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The Martingale Options Price Valuation for European
Puts Using Stochastic Differential Equation Models
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Abstract—In modern financial mathematics, valuing derivatives
such as options is often a tedious task. This is simply because their
fair and correct prices in the future are often probabilistic. This paper
examines three different Stochastic Differential Equation (SDE)
models in finance; the Constant Elasticity of Variance (CEV) model,
the Balck-Karasinski model, and the Heston model. The various
Martingales option price valuation formulas for these three models
were obtained using the replicating portfolio method. Also, the
numerical solution of the derived Martingales options price valuation
equations for the SDEs models was carried out using the Monte Carlo
method which was implemented using MATLAB. Furthermore,
results from the numerical examples using published data from the
Nigeria Stock Exchange (NSE), all share index data show the effect
of increase in the underlying asset value (stock price) on the value of
the European Put Option for these models. From the results obtained,
we see that an increase in the stock price yields a decrease in the
value of the European put option price. Hence, this guides the option
holder in making a quality decision by not exercising his right on the
option.

Keywords—Equivalent Martingale Measure, European Put
Option, Girsanov Theorem, Martingales, Monte Carlo method, option
price valuation, option price valuation formula.

1. INTRODUCTION

INANCIAL derivatives are financial contracts that are

linked to an underlying asset and through which specific
financial risks can be traded in a typical financial market. The
value of a financial derivative is a function of the underlying
asset and time from whence its price is derived. Since the
future reference price of the derivative is not known with
certainty, its value at maturity can only be anticipated or
estimated. Options which are a type of financial derivative are
used for several purposes which include risk management,
hedging, etc. [1].

Options allow parties to trade peculiar financial risks to
other investors that are more willing and ready to
accommodate such risk. The risk involved in option pricing
contract can either be traded as itself or by initiating a new
contract that bears the burden of risks involved in the contract
[1]. There are basically four types of financial derivatives
which are swaps, forwards, futures, and options.

There are many justifications why investors opt for trading
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in options instead of trading in stocks. One major reason to
this decision is that it aids mitigation of risks and saves
transaction costs.

To value or price financial derivative products such as
options is one of the most common problems in mathematical
finance. In order to value an option using the Martingales
approach, a replicating portfolio is constructed from trade-able
assets, and the replicating portfolio is assumed to be driven by
a financing strategy that is self-financing. The portfolio
replicates the payoff of the financial derivative at expiry, and
because of no arbitrage, it also replicates the value of the
financial derivative at every instant before expiry. We then use
the fact that the numeraire that turns the trade-able assets into
martingales also turns the replicating portfolio into a
martingale. The value of the financial derivative is the
expected value of the payoff at expiry, discounted by the
numeraire [2]. However, this paper will focus on the use of
Martingale approach in the valuation of options price which is
a type of financial derivatives.

II. THEORETICAL BACKGROUND

Definition 1 (Risk-neutral measure). A probability measure
P* on Q is called a risk-neu.tral measure if it satisfies

E*[S,|F,] = e™tWs,, O0<u<t
where E* denotes the expectation under P*.
Definition 2 (Self-financing portfolio). A portfolio allocation
(e nedeer, With price (value) V. given by V. =¢S5, +
neAg, t € Ry I s self-financing if and only if the relation
dV, = n.dA; + £.dS; holds, where &, is the number of shares in
S; (could be any real number) and 7, is the amount in the
bank.
Definition 3 (Numeraires). A numeraire is an asset with
positive price, namely N, > 0 for all t. Any asset with this
property can serve as a numeraire. The relative price S; of an
asset is its price S; divided by the numeraire price, so that
S, = Ii—i and S is measured in units of N.

Definition 4 (Martingales). An integrable process (X;)ser, is
said to be a martingale with respect to the filtration (F¢)¢ep, if
E[X;|F]=X, 0<s<t.

