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The Non-Uniqueness of Partial Differential Equations
Options Price Valuation Formula for Heston
Stochastic Volatility Model
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Abstract—An option is defined as a financial contract that
provides the holder the right but not the obligation to buy or sell a
specified quantity of an underlying asset in the future at a fixed price
(called a strike price) on or before the expiration date of the option.
This paper examined two approaches for derivation of Partial
Differential Equation (PDE) options price valuation formula for the
Heston stochastic volatility model. We obtained various PDE option
price valuation formulas using the riskless portfolio method and the
application of Feynman-Kac theorem respectively. From the results
obtained, we see that the two derived PDEs for Heston model are
distinct and non-unique. This establishes the fact of incompleteness
in the model for option price valuation.
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1. INTRODUCTION

INANCIAL derivatives are financial contracts that are

linked to an underlying asset and through which specific
financial risks can be traded in a typical financial market. The
value of a financial derivative is a function of the underlying
asset and time from whence its price is derived. Since the
future reference price of the derivative is not known with
certainty, its value at maturity can only be anticipated or
estimated. Options which are a type of financial derivative are
used for several purposes which include risk management,
hedging, etc. [1].

In the early advent of stochastic financial modeling, the
Black-Scholes model [2], for option pricing, assumed that the
volatility of the underlying asset was constant. The model
failed to take into consideration the fact that the volatility of
the underlying asset oscillates. This omission therefore
necessitated the study on stochastic volatility models such as
the Heston stochastic volatility model which treats price
volatility as arbitrary or a random variable. This singular idea
of allowing the price of the underlying asset to vary in the
stochastic volatility models improved the accuracy of model
calculations and predictions.

Grasping and quantifying the ingrained uncertainty in a
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volatility market is important for every portfolio, options and
risk management. This is obvious since volatility is not
directly observed but a statics of observable returns. So,
estimates of it are often stochastic or probabilistic [3].

II. THEORETICAL INSIGHT

Definitionl. Self-financing trading strategy: A trading

strategy is an N —dimensional stochastic  process

a,(t),-+-,ay(t) that represents the allocations into the assets at

time,t. The time,tvalueof the portfolio is [](¢t) =
Mo (0)S;(©).

A trading strategy is self-financing if the change in the
value of the portfolio is due only to changes in the value of the
assets and not to inflows or outflows of funds. This implies
that the strategy is self-financing if

dII() = d(Zi, a;(0)S; (1) = B, a; (O)dS,(b),
in other words, a trading strategy is self-financing, if

I = T10) + T, [} a;(w) dS;(w)

In the case of two assets the portfolio value is [](t) =
a (S, (t) + az(t)S,(t) and the strategy (apa,) is self-
financing if d [[(¢) = a,(£)dS; (t) + a,(t)dS,(¢).

Definition2. Self-financing portfolio: A portfolio allocation
(&) ter, With price (value) V; given by

Vi = &S + n:Ay teR*

is self-financing if and only if
dV, = B,dA; + &.dS,

where &; is the number of shares in S; (could be any real
number) and B, is the riskless asset, which is the amount in
the bank.

Theoreml1. Multidimensional Version of the Feynman-Kac
Theorem: Suppose that x; follows the stochastic process in n
dimensions

dx, = u(xe, t)dt + o (xg, t)dW,

where x; and p(x,, t) are each vectors of dimension n, W,:(Q2 is
a vector of dimension m of Q — Brownian motion, and o (x;, t) is
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a matrix of size n X m. In other words
x1(8)
d H =
xn(t)
11 (xpt) 0110, 8) oy (X, )\ fawldo
(0 I G !
X
e O-nl(xt' t) O-nm(xt: t) AW ()

The generator of the process is
2
A=Zl 1.uLax + Z 12] 1(0-0- )LJW (1)

where for notational convenience u; = y;(x;,t),0 = o(x,,t),
and (o0");; is element (i,j) of the matrix oo™ of size (n X
n). The theorem states that the PDE in V (x;, t) given by

Lt AV t) = (2, OV (2, ) = 0 @
and with boundary condition V (Xr, T)|F; has solution

V(e t) = B2 e 7wty (x,, 7)| 7, 3)

A. Ito Formula for Ito Processes

We now turn to the general expression of Ito’s formula
which applies to Ito processes of the form

X, = X0+f,usds+fade5, teR* 4)
or in differential notation
dXt = ﬂtdt + O-tth

where (4¢)per+ and (0p)eeg+ are square-integrable adapted
processes [4].

