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 
Abstract—This paper presents the method of trajectory planning 

by the robot end-effector which accounts for more accurate and 
smooth differential geometry of the ruled surface generated by tool 
line fixed with end-effector based on the methods of curvature theory 
of ruled surface and the dual curvature theory, and focuses on the 
underlying relation to unite them for enhancing the efficiency for 
trajectory planning. Robot motion can be represented as motion 
properties of the ruled surface generated by trajectory of the Tool 
Center Point (TCP). The linear and angular properties of the six 
degree-of-freedom motion of end-effector are computed using the 
explicit formulas and functions from curvature theory and dual 
curvature theory. This paper explains the complete dualization of 
ruled surface and shows that the linear and angular motion applied 
using the method of dual curvature theory is more accurate and less 
complex. 

 
Keywords—Dual curvature theory, robot end effector, ruled 

surface, TCP, tool center point. 

I. INTRODUCTION 

HE robot follows a specific path in order to perform a 
task. The path of the robot is determined as per the task to 

be performed, and the path planning of the robot is one of the 
most important researches in the robotics field. If precise path 
control is required for surfaces defined as free-form surfaces 
or analytical surfaces, or if path is to be traced, the number of 
data (points) necessary for the robot is selected, and the 
position and orientation (azimuth) values of the robot are 
obtained by the interpolation method. 

Now, the accuracy of the path is proportional to the number 
of data points. Thus, the interpolation control of the robot path 
currently used has a limitation based on the approximation 
method. 

The robot path is a continuous representation of position 
and orientation in three-dimensional space. Among them, 
there are discrete transformation methods such as quadratic 
transformation matrix, Quaternian, and Euler angles [1]. These 
methods have high disadvantages that they cannot provide 
continuity because they have high redundancy. 

This paper focuses on the fact that the trajectory drawn by 
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moving the robot end effector forms a ruled surface. A ruled 
surface is a trajectory that is drawn as a linear component 
moves in space. By applying the curved surface curl theory to 
the robot path, it is possible to obtain properties (speed, 
acceleration, angular velocity, angular velocity, etc.) of the 
robot motion by a mathematical method rather than an 
interpolation method. This provides a method for precise 
control of the robot when the curved surface to be traced is an 
analytical surface or a free curved surface. The advantage is 
that it directly controls the robot by obtaining the robot motion 
coefficients directly on the curved surface instead of by the 
interpolation method.  

McCarthy and Roth [2] in Ruled Surface Curvature Theory 
have dealt with the theoretical study of linear trajectories in 
kinematics, Ryuh and Pennock [3]-[5] applied the curved 
surface curvature theory to DoCarmo’s [6] applied analytical 
geometry theory, for the robot end-effector motion study, 
Veldcamp [7] detailed the dual curves for linear curvature 
theory, and Kirson [8] has generalized the dual formulas for 
obtaining the higher-order path curvature theory of the ruled 
surface.  

In this paper, we use differential geometry [9] and apply the 
dual curvature theory to the ruled surfaces drawn by the end 
effector of the robot. Especially, by applying the dual 
curvature theory, the 1st and 2nd derivatives of the robot end 
effector are represented by the expression including the 
position and the posture, thereby reducing the calculation 
amount and enhancing the intuitiveness of the expression.  

II. ROBOT PATH REPRESENTATION USING RULED SURFACE 

The path of the robot can be represented by the tool point 
and the end effector angle. In Fig. 1, the tool coordinate 
system is represented by three orthogonal unit position vectors 
,۽ ,ۯ  attached to (boldface is displayed in the vector sense)	ۼ
the tool point. In addition, the path drawn by the unit vector ۽ 
in the tool coordinate system is called "Directrix", and a ruled 
surface is generated according to the directrix. 