Theorem 1 (Fundamental theorem of arbitrage). The
Fundamental Theorem of Arbitrage asserts that if the market is
complete, then for each numeraire N;, there exists a unique
Equivalent Martingale Measure N such that the relative price
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of the assets (and consequently, of the replicating portfolio)

. o . St .
using that numeraire is a martingale. In the other words, N—t isa
t

martingale under N. Hence,

BV [ =3 )

III. METHODS

A. Preliminaries for the Model Formulation
Proposition 1 [3]. The measure P* is risk-neutral if and only
if the discounted price process (X;); . g, is a martingale under
P*.
Proof. If IP* is a risk-neutral measure, we have

E*[X|F,] = E'[e7"S¢|F,] = e T'E*[Se|F,] = e 7S, = Xy, 0 < u
<t

hence (X;); ¢ g, is a martingale. Conversely, if (X;);c g, is a
martingale, then

E*[S,|F,] = e E*[X,|F,] = e"tX, =™t Ws, 0<u<t

hence the measure IP* is risk-neutral according to Definition
1.6.

Theorem 2. (Girsanov Theorem; [4]). The process W, = W, —
fot 0, ds is Brownian motion under the measure Q.

Theorem 3. Let (d¢)¢efor) be an adapted process satisfying
the Novikov integrability condition

E [exp (%fOqublzdt)] <
and let Q denote the probability measure defined by

dQ T 1,T
S=exp(—fy podW, —3 f; 3 ds)
then

W, =W, + [, ¢sds, tel0,T],

is a standard Brownian motion under Q.

Theorem 4. (Martingale Representation Theorem; [4]).
Suppose that M, is an F, —martingale where {F;};5o is the
filteration generated by the n —dimensional standard
Brownian motion, W, = (Wt(l), ...,Wt(")). If E[M?] < o for all t
then there exists a unique n —dimensional adapted stochastic
process, ¢, such that

M, = My + [, ¢TdW, forallt >0

where ¢! denotes the transpose of the vector, ¢;.

B. The Martingale Approach

In this approach, options are not part of the traded assets
S¢(t), ..., Sy(t), so cannot be priced directly. However, we can
form a replicating portfolio [I(t) = IV, a;(£)S; (t) that
replicates the price of the option at every time, so that V, = Il;

for every t >0 and V; =Il;. Moreover, the portfolio is
traded since each asset is traded. The Fundamental Theorem
of Arbitrage (Theorem 1) guarantees that given a numeraire
N;, each relative asset will be a martingale under the
corresponding measure N, and consequently, so will V,/N;
since it is a linear combination of martingales. The martingale
property of V; /N, implies that
%

B[ 7] = @

N
from which the time -t price of the derivative, V,, is
— N ([YT
Ve = NEV[Z| 7] 3)

In the Black-Scholes economy, we have two assets, a stock
S; that follows the SDE

dS = rSdt + oSdW “)
and a fixed bond B
dS; = uS.dt + oS, dW, ®)
dB; = rB.dt

We apply Girsanov’s theorem so that the process for dS;
becomes

dS, = rS.dt + oS, dWE (6)

where dW® = dW, + %dt and B; = exp (fot rdu) =e'.
We use B, as the numeraire so that §, = % is a martingale
t

under B. The European Put option has payoff V; = (K — S;)*,
so in accordance with (3), the time-t price of the Put is

(K-sp)*
Ve = B,E® 55T

f}:‘t] = e_r(T_t)E[(K - ST)+|~7:t] (7

We can use the choice of another numeraire. The choice of
the numeraire, By, is arbitrary, and S; can be used instead. In

. . Se . .
the previous section, we saw that B—t is a martingale under an
t
Bt . .
EMM B. Now, we have that S—f is a martingale, but under a
t

different measure S. In (7), the value V; of the Put is derived
from

Z—Z: EB [Z—ﬂ y—"t].

Equivalently, using S; as the numeraire, the same value V;
can be derived from

-l

The European Put has payoff, V; = (K — S;)*, so the time-t
price of the Put is
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V, = S,ES [(ﬁ - 1)+

(K=sp)*
]=stE§[ o

7] ®)

Even though the expression in (7) and (8) are different, they
both produce the same solution [5].