Lemmal. (Ito formula for Ito processes). For any Ito process
(X)ieg+ of the form (4) and any feC'?(R* xR) and
Z: = f(t, X;) we have,

= (0, Xo) + [} usaf(sX)ds+f 0,5 (s, X,)dB, +

to
EL (s, x,)ds + 2 [1ay]2 2L (s, X,)ds

or in differential form

a a 92
az, =L, Xt)dt + —f(t X)dX, +25L (6, %) (dx)? =

a a a
(a_]: (t, Xe) + é (t, X ue + 2922 (t X¢)of ) dt + é(t' X)o.dW,(5)

III. METHODS

The parameters for consideration in Heston model are as:
e S, orS,: Underlying asset
e v, or y,: Volatility factor
e  W,or W, :Brownian motion
e 0: Measure of the standard deviation of the returns of the

asset

e  0:The long-term running mean of the variance process

K: The speed of mean-reversion of the variance process

p: The instantaneous correlation between the state process

and the volatility process

e dt: Time step-size.

e 7: Risk-free interest rate.

e u: Drift factor (Measure of average rate of growth of the
asset).

A. Heston Stochastic Volatility Model

Here, we go straight to use the riskless portfolio method to
derive the PDEs option price valuation formula for the Heston
Stochastic Differential Equation model given as [5].

dS, = uSidt + Jv S dW®, S5 >0
dv, = k(0 — v)dt + J\/v_tth(z), vy >0
dVVt(l)dVVt(z) — pdt

Money market
dB; = B,rdt

Contingent claim
C(Stt vt: t)

We define a trading strategy Hy = (1¢, &, v¢), applied to the
portfolio (By, S¢, ¢(Sy, vy, t)). The value of the trading strategy
is then

he = 1By + eS¢ + v (S, vp, ).
We require the trading strategy to be self-financing, i.e.
dhy =n.dB; + £.dS; + y.dc(S;, vy, t).

Hence, the value of the hedge portfolio must be equal to the
value of the option

u(St,, U, t) = h;

and in particular, the instantaneous changes must as well be
equal. So we have

du(S;, v, t) = dh,.

Applying the Ito’s formula (Lemma 1) we derive the PDE.
Ito’s formula directly gives the expressions for du(S;, v, t)
and dh;as

2
du(Se, v, t) = (a—u+5tyg—:+ k(0 —17)6—u+15t2 ‘ZTZ-F
—0 vt e Yy Stavtp pyew )dt + St\/_ dW(l)
2
o )

dc ac dc | 1 9%c 1 d%¢c
dhy = v, (E+Stﬂg+k(9 _U)_+_St2 tﬁ"'_azvtﬁ"'

Stavt 3500 ) dt + (neBer + & Sep)dt +
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(VeServise + Eneyfve) AW, + yeo Jo, 5 aw P (7)

Given |p| < 1, the Ito processes u(S;, v, t) and h, are
identical if and only if the factors in front of th(l),th(z)
and dt are equal. Equality of the first two factors implies

St\/FtZ_Z = ytSt\/U_t% + ftSt\/vt
Ux/v_tz_: = VtU\/V_t%

Hence, the choices of

u
— Ov
Yt = 3
v
du_oc
f __Ou dc _ 0u  3,%5s
t ds 14 ds as gc

v

remove the stochastic component from dh, which renders the
portfolio riskless. Having determined &;,y; and by replacing
7 using the relation

u(Se, Ve, £) = he = By + §Se + v:¢(Sp, v, ©).
We now compare the drift terms and we have,
9%u

ov?

0%u ac ac dc | 1., 9%
Scovep asav 1t (Bt + S st k(6 —v) w12 Seve 2z T

ou ou ou
E+5tﬂ¥+1€(9 _U)O_

+

1 %u 1
=Stv,—+-c%v
v+2 t t652+2 t

1 a%c a%c
EUZVt 552 T Stavep m) + (U= &S — v + & Seu

By rearranging the terms and dividing the above equation
by u,, we see that each side of the equation is either dependent
oncoronu,i.e.

o%u

2%u 2%u
t gp2

1 (du du ou | 1.9 1 9
Z_u(at +Styas + k(6 v)av+zsfv‘as2 +50%,
v
a%u ou 1 (dc ac
Siov:p 290 TU— (u— r)ESt) = ?(§+ Sty£+
v
0c | 1.y 9% 1 o, 9%
k(6 v)av+ zsfvfasz +50°

