = k? — k. In the first section we give some preliminaries from
Pell equations 2% — dy? = 1 and 22 — dy?> = N, where N be any
fixed positive integer. In the second section, we consider the integer
solutions of Pell equations 2% — dy? = 1 and 2% — dy? = 2°. We
give a method for the solutions of these equations. Further we derive
recurrence relations on the solutions of these equations.
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|I. PRELIMINARY FACTS.

Let d # 1 be a positive non-square integer and N be any
fixed positive integer. Then the equation

2?2 —dy? =+N Q)

is known as Pell equation and is named after John Pell (1611-
1685), a mathematician who searched for integer solutions to
equations of this type in the seventeenth century. Ironically,
Pell was not the first to work on this problem, nor did
he contribute to our knowledge for solving it. Euler (1707-
1783), who brought us the ¢-function, accidentally named the
equation after Pell, and the name stuck.
For N = 1, the Pell equation

22 —dy? = +1 )

is known as the classical Pell equation and was first studied by
Brahmagupta (598-670) and Bhaskara (1114-1185), (see [1]).
Its complete theory was worked out by Lagrange (1736-1813),
not Pell. It is often said that Euler (1707-1783) mistakenly
attributed Brouncker’s (1620-1684) work on this equation to
Pell. However the equation appears in a book by Rahn (1622-
1676) which was certainly written with Pell’s help: some
say entirely written by Pell. Perhaps Euler knew what he
was doing in naming the equation. Baltus [2], Kaplan and
Williams [5], Lenstra [7], Matthews [8], Mollin, Poorten and
Williams [9], Stevenhagen [10], Tekcan [12,13,14], and the
others consider some specific Pell equations and their integer
solutions. Further details on Pell equations can be found in
[3,10].

The Pell equation in (2) has infinitely many integer solutions
(n,yn) for n > 1. The first non-trivial positive integer solu-
tion (zy1,1) (in this case z; or x1 4y, +/d is minimum) of this
equation is called the fundamental solution, because all other
solutions can be (easily) derived from it. In fact, if (z1,v1)
is the fundamental solution of z2 — dy? = 1, then the n-th
positive solution of it, say (x,,y,), is defined by the equality

Tn + yaVd = (21 + V)" ®)
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for integer n > 2. (Furthermore, all nontrivial solutions can be
obtained considering the four cases (+x,,, +y,) for n > 1.)
There are several methods for finding the fundamental
solution of Pell’s equation 22 — dy? = 1 for a positive non-
square integer d, e.g., the cyclic method [4, p. 30], known
in India in the 12-th century, or the slightly less efficient but
more regular English method (17-th century) which produce
all solutions of 2% — dy? = 1 [4, p. 32]. But the most efficient
method for finding the fundamental solution is based on the
simple finite continued fraction expansion of +/d. We can
describe it as follows (see [2] and also [6, p.154]): Let

lao; a1, a2, -, ar, 2a0]

be the simple continued fraction of \/d, where ay = [Vd].
Let po = ag, p1 = 1 +agay, go = 1, ¢1 = a;1. In general

Pn = GnPn—-1+DPn—2 (4)
qn = QanQn—1 1 gn—2
for n > 2. Then the fundamental solution of 22 — dy? =1 is
(pr,qr) if risodd
(T1,91) = (5)

(por+1,q2rt1) if 7 is even.

On the other hand, in connection with (1) and (2), it is well
known that if (X1,Y7) and (z,—1,yn—1) are integer solutions
of 22 —dy? = N and z? — dy? = 1, respectively, then
(X,,Y,) is also a positive solution of x2 —dy? = &N, where

X, +dY, = (-Tn—l + dyn_l)(Xl + le) (6)

for n > 2.

In this work we will define by recurrence an infinite se-
quence of positive solutions of the Pell equation 22 —dy? = 2¢,
where d = k? — k with k£ > 2 an integer and ¢ > 0 is also an
integer. We will also express the obtained solutions for ¢ > 1
in terms of the “fundamental solution” of 2 —dy? = 1 in two
cases k=2or k> 3.