C. Derivation of the Model Equations

1. The CEV Model

We consider the pricing of European put option in the CEV
model introduced by [6]. There are two assets; the bank
account B is given by B, = e™ and the stock X follow the SDE

dX, =rX,du+ oXidW,, Xo>0 ©)

with constants ¢ > 0and @ > 0. We want to obtain the
Martingale and PDE formula for the function u.

To derive the Martingale option price valuation formula for
the above SDE, we let ¢ = (1:, &)t ¢[o,r] De portfolio strategy
with price

Vi(9) = 0By + & X,
and that it satisfies the self-financing condition
dVi(¢) = ndB, + §dX, = re" n dt + §,dX,

or equivalently

V(@) = V() + fot n:dBs + fot $edXs

The next is to apply the change in Numeraire. Since the
price processes are strictly positive, in particular B; > 0, one
can always normalize the market by considering

B,=B;'B,=1

and
X, =Bf'X, =e7TtX,

Hence, we consider the discounted portfolio
Ve(®) = By W) = e (neBe + §eXe) = e + & Xe
and applying integration by parts, we have
dV,(¢) = Bi'dVi(p) — re "V (p)dt + (dB; )(dV($)) =
By'av,(¢) — re‘”Vt(?j))dt (10)
If we assume that
dVy(¢p) = n.dB, + &.dX,,
i.e., ¢ is self —financing, then
avi(¢) = e Hrneemdt + &dX,} — r(n, + X, )dt

=re ety dt + e Ed X, — rnpdt — e X, dE
=rndt + e TEd X, — rnpdt — rée T X dt

dVe(¢) = &e ™ dX, — rée T X dt = E{e T dX, + d(eT)X,}

= ftd)?t

which yields that V,(¢) is self-financing. Note that, in the
discounted market, a self-financing portfolio is written in
integral form as

T/t(d’) = Vo(¢)+f;fs d)?s, teR,

(11

Then, we need to show that (11) is a martingale under B. So,
by Girsanov’s Theorem, we can define a probability measure
B and the process

W, ="t +W,
is a Brownian motion under B. Now given
dX, = rX,dt + cXFdW,
if we now compute dX t, We get

dX, =d(e "t X,) = —re "X, dt + e "tdX, = —rX,dt +
et [rX,dt + oXFAW,| = —rX,dt + re " X, dt + oXFe T AW, =
—rX.dt + rX,dt + oXFe TtdW,
—
=0

dX, = oXFdw,
or in explicit form, let

1n( )aXf‘th

Next, we now seek the solution of the above by applying
the Ito’s formula. Setting,

a(ln xt) anxH) _

1
=0, fx_ axe

Y(t)_lnXt' ft Xal fxx__@

Noting that, u(t) = uX,, v(t) = oX, and so we have
d(n X&) = [0+0x + L (0@ (- X)] dt + _aaXt dw, =

d(lnxg’)= (P e + T

Xza

~ 1 ~
d(InX?) = —So%dt + odW,.
Integrating both side of the above equation, we have

InXE —InX§ = f; -5 o%dt + [ adW¥,

InX# = n X§ —%azt + oW,

since W, = 0. Taking exponential of both sides, we have
e[ln )?,J“—?H-JVT&]

eIn X —

a2 ~
)—(-g — eln)?g‘ e[—Tt+a'Wt]
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- - g2
. X = Rgexp oW, — 2t (12)

We now go ahead to show that the above solution in (12) is
a Martingale under B. We want to find a measure B such that
under B, the discounted stock price that uses B; as the
numeraire is a martingale.