(=7 %St)

d%c
+ Stavtpﬁ —cr—

We can reproduce this result with any such option c. Given
a set of these options we come to the conclusion that the left
hand side of the equation does not depend on c¢ but is a
function of S;, v, and t only. This function is denoted by
A: R2 x [0,T] — R and we write
1 (du 2 9%u

ou ou 1oy 0°u 1 5
g_u(at+5tras+lc(9 U)au+2stvtasz+zd Vo5t
v

62
S ov:p Fal; — ru) = A(S;, v, t)

The PDE the function u : RZ X [0,T] — R, u(s,v,t) has
to obey is obtained by equating the drift factor to zero. Hence,
we have,

u u ) — ou_ 1 29%u | 0%
at+sras—+—(}c(6' v) A(s,v,t))av+zv(s et o au2)+

9%u
SOpZ—-—TU = 0(8)

which is the PDE valuation formula for the Heston stochastic
volatility model.

Now, let us examine an alternative method of using the
application of Feynman-Kac theorem (Theorem 1) to obtain
the PDE options price valuation formula for the Heston model
as elaborated below. Given the Heston model [6],

ds, = rS,du + /v,S,dW,, )

dv, = (k(® — 1) — Av,)d,, + o\ [v,dW, (10)
where W,W' are now P —Brownian motions with
instantaneous correlation p. Consider now the two-

dimensional process X with coordinates X! = S and X? = v.
To construct W and W' as in (9) and (10), we choose
independent P — Brownian motions W1, W?2 and set W' =
W? and W = pW?+,/1—p2W?'. Hence, by transformation
equation (9) becomes

dX' = raxtdu +Vx2xld[pW? + /1 — p2W]
dX' = rxtdu + VxZxld(pw?) + d[Vx2ixl\[1 - p2 W]
dX' = rxtdu + px'VxZd(w?) + /1 — p2xVxZd(W?)
dX' = rxtdu + 1 — p2xxZd(W1) + px'Vx2d(W2)(11)

and (10) becomes
dx? = (1e((® - x2) — Ax?)du + oVRZd(W?)) (12)

In matrix form, we have

160 = (0 aer)) (13)
and
ot %) = <\/1——p2x1\/37 pxl\/P) (14)
0 oVx?

Hence, we have

d (xl) _ (K((ﬁ_lﬁ;-uz)) dt + <\/ 1— p2xlVxZ px1\/F> (dWl)

X2 aw?
0 oVx?

To obtain the oo’ in matrix form, we have

oo = (Jl — p2xVx? pr/?) <\/ 1-p2xWxZ2 0 ) _

0 oVx2? px1Vx? aVxZ
(1 — 02 (x1)2x? + p?(x1)2x2 apxlxz)
opxix? o%x?

Using the variables (s,v) instead of (x!,x?) and writing
subscripts for partial derivatives, we have
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( 1 apsv) (15)

opsv  c?v

Next is to apply the multi-dimensional version of the
Feynman-Kac Theorem (Theorem 1), we have the generator
function given as

a1 82
A= Z?:Mia—xi+;Z?=1Z7=1(00T)um (16)

Therefore substituting (15) into (16) we have

19?2 92 1 0°
335 T opsv +-0%v

a d
A—rs£+(1c(19—v)—lv)5+ 3500 3 37

But the PDE for the multi-dimensional version of the
Feynman-Kac Theorem is given by

LAV, ) = V() =0  (17)

Therefore, the PDE in (17) for V = v(x, v, t) becomes

v v av | 19%v 9%V

E+rsE+(K(ﬁ—v)—/lv)5+5§+apsvasav +
12,0
50°v——rV =0 (18)

Clearly, (18) is another form of the Heston PDEs option
price valuation formula which is different from the one
derived in (8). This implies that different PDEs can be derived
from the Heston Model using different approaches. This in
doubt makes the model incomplete.

IV. CONCLUSION

In this research, we examined the Heston stochastic
volatility model and used two different approaches (Riskless
portfolio method and application of Feynman-Kac theorem) to
show that there are no unique PDE options price valuation
formulas for the model. This is as a result of incompleteness in
the Heston stochastic volatility model since there are two

sources of uncertainty (th(l), th(Z) ordW,,dW,)) in the
model equation with only one risky asset S available for trade.
Hence, option prices are only determined once a specific
martingale measure (or, equivalently, a market price of risk)
has been chosen. In particular, each ideal martingale measure
also gives rise to an associated PDE and this means that many
different options price valuation PDEs can be obtained from
Heston stochastic volatility model.
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