Il. THE PELL EQUATION 22 — (k2 — k)y? = 2°.

Let d = k? — k be a positive non-square integer for an
integer £ > 2 and let ¢ > 0 be an arbitrary integer. In this
section we consider the integer solutions of Pell equation 22 —
(k? — k)y? = 2. First we consider the case ¢ = 0, that is, the
classical Pell equation

2?2 — (K —k)y? = 1.

Theorem 2.1: Let d = k% — k with & > 2. Then
1) The continued fraction expansion of v/d is given by

1;2] if k=2
Vi =

[k —1;2,2k — 2] otherwise.
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2) The fundamental solution of 22 — dy? =1 is

(xhyl) = (2]‘3 - 172)-

3) Forn >4,
Tn = (4k - 1)(5Bn—1 - In—Z) + Tp-3
Yn = (4k - 1)(3!71,71 - yan) + Yn—3-

Proof: 1) Let & = 2. Then it is easily seen that the
continued fraction expansion of /2 is [1;2]. Now let k& > 3.
Then

-k = k—1+(k—k—(k—1))
1
= k-1+ -
VR (k1)
1
= k-1+ Vi —Fot (k—1)
F—1
= k—1+ —1
- v VEZ—k—(k-1)
2+ E—1
1
- k-14-—-
VE2—k—(k—1)
= k—1+

1
2+ VEZ— ket (k—1)
1

= k—-1+

T .
2+ 2k—2+(Vk?>—k—(k—1))

Therefore the continued fraction expansion of v/d is [k — 1;
2,2k — 2.

2) The case k = 2 is clear since (x1,y1) = (3,2) isclearly a
minimum solution of 22 —2y? = 1. On the other hand, for k& >
3, using the method described in the precedent section to find
a fundamental solution, we get r = 1 with ag = k—1, a; = 2.
Hence, (z1,y1) = (p1,q1) = (2k — 1,2) is the fundamental
solution since py = ap = k—1,p1 = 14+apa; = 1+(k—1)2 =
2k —1and g0 = 1,q1 = a; = 2 by (4) and (5).

3) Note that by (3), if (z1,y1) is the fundamental solution
of 22 — (k% — k)y? = 1, then the other solutions (z,,,y,) of
22 — (k% — k)y? = 1 can be derived by using the equalities
T, + Vdy, = (1 + Vdy)™ for n > 2, in other words

Tn _ x1 dy1 " 1

Yn Y1 1 0
for n > 2. Therefore it can be shown by induction on n that

Ty = (4k — 1)(xp—1 — Tp—2) + Tp_3.
Similarly it can be proved that y,, = (45— 1)(yn—1—Yn—2) +
Yn—3- u
Next we consider the general case, that is the case
22— (K2 — k=2

for ¢ > 1. But we have to consider the problem in two cases:
k = 2 and k£ > 3. Note that we denote the integer solutions
of 22 — (k* — k)y? = 2! by (X,,,Ys), and denote the integer

solutions of 2% — (k? — k)y? = 1 by (x,,y,). Then we have
the following theorem.

Theorem 2.2: Let k£ = 2 and let ¢ be an arbitrary integer
with ¢ > 1. Define a sequence {(X,,Y,,)} of positive integers
by

(27,27) if tis odd

(X1, Y1) =
(3.25,2%+1> if tis even
and
2% 2y + 25y if tis odd
X =
' 3252, 1 + 2%+2yn,1 if tis even
Q%xn,l + Z%yn,l if tis odd
Y, =

25ty 1+ 325y, 1 if tis even,

where {(z,,,y,)} is the sequence of positive solutions of x2 —
292 = 1. Then

1) (X,,Y,) is a solution of 22 — 2y% = 2t for any integer

n > 1.
2) Forn > 2,
Xn+l = 3X, +4Y,
KI,Jrl = 2Xn + ?)Y;,
3) Forn >4,
Xn = 7(Xn—l - Xn—Z) + Xn—3
Yn - 7(Yn71 - Yn72) + Yn73~

Proof: 1) Let us assume ¢ is odd. Then it is easily seen
that (X;,Y7) = (2%,2%> is a solution of 22 — 2¢% = 2¢

since

. 2 o1\ 2
Xi-avt = (2%) —2(27)
= 2itl _99t-1
= 2(2-1)
= 2!