We write

dX, = r. X, dt + oXFdWp

where, WB = W, + u%n t (applying Girsanov Theorem)
Using B; as the numeraire, the discounted stock price
X = ? and X, will be a martingale. Applying Ito’s Lemma to
t

X, which follows the SDE, we have
> oxX 0xX
dX, =£dBt +§dXt (13)

All terms involving the second order derivatives are zero.
Expanding (13), we have

~ X, 1 X 1
dX, = —B—édBt + 5 dX, = _B_[;(TtBtdt) +5, (eXedt +

X, > ¢ B ~ ~
— R SrXde + PO = dR, = oRFdWE
t

oXFAWE) = -
t

=0

The solution to the SDE is,
X% = X&exp [—%zt + aWtB].

To show that X is a martingale under B, we consider the
expectation under B for s < ¢, hence we have,

ERXEIF,] = X exp (—30%t) . EB[exp(oW®)|F] =

S 1

X& exp (—Eazt + O'VVS]B) .EB[exp(a(WE — WB))|F]
at time s we have that WB — W is distributed as N(0,t)
which is identical in distribution to W2 at time zero. Hence,
we can write

EB[XE|F,] = X& exp (—%azt + O'VVSB) .EB[exp(a(WE;)IFo]

Now, the moment generating function (mgf) of a random
variable X with normal distribution N (, ) is given as

E[e®*] = exp (uq,’) + %(1)202)

Under B, we have that W is B- Brownian motion and
distributed as N(0, t — s). Therefore, the mgf of WB is

EB[XE|F,] = X§ exp (—%azt + O'VVS]B).eXp (éaz(t - s))

where 0 = ¢ and we can then write

EP[REIF] = X5 exp (— 202t + oWE) exp GoZ(t - s))
B[ya Fa 1 2 B
EB[XE|F,] = XS exp (—Eo t+ oW, )
- EP[REIF] = R¢
We thus have that
EP[XE|F] = K¢
which shows that X& is a B martingale. Hence, we have that
~ ~ t ~ ~ t ~ ~
Ve(@) = Vo(¢) + [ §sdXs = Vo(0) + [ &5 oXFdW,
and V,(¢) is a stochastic integral with respect to a Brownian
motion under B. Hence, under the integrability condition as
stated in Theorem 2, we have

EB[jﬂfta)?ﬂzdt] <o

Hence, we have shown that V,(¢) is a martingale under B.
Now since,

7.(®) = Vo(9) + [, &dR; teR,

is a martingale under B, it follows from the martingale
properties of V,(¢) under B that,

Ve(¢) = EB[V;|F,] = e "TEB[V|F,] = e "TEB[C|F,] (14)

where C is a contingent claim, u(T,X;). Note that ¢ =
(e €0)e o) hedges the claim C, i.e. we have Vp = C = Vp =
u(T, X7). Hence (14) becomes

Ve=e TV, =e T OERW(T, X1)|F,]

Since the process (X;);¢r, has the Markov property, the
value

V, = e TT-OEB[¢(X)IF,] = u(t, X,) (15)

here ¢(X7) = u(T,X;) of the portfolio at t € [0,T] can be
written from (15) as a function u(¢, X;) of t and X;. Given the
payoft function,

u(T,XT) = (K _XT)+
Hence, (15) becomes
u(t,Xy) = e TTOEB[(K — Xp)*|F,]

u(t,X,) = EB[e ™ T-9(K — X;)*]. (16)

2. Black-Karasinski Term Structure Model

Let us consider another example which is the pricing of a
zero coupon bond in the term structure model of [7]. They
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describe the short rate r by the SDE
d(logr,) = e(W)(logu(u) — lognr,)du + a(w)dW,,ry >0 (17)

with deterministic functions ¢, 4, a. The price at time t of a
zero coupon bond with maturity T is then

E [exp (— ftTrS ds) |Tt] =u(t,r)

by the Markov property of r and we want to obtain a
Martingale and PDE option price valuation formula for the
function u.

