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Abstract—A mathematical model of the additional effects of the 

liquid in the hydrodynamic gap is presented in the paper. An 
incompressible viscous fluid is considered. Based on computational 
modeling are determined the matrices of mass, stiffness and damping. 
The mathematical model is experimentally verified. 
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I. INTRODUCTION 

N all types of hydraulic machines are present hydrodynamic 
sealing gaps between the rotor and stator. Typical shape of 

the sealing gap is shown in Fig. 1. 
 

 

Fig. 1 Typical shape of the sealing gap 
 
Fig. 2 shows the location of the hydrodynamic gaps in the 

interior of the centrifugal pump, or water turbines. 
 

 

Fig. 2 Location of the hydrodynamic gaps in the interior of the 
centrifugal pump 

 
It is assumed that the rotor has constant angular speed and 

performs the planar motion. Thus it does not move in the 
direction of the rotation axis. The fluid flows through the 
sealing gap due to the pressure gradient. While the rotor 
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moves it leads to an interaction of the liquid with its surface. 
The i-th force component, which acts on the rotor as a result of 
this interaction, can be expressed as [1]: 

 

݅ܨ ൌ ׬ ݆݆ܵܵ݀݉݅ߪ
 (1) 
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The force ۴ depends on the shaft translation ܝ, velocity ܝ∙ 

and acceleration ܝ∙∙. In the case of the linear model it can be 
written [2], [3]: 

 
ࡲ ൌ െሺ࢛ࡹ∙∙ ൅ ∙࢛࡮ ൅ 	.ሻ࢛ࡷ (3)	

 
The solution goal will be determination of the matrix of 

additional mass ۻ, additional damping ۰ and additional 
stiffness ۹. 

The mathematical model is valid only for small deflections 
from the equilibrium position (small eccentricity ݁). See Fig. 
3. 

 

 

Fig. 3 The body motion in the incompressible liquid 
 
In the case of large deviations from the equilibrium position 

are the matrices ۹,۰ dependent on ܝ and ܝ∙, according to: 
 

࡮ ൌ ,࢛ሺ࡮ ;ሻ	∙࢛ ࡷ ൌ ,࢛ሺ	ࡷ 		.ሻ∙࢛ (4) 
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In the paper it will be deal with the linear model (3), which 
is verified experimentally. 

II. MATHEMATICAL MODEL 

Assume that the shaft center performs a transient planar 
motion so that displacement vector ܝ according to Fig. 3 is 
defined by: 

 

ሻݐሺ࢛ܶ ൌ ൫1ݔሺݐሻ	;  ሻ൯ (5)ݐ1ሺݔ	
 
The force acting on the rotor of the machine can be 

determined either in inertial space: 
 

ሻݐሺܶࡲ ൌ ൫1ݔܨሺݐሻ	;  ሻ൯,  (6)ݐ1ሺݔܨ	
 

or no inertial space. See Fig. 3. 
 

ݎࡲ
ܶሺݐሻ ൌ ൫ݎܨሺݐሻ	;  ሻ൯.  (7)ݐሺݐܨ	
 
As previously stated, the goal is to identify matrices ۰,۹,ۻ 

and their verification. For this purpose, assume that the rotor 
carries excluding rotary and precession angular velocity Ω. 
See Fig. 3. 

Under this assumption, can be written: 
 

࢛ܶ ൌ ;		ܶ࢜݁ 		 ܶ࢜	 ൌ ሺܿݏ݋Ωݐ,   (8)	ሻ.ݐΩ݊݅ݏ
 
The matrices ડ,܀,  :can be established by the terms ۾
 

ડ ൌ ቛ0 െ1
1 0

ቛ ܀; ൌ ቛܿݏ݋Ωt െ݊݅ݏΩt
Ωt݊݅ݏ Ωtݏ݋ܿ

ቛ ; ۾ ൌ ฯ
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Than it can be written:  
 

ࡲ ൌ ;		࢜ࡼ ௥ࡲ		 ൌ ;	ࡲ்ࡾ ࡲ		 ൌ   (10)	௥.ࡲࡾ
 
Considering (3), (8) can be written in the form: 
 

ࡲ ൌ ሺെࡷെ ષ࡮ડ ൅ ષଶࡹሻ(11)  .࢛ 
 
Substituting here from (10), it is obtained: 
 

ࡼ ൌ ሺെࡷ െ ષ࡮ડ ൅ ષଶࡹሻ݁.  (12) 
 
Hence the following relations come: 
 

21ܭ ൌ െ12ࡷ		; 21ܤ		 ൌ ;		12࡮ 21ܯ				 ൌ െ(13) 12ࡹ 
 
It is apparent that the matrices ۰,۹,ۻ are anti-symmetric, 

which may cause fatal consequences under certain conditions 
for rotor dynamics. For the force components F୰, F୲ it can be 
written, assuming (13) based on (12): 

 

ݎܨ ൌ െሺ11ܭ ൅ Ω12ܤ െ Ω211ܯሻ݁  (14) 
 

ݐܨ ൌ െሺ21ܭ ൅ Ω22ܤ െ Ω221ܯሻ݁.  (15) 

If F୰, F୲ for different Ω can be specified, for example by 
computational modeling or experiment, it can be determined 
from (14) and (15), for example using the regression analysis, 
values of Kଵଵ, Bଵଵ,Mଵଵ, Kଵଶ, Bଵଶ,Mଵଶ. 