On the other hand, as it was said previously, (X,,,Y,,) is
also a solution for n > 2. We can prove this as follows. Recall
that (z,—1,%n_1) is a solution of z2 — 2y = 1, that is,

2
n

Th = 2yn =L

Further we see as above that (X;,Y7) is a solution of 22 —
292 = 2!, that is,

X2 _2y?=2%
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Combining these two results we find that

2

t— t 2
-2 <2T1In71 + 2#yn71)

= ottlp2 4005 2% g iy,
+2

2t
-2 Z.QT.QTIn_lyn_l
+20+1y2
= a2_y (2" —227h)
+Zn—1Yn—1 (2t+2 - 2t+2)
+ya_y (281 — 2201
= 2 (%2171 - 2?!12171)
= 24
Therefore (X,,,Y,,) is a solution of 2% — 2y% = 2¢.
2) Note that

X1 + Y1 Vd (20 + ynVd)(X1 + Y1V4d)
(21 4+ y1Vd)" (X, + Y1Vd)
= (n +y1Vd)
y { (21 +y1 V)" }
X (X1 +Y1Vd)
= (z1+y1Vd)
y { (Tn—1 + Yn—1Vd) }
x (X1 + Y1Vd)

= (551 + yl\/g)(Xn + Yn\/g)

Therefore

Xn+l —
Yn+l

Il
TN T N N

_ X, +4Y,
X, +3Y, )’
that is
Xn+1 - 3Xn + 4}/71
Yoir = 2X, +3Y.

3) Recall that
X, = (2%%_1 n 2%%_1)
and also
X1 = 3X, +4Y,,.
Combining these two results we find by induction on n that
Xp =7(Xn_1 — Xn_2) + Xn_3.

Similarly we can show that Y,, = 7(Y,,—1 — Y;,—2) + Y;,_3 for

n > 4.

Now we consider the case t is even.

1) It is easily seen that (X,,Y;) = (3.2%,2%“) is a
solution of z2 — 2y? = 2¢ since

t 2 t 2
X2 —dy? = (3.25) 72(25“)
= 9.20-22*2
= 2/(9-38)
2t

We know that (z,,_1,y._1) is a solution of 22 — 2y% = 1,
that is,

33721 1= 23/2—1 =1,

and also (X1,Y;) = (3.2%,2%“) is a solution of z2 —2y% =
2t that is,

X2 —92vy2=2"
Applying these two results we find that

2
Xp-2v7 = (3‘2%%71 + Q%Hynfl)

t t 2
) (25“%_1 + 3.2§yn_1)
= 9202 | +2325.25 %, 4y,
+2 2
204222+
—2| 23251232, qy, 4
+9.2y5 4
= z_;(9.2" —22"?)
N 2.3.22.2312
Tnotinmt\ 923284105
+yo_y (21 —2.9.2")
= 2 (I%A - 2.%2%1)
= 2%
Therefore (X,,,Y,,) is a solution of 2% — 2y2 = 2!,
2) It can be proved as in the same way that 2) was proved

since (z1,y1) = (3,2) is the fundamental solution of x2? —
2y =1 and
X’nJrl + Y;LJrl\/E = (In + yn\/g) (Xl + Yl \/E)

(21 + y1Vd)(X,, + Yo V).