To derive the Martingale option price valuation formula for
the above SDE, we let ¢ = (1, §¢)¢ ¢[o,7] be portfolio strategy
with price

V(@) = 1By + e X;
and that it satisfies the self-financing condition
dVi(¢) = n.dB, + §.dX, = re'n dt + §.dX,

or equivalently

Ve() = Vo(9) + J, medBs + f, &dX,
Now we are given that,
d(logr,) = (W) (logu(w) — logn,)du + o (w)dW,
Let logr, = X, and logu(u) — logr, = M, we have
dX, = e(t)M,dt + o(t)dW,
If we now compute dX,, we get
dX, = d(e™"'X,) = —re "X, dt + e tdX, = —re "' X,dt +
e [p(M,dt + a()dW,| = —rX,dt + e Tt p()M,dt +

e Tto(t)dW, = —rX.dt + p(t) M dt + &(t)dW,

dX, = [(@©) (M, — rX,)]dt + 6(t)dW,
let p(O)(M, —rX,) = Z,

Hence, we have
dX, = Z,dt + ¢(t)dW, (18)

or in explicit form, let
Xe U
In (3£) dt + GdW7,

Next, we now seek the solution by applying the Ito’s
formula. Setting

p (InX,) d(InX,)
Y(t)zlnxt,ftz%:()rfxz ot =

1 1
%, ‘Xt'fxx_ %2

Noting that u(t) = uX, = Z,X, and v(t) = 6X,. So by the

Ito’s formula, we have

20

d(InX"_t) = [0 +Z

+262R2 (— xig) dt] +&dW, = [Z}Xt.)?;l +
1 - ~ &5 - ~
SG2RE. (=K% dt + 6dW,
~ ~ F2 —
d(nX,) = (2, - Z) dt + 5aW,
integrating both sides from te[0, t] we have
In%, — n%o = f (2, - ) de + J; 6w,
In%, = In%y + (2, - 2) t + 617,

Since W, = 0, taking exponential of both sides, we have
that

o (5 %),
oln%: — e[lnXu+(Z[—%)t+5Wt]

~ ~ ~ —~ =2
« % = Koexp (2ot + W, - =t) (19)

The next step is to check if the above solution in (19) is a
martingale. We want to find a measure B such that under B,
the discounted stock price that uses B, as a numeraire is a
martingale. We write

dX, = pM.dt + cdWE

where, WE =W, + ”:‘ t (applying Girsanov Theorem) using B;

. . . ~ X, ~
as the numeraire, the discounted stock price X; = B—t and X,
t

will be a martingale. Applying Ito’s Lemma to X, which
follows the SDE, we have

df, =2 ap, + Z ax, (20)

all terms involving the second order derivatives are zero.
Expanding (20) we have

S X 1 X 1
X, = —B—édBt +5 X = —B—t;(r[Btdt) + 5, (pMede + adWpB) =

gdwB
By

Xeredt
By

+ Bit(thdt +
dX, = —X,r.dt + oM dt + GAWE (1)
dX, = Z,dt + 6dWE

where Z, = oM, — X,7;.
The solution to the SDE in (21) is given as

~ ~ ~ 52 ~
X = Xoexp (Ztt - %t + &Wt).
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To show that X, is a martingale under B, we consider the
expectation under B for s < t, hence we have,

EB[X,|F;] = X, exp (Z]t — %zt) .EB[exp(6WB)|F] =
Soexp (Zt — Tt + GWE). E®[exp(6(WE — WE))IF]
at time s we have that WB — W is distributed as N(0,t)

which is identical in distribution to W2 at time zero. Hence,
we can write

EP[R|R] = Roexp (Zet = 2t + W) . E®[exp(@(WE,) 7]

Now, the moment generating function (mgf) of a random
variable X with normal distribution N (u, 62) is given as

E[e®*] = exp (,uq.’) + %d)zaz).