III. COMPUTATIONAL MODELING 

A mathematical model was verified based on the 
computational simulation and experiment. The shape of the 
hydrodynamic sealing gap is shown in Fig. 4 [4], [5]. 

 

 

Fig. 4 The shape of the hydrodynamic sealing gap with the main 
dimensions (mm) 

 
Fig. 4 shows the liquid layer. The rotor rotates at a constant 

angular speed	ω ൌ 314,1593	rad/s.  
Precession rotor motion was calculated for the angular 

velocities: Ωଵ ൌ 7,8539	rad/s; Ωଶ ൌ 31,4159 rad/s; Ωଷ ൌ 62,8319 
rad/s; Ωସ ൌ 125,6637 rad/s; Ωହ ൌ 188,4956 rad/s; Ω଺ ൌ
251,3274 rad/s; Ω଻ ൌ 314,1593 rad/s.  

Example of force calculations for the precession angular 
velocity Ωଷ ൌ 62,8319 rad/s; is shown in Fig. 5 and for the 
precession angular velocity Ωସ ൌ 125,6637 rad/s; is show in 
Fig. 6. 

Calculations were carried out in ANSYS FLUENT 15.0 for 
turbulence model standard	k െ ε [6]. Dependence F୰ and F୲ 
were approximated by a polynomial of second order according 
to (14) and (15). From there were determined matrices of 
additional effects. 

 

ۻ ൌ ቛ
2,67 0
0 2,67ቛ ሾ݇݃ሿ;																									         (16) 

 

۰ ൌ ቛ1526 െ900
900 1526

ቛ ሾ݇݃/ݏሿ;																									        (17) 

 

۹ ൌ ቛ 228 364240
െ364240 228

ቛ ቂ
ே

௠
ቃ.																					        (18) 11ܭ ൌ ;			22ࡷ 11ܤ			 ൌ ;		22࡮ 11ܯ				 ൌ  22ࡹ



International Journal of Mechanical, Industrial and Aerospace Sciences

ISSN: 2517-9950

Vol:9, No:6, 2015

955

 

 

 

Fig. 5 Sample of progressions of forces for speed of precession 
Ωଷ ൌ 62,8319 rad/s 

 

 

Fig. 6 Sample of progressions of forces for speed of precession 
Ωସ ൌ 125,6637 rad/s 

IV. EXPERIMENT 

The experiment was primarily focused at the stiffness 
matrix determination [7]. For this purpose was manufactured 
an experimental apparatus, whose principle is evident from 
Fig. 7. On Fig. 7 is shown the cut plane passing through the 
axis of rotation. 

 

 

Fig. 7 Experimental Apparatus 
 

The rotor is supported on roller bearings, which are placed 
on springs with strain gauge sensors. Both, the radial and 
tangential forces, are scanned.  

The 3D model is shown in Fig. 8 where in the strain gauge 
sensors are obvious. 

 

 

Fig. 8 3D model of experimental apparatus 
 
On the shaft is mounted a disc, shown in Fig. 9 and formed 

a hydrodynamic gap. Before the disc is placed a bulky space 
where the water is supplied by the pipe (see Fig. 9). The 
overall layout of the actual design is shown in Fig. 10. 

 

 

Fig. 9 Experimental apparatus with formed a hydrodynamic gap 
 
The biggest problem in the experiment was correct setting 

of the shaft eccentricity and noise filtering. From the measured 
values of the forces in two orthogonal directions, the stiffness 
matrix was evaluated depending on the rotor speed.  

For the measurements were used HBM strain gauge sensors 
(type U2, max. capacity 1000 kg, sensitivity 2mv / v). 
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Fig. 10 Photo of Experimental Apparatus  
 
The results are shown in Fig. 11. From the measurement is 

obvious relatively large dispersion of the values that have been 
processed by statistical methods. In the graph are labeled 
points, which were compared with the computational 
simulation. 

 

࢚࢔ࢋ࢓࢏࢘ࢋ࢖࢞ࢋࡷ ൌ ฯ
0,25415 251,591	
െ251,591	 0,25415ฯ ሾ݇ܰ/݉ሿ           (19) 

 

࢒ࢋࢊ࢕࢓	࢒ࢇࢉ࢏࢘ࢋ࢓࢛࢔ࡷ ൌ ቛ
0,228 364,24

െ364,24 0,228 ቛ ሾ݇ܰ/݉ሿ          (20) 

 

 

Fig. 11 The comparison of results from experiment (lines) and 
numerical model (stars) 
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