3) Recall that
X, = (328w, + 2842y, )
and also
X1 = 3X, +4Y,,.
Combining these two results we find by induction on n that
X, =7(Xn 1 — Xp2) + X3

Similarly we can show that Y,, = 7(Y,,—1 — Y;,—2) + Y;,_35 for
n > 4. [ ]

Now we consider the case k& > 3.
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Theorem 2.3: Let k and ¢ be arbitrary integers with & > 3 2.25.25+1(2k — 1)
and t > 1 is even. Define a sequence {(X,,Y,)} of positive T 1Un1 x(k? — k)t
integers by noRam — (K2 - k)2.22F1

%23 (2k — 1)

(X1,1n) = <2%(2k — 1)72§+1>

n 9 2t+2(1€2 _ /{J)2
and I\ (k2 - R)2!(2k — 1)
t t — 2 ty _ .2 t(1.2 _
X, = (25(% — Dz + 25 (k2 — k‘)yn—l) =z 1 (2") —ya_y (2'(K* — k)
, , = 2 (a7 — (K = K)yp 1)
Y;r, = (2§+1x71,71 + 25(2k - 1)yn71) s — 275_
where {(z,, yn)} is the sequence of positive solutions of 22— Therefore (X, Y,) is a solution of 22 — 22 = 2.
(k? — k)y® = 1. Then 2) Recall that
1) (X,,Y,) is a solution of 22 — (k2 — k)y? = 2¢ for any x J x
integer n > 1. < n+l ) — ( 1 4y ) ( n )
2) For n Z 2] Yn+1 Y1 X1 Yn
, 2%k —1 2k% -2k \ ([ X,
Xnp1 = (2k—1)X, + (27 = 2k)Y, - 2 2% —1 Yo
Vo1 = 2Xn+ (2k - DY, B ( (2k — )X, + (2k% — 2k)Y,, )
3) For n > 4, 2X7z + (2k - 1)Y7L
Xo = (4k = 1)(Xpo1 — Xn—2) + Xn_3 S0
Y, = (@dk—1)(Yo1—Yn2)+ Y, 3. Xpi1 = (2k—1)X, + (2k* - 2k)Y,,
Proof: 1) Note that (X;,Y7) is a solution of 22 — (k? — Yot1 = 2X, +(2k—1)Y,.

2 _ ot oj
k)y® = 2" since 3) Applying the equalities

, 2
XP— (B = k)Y = (25(% - 1)) X, = (2%(% — Dy + 25 (k2 — k)yn,l)
+ 2
—(K* = k) (25“) and
= 2'(4K* — 4k + 1) — (K* — k)(2""%) X1 = (2k — 1) X + (252 — 2k)Yi,
= 2(4k* — 4k + 1 — 4k? + 4k) , ) )
ot we find by induction on n that
Note that (z,,_1,yn_1) is a solution of z2 — (k2 — k)y? = 1, X = (4k = 1)(Xn-1 = Xn2) + Xos
that is, , , , for n > 4. Similarly it can be shown that
Tp—1— (k - k)yn—l =1

Yo=04k-1)(Yo1 - Y, 2)+ Yn73~
Also we see as above that (X, Y7) is a solution of 2 — (k% — ( i )

k)y? = 2¢, that is, ]
5 5 N . Example 2.1: Let £k = 2 and let ¢ = 2. Then by Theorem
Xi — (K - k)Y =2 2.2, (X1,Y1) = (6,4) is a solution of z2 —2y? = 4, and some

Applying these two results we find that other solutions are
X2 — (k2 = k)Y, ( 212~ 1o )2 (X2.¥2) = (31,24)
+22 (k2 — k)yn_1 (X3,Y3) = (198,140)
(2 — k) ( 28,y )2 (X4,Ys) = (1154,816)
+22(2k — D)yn—1 (X5,Ys) = (6726,4756)
= 2'(2k—1)%2 , +22%.25 1! (Xe, Yo) (39202, 27720).
X(2k = Dk~ F)n-1yn Let ¢ = 5. Then (Xy,Y1) = (8,4) is a solution of 22 —
+212(K? — k)%y2_, 2y% = 32, and some other solutions are
(k= k) (X2,Ys) = (40,28)
t2t+2$;7 (X3,Ys) = (232,164)
+2.2j;-1,2§y(2k -1) (XYl — (1352,956)
+2t(2£:111)12_y15_1 (X5,Y5) = (7280,5172)
= 22_, (2'(2k - 1)* - 2'P2(k* — k) (X6, Ys) (42528,30076).
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Example 2.2: Let k = 6 and let ¢t = 4. Then by Theorem
2.3, (X1,Y1) = (44,8) is a solution of 22 — 30y? = 16, and
some other solutions are