Under B, we have that W, is B- Brownian motion and
distributed as N(0, t — s). Therefore, the mgf of W2 is

EBlexp(6WE,)] = exp G G2t — s))
where ¢ = ¢ and we can then write
~ ~ ~ 52 1
EB[R|F] = X, exp (Ztt T4 &WS‘B) .exp (E F2(t — s))
- . ~ 32 -
ER[XIF] = Ko exp (Zet — 2t + 6WP) = X,
We thus have that
EP[X.|%] = X,
which shows that X, is a B martingale. Hence, we have that
_ . t 5 t 7
Ve(p) = Vo(p) + [ Zs ds + [, G(s) AW,
and V,(¢) is a stochastic integral with respect to a Brownian

motion under B. Hence, under the integrability condition as
stated in Theorem 2, we have

EB [fOT|Z”E + &(t)|2dt] <o

Hence, we have shown that V,(¢) is a Martingale under B.
Now since,

V(@) =Vo() + [, Zyds + [, 6(s) dW,,  teR

is a Martingale under B it follows from the Martingale
properties of V,(¢) under B that,

Vt(¢) = E]B[Vrlft] = e_rTEJB[VHTt] = e_rTE]B[C|Tt](22)

where C is a contingent claim, u(T, Xr1).
Note that () = (¢, $¢)eefo,n) hedges the claim C, ie. we

have
VT =C> VT = u(T,XT)
Hence, we have (22) that
Ve = e "I OEB[u(T, Xp)|F¢]
Since the process (X;):.g+ has Markov property, the value

V, = e "I OER[p(Xp)|F] = u(t, X,) (23)
of the portfolio at te[0,T] can be written from (8) as a
function u(t,X;) of tandX,.Given the payoff function
u(T,Xr) = (K — Xy) = 1, for zero coupon bonds. Hence
(23) becomes

u(t,Xy) = e TTOEP[(K — Xp)IF] = u(t, X,)
= e T OER[(DIF]

T
u(t’Xc) =F [e_ft Xsds]
But X; = logr, hence,

T
u(t,X,) =E [e-ft reds

7—}].

3. Heston Stochastic Volatility Model

We consider the Heston stochastic volatility model with two
assets B and S. The bank account B is given by B, = et where
r is the instantaneous riskless interest rate. The stock S
satisfies the SDE

dS; = uSedt + \[v,S,dW ™, S >0
where the volatility v is itself stochastic and given as in [8] by

dv, = k(60 —vy)dt + a\/v_tth(z), vy >0

for non-negative constants k,0,0. The process Sand v are
defined on a filtered probability space (€, F, (F.),B) and
Wt(l) and Wt(z) are B —Brownian motions with instantaneous
correlation th(l)th(Z) = pdt.

We want to obtain the Martingale and PDE option price
valuation formula for the function u.

To derive the Martingale options price valuation formula
for the above SDE, we let ¢ = (s, &)t efor) be portfolio
strategy with price

V(@) = neBe + §c X,
and that it satisfies the self-financing condition
dVi(¢) = ndB, + §dX, = re" ndt + §,dX,

or equivalently,
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V() = Vo (@) + f, nedBs + [ &,d X,

We are also given that the riskless investment (bank
account) is given by

B, =e"

Now under the Black-Scholes model, the Martingale
options price of a financial derivative is given by

V, = N,EV [1'3—;| 7| (24)
With numeraire N; as the bond with constant interest rates,
B, =e™
Hence, the above becomes with N, = B; and
Ve = up = u(S,, t) = e TTOEB[u(S, T)|F,] (25)

where B is the measure under which the discounted stock
price

St

= e~"tS, is a Martingale.
t

But, we know that the value of the option is the expected value
of the payoff at expiry, discounted by the numeraire. The
European Put option has payoff,

ur = u(T,Sr) = (K —Sp)*,

So, in accordance with (25), the time -t price of the Put
option for the Heston’s model is given as

u, = u(t,S,,v,) = B,E® [%| A

ue = e "IOER[(K — Sp)*|F]

Since the process (X;).r+ has Markov property, the value
of the Martingale option price valuation formula is given by

u = ult, S, ve) = e_r(T_t)E]B[(K - ST)+|Tt] (26)