(X,,Ys) = (964,176)

(X3,Ys) = (21164,3864)
(X4,Y;) = (464644,84832)
(X5,Ys) = (10201004, 1862440)
(X6,Ys) = (223957444,40888848).

Concluding remark. Note that in Theorem 2.3, we only
consider the case ¢ is even. When we consider the case ¢
is odd, then we find that there is no solution (Xi,Y7) of
22 — (k% — k)y? = 2 for some values of k, or there is a
solution (X7,Y7) of 2% — (k? — k)y? = 2! for some values of
k. But we can not determine when 2% — (k? — k)y? = 2! has a
solution or not. For example for k£ = 8 and ¢ = 3, we find that
(X1,Y7) = (8,1) is a solution of 22 — 56y? = 8. Similarly
for k = 17 and ¢t = 9, we find that (X1,Y7) = (28,1) is a
solution of 2 — 27232 = 512. But for k = 10 and for every
odd ¢, there is no solution of 22 — 90y? = 2.

REFERENCES

[1] Arya S.P. On the Brahmagupta-Bhaskara Equation. Math. Ed. 8(1)

(1991), 23-27.

Baltus C. Continued Fractions and the Pell Equations: The work of Euler

and Lagrange. Comm. Anal. Theory Contin. Fractions 3(1994), 4-31.

[3] Barbeau E. Pell’s Equation. Springer Verlag, 2003.

[4] Edwards, H.M. Fermat’s Last Theorem. A Genetic Introduction to Alge-
braic Number Theory. Corrected reprint of the 1977 original. Graduate
Texts in Mathematics, 50. Springer-Verlag, New York, 1996.

[5] Kaplan P. and Williams K.S. Pell’s Equations 22 — my? = —1, —4 and

Continued Fractions. Journal of Number Theory. 23(1986), 169-182.

Koblitz N. A Coursein Number Theory and Cryptography. Graduate Texts

in Mathematics, Second Edition, Springer, 1994.

Lenstra H.W. Solving The Pell Equation. Notices of the AMS. 49(2)

(2002), 182-192.

Matthews, K. The Diophantine Equation 2 — Dy? = N, D > 0.

Expositiones Math.18 (2000), 323-331.

[9] Mollin R.A., Poorten A.J. and Williams H.C. Halfway to a Solution of
xz2 — Dy? = —3. Journal de Theorie des Nombres Bordeaux, 6(1994),
421-457.

[10] Niven I., Zuckerman H.S. and Montgomery H.L. An Introduction to the
Theory of Numbers. Fifth Edition, John Wiley&Sons, Inc., New York,
1991.

[11] Stevenhagen P. A Density Conjecture for the Negative Pell Equation.
Computational Algebra and Number Theory, Math. Appl. 325 (1992),
187-200.

[12] Tekcan A. Pell Equation z2 — Dy? = 2, II. Bulletin of the Irish
Mathematical Society 54 (2004), 73-89.

[13] Tekcan A., Bizim O. and Bayraktar M. Solving the Pell Equation Using
the Fundamental Element of the Field Q(+v/A). South East Asian Bull.
of Maths. 30(2006), 355-366.

[14] Tekcan A. The Pell Equation 22 — Dy? = +4. Applied Mathematical
Sciences, 1(8)(2007), 363-369.

[2

—

[6

—

[7

—

[8

—

458