IV. NUMERICAL SOLUTIONS
A. Derivation of Monte Carlo Scheme for Martingales
Option Price Valuation Formulas
Let us consider the SDE given by the CEV model,

dX, =rX.dt + oXFdW,,x > 0 27

where r is the interest rate which is assumed to be constant, o
is the volatility rate, « is the elasticity, and W, is the standard
Brownian motion process. The value parameter of European
Put option at te [0, T] is then given by

u, = max E[e TT-O(K — X;)*] (28)
The payoff function of the above equation is given as
P(Xr,t) = (K _XT)+

We denote X; = X(t = t;); i€(0,1,2, ..., M) as the state of
asset price process at the ith exercise opportunity. The Euler-
Maruyama scheme discussed by Wu, in [8] can be used to
approximate the asset price process in (27) over the time
interval [0, T] given by

x®

n+1

= X, + X, ©At + ox7®© AW, (29)
XO(k) =x, n= 0,1,2, ,N - 1

where At =£ and AW, = W, —W,_; is the independent
Brownian increment which follows a normal distribution
N(0,VAt). The discretized process X, given in this way is
essentially a Markov chain.

We know that for a European Put option, the payoff
function is given as

Y = P(X) = max[(K — X), 0] (30)

where X = X(T) is the price of the underlying stock at the
time T when the option expires and (30) produces one possible
option value at expiration of the option. The overall aim is to
determine the correct and fair price of the option at the time
the holder and the writer enter into the contract [9].

To estimate price of the Put option of the CEV model in
(27) using the Monte Carlo method, we consider a collection
of M stock prices at expiration generated by using (27). That is

(Xy® = x0O(T), k=1,..,M}

Option pricing theory requires that the average value of the
payoffs,

(P (1),

be equal to the compounded total return obtained by investing
the option premium P (x), at rate  over the life of the option.
Hence we have,

k=1,...,1v1}

P (x%) = max(k - x®,0),k =1,..,M = L3t p(x) =
(1 +ra)VP()(31)

Solving (31) for P(x) yields the Monte Carlo estimate for
the option price given as

2P = A +ra) ™ 23 P(x()] (32)
So the Monte Carlo estimate P(x) is the present value of

the average of the payoffs computed using rules of compound
interest. Equation (32) is the general Monte Carlo estimate
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formula for computing the estimate P(x) [9]. Similarly, for
the Black- Karasinski model given below as

d(logn,) = (W) (logu(u) — logr,)du + o(u)dW,,(33)
d(logr) = e(O)logu(t)dt — p(t)logn,dt + o(w)dW;
Let logr; = X, and @ (t)logu(t) = M,. Therefore, we have
X, = My dt — ()X, dt + a(t)dW, 34

The discretized form of (34) using the Euler-Maruyama
scheme over time interval [0, T]is given by

8 = x%,® + MPAt — X, PAt + AW, (35)
XO(k) =X, n= 0‘1,2, ,N - 1

We can then repeat the steps for the computation of Monte
Carlo estimator P(x) as enumerated above for that of the CEV
model.

Finally, we consider the Heston’s model given as

dS, = rSpdt + \[v, S, dW}/ (36)
dv, = (k(0 — v,) — Avy)dt + o,/v,dW? 37

AWLdW? = pdt

where 0 the long-term running is mean of the variance
process, k is the speed of mean-reversion of the variance
process and p is the instantaneous correlation between the
state process and the volatility process.

To perform a standard Monte Carlo simulation in the above
model, we will split the time to maturity T into N steps with
step size 8t (i.e. T = N&t). Then, we have a time-stepping
scheme using the Euler-Maruyama time-stepping with the
initial value Sy, v, of

Snv1 = Sp[1+ 78t + /v, (pNE, + /1 — p2NE,)V5E|  (38)
Vnsr = Uy + (0 — v,) — A1) 8t + [v,,0NE, V8t (39)

where N{§ are realization of two independent N(0,1)
variables. Then M realizations of the stock priceA paths
(S .-, and the variance paths {vJ*}30 . _, are simulated
following the necessary steps required for the computation of

Monte Carlo estimator P(x) as stipulated above.

B. Numerical Examples

Empirical data obtained from the NSE will be used to plot
some graphs to investigate the effect of increase in the
underlying asset (i.e. positive correlation) on the option value
(price) for the three financial models examined in this paper.
The parameter values are shown in Tables I-III Computer
programs coded in MATLAB were used for solving the

systems of the derived Monte Carlo scheme in (29), (35) and
(38) ... (39). The graphs for the various parameter values for
the CEV model in Table I, the Black-Karasinski model in
Table II, and the Heston model in Table IIII are presented in
Figs. 1-6, respectively.

TABLEI
PARAMETER VALUES FOR THE CEV MODEL [10]
Cases
Parameters 1 2 3
K 200 200 200
ax 1 1 1
X 20 40 60
T 1 1 1
a 02 02 02
ar 01 01 01
r 01 01 01
o 05 05 05
TABLE II
PARAMETER VALUES FOR THE BLACK-KARASINSKI MODEL [10]
Cases
Parameters 2 3
K 200 200 200
ax 1 1 1
X 20 40 60
1) 02 02 02
T 1 1 1
a 02 02 02
dT 01 01 01
r 01 01 01
o 05 05 05
TABLEIII
PARAMETER VALUES FOR HESTON MODEL [10]
Cases
Parameters 1 2 3
K 200 200 200
S 20 40 60
14 1 1 1
s 1 1 1
K 2 2 2
T 1 1 1
[} 02 0z 02
n 02 02 02
r 01 01 01
o 05 05 05
p 08 08 08

V. RESULTS AND DISCUSSION

In this section, we will discuss the result of our numerical
experiments carried out by increasing the value of the
underlying assets for the CEV, Black-Karasinski, and Heston
models respectively at various parametric values. The
parameter values for the experiments are shown in Tables I-
III. The graphs, plotted using these values, are shown in Figs.
1-6. In the curves, blue represents the value of the Option at
expiry, green represents half a year before expiration, and red
represents one year before expiration that is when the contract
is signed.
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A. Experiment One

In this case, we looked at the situation where the underlying
asset (stock price) value, X or § = 20 for the CEV, Black-
Karasinski, and Heston models, respectively. The result
displayed in Figs. 1-6 showed that the value of the European
Put option price using the Monte Carlo method has values of
160 for the CEV model, 172 for the Black-Karasinski model
and 142 for the Heston model respectively.

B. Experiment Two

Also, we reviewed the situation where the underlying asset
(stock price) value, XorS =40 for the CEV, Black-
Karasinski, and Heston models, respectively. The result
displayed in Figs. 1-6 showed that the value of the European
Put option price using the Monte Carlo method has values of
140 for the CEV model, 164 for the Black-Karasinski model
and 120 for the Heston model respectively.

C. Experiment Three

Finally, we investigated the scenario where the underlying
asset (stock price) value, X or S = 60 for the CEV, Black-
Karasinski and Heston models respectively. The result
displayed in Figs. 1-6 showed that the value of the European
Put option price using the Monte Carlo method has values of
120 for the CEV model, 150 for the Black-Karasinski model
and 110 for the Heston model respectively.

VI. CONCLUSION

In this paper, we have derived the Martingale European Put
Options valuation formulas for three SDE models in finance
which are the CEV model, the Black-Karasinski term structure
model and the Heston model. The Monte Carlo method of
numerical solution for the derived Martingales option price
valuation formulas for the three distinct SDE models was used
in the implementation of numerical experiments. From this
study, we observed that the Martingales approach presents
option price valuation formulas in form of conditional
expectations of the payoff function discounted by the
numeraires. Furthermore, numerical experiments, using
published data from the NSE show that as the price of the
underlying asset (stock price) increases, the value of the
European Put option decreases. Hence, the right to sell at a
fixed price (Puts) will become less valuable and the buyer
decides not to exercise his right on the options by allowing the
option to expire.
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