In Fig. 1, the vector ۽ indicates the ruling direction, which 
is the direction of the end-effector. In order to express space, 
six degrees of freedom, such as position three degrees of 
freedom and three degrees of freedom of the bearing, are 
required, but they can be expressed by five variables. For this 
purpose, spin angle (ࣁ) is defined as shown in Fig. 1. This unit 
normal vector is represented by an angle from ܖ܁ to ۼ. 

The ruled surface is defined as: 
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,ሺ߰܆ ሻߥ ൌ ሺ߰ሻࢻ ൅  ሺ߰ሻ       (1)ܚߥ
 

ૅ is an arbitrary real number, ࣒ is an independent variable, 
હሺ࣒ሻ is constant, and ۽ is a directrix, ܚሺ࣒ሻ is the ruling 
constant and corresponds to the direction of ۽. The motion of 
the robot end effector can be completely represented by the 
ruled surface and the spin angle, and it can be used for the 
robot path planning by describing the ruled surface as an 
analytical function. Even if the ruled surface cannot be 
represented as a complete function, it can be expressed using a 
separate curve generation technique [5]. 

 

 

Fig. 1 Ruled Surface and spin angle 
 

 

Fig. 2 Frames of reference 
 

III. CURVATURE THEORY OF RULED SURFACES 

Robot path control requires information of the position 
(position, velocity, acceleration) and posture (angle, angular 
velocity, and angular velocity) of the end effector, which can 
be obtained through the curved surface curvature theory. The 
ruled surface, as shown in Fig. 2, has a coordinate system 
consisting of Generator trihedron and the unique Natural 
trihedron. Generator trihedron consists of unit orthogonal 
vectors ܚ, ,ܜ  ,called Generator vector, Central normal vector ܓ
and Central tangent vector, respectively. It is expressed as: 

 

,ܚ ܜ ൌ
ܚୢ

ୢట
	 	ቚ

ܚୢ

ୢట
ቚൗ , ܓ ൌ ܚ ൈ  (2)       ܜ

 
 has been used as an independent variable for the ruled	࣒

surface in (1), considering its usefulness for future 
calculations. Instead of using new normalized parameter, the 
arc length of the ruling ܚሺ࣒ሻ is used. This arclength 
parameter, ܛሺ࣒ሻ is defined as: 

 

sሺ߰ሻ ൌ ׬ ቚ
ሺటሻܚୢ

ୢట
ቚ d߰

ట
଴        (3) 

 

Here, the integral term ቚ
ୢહሺటሻ

ୢሺటሻ
ቚ is referred to as the angular 

velocity of the ruling ܚሺ߰ሻ, and is denoted by ઼. If ઼ ് ૙ in 
(3), which gives ܚሺ߰ሺsሻሻ ൌ  ሺsሻ and ߰ሺsሻ can easily beܚ	
inversely transformed. Using the normalization technique, (2) 
 :can be expressed as ܜ
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ܜ ൌ  ᇱ            (4)ܚ
 
where “	′ ” denotes the derivative of the arc length sሺ߰ሻ.The 
origin of the Generator trihedron is the Striction point, and this 
trajectory is called the Striction line ࢼ	which is defined as: 
 

ሺ߰ሻࢼ ൌ ሺ߰ሻࢻ െ  ሺ߰ሻ       (5)ܚሺ߰ሻࣆ
 
Here, the coefficient ࣆሺsሻ is a Striction point and the 

position of the tool point is as: 
 

ሺ߰ሻࣆ ൌ ᇲሺటሻܚ	∙	ᇲሺటሻࢻ

ᇲሺటሻ|మܚ|
          (6) 

 
The first angular momentum coefficient of the Generator 

trihedron, we can get by (8). 
 

ୢ

ୢୗ
ቈ
ܚ
ܜ
ܓ
቉ ൌ ܚܝ ൈ ቈ

ܚ
ܜ
ܓ
቉ ൌ ൥

0 1 0
െ1 0 ߛ
0 െߛ 0

൩ ቈ
ܚ
ܜ
ܓ
቉     (7) 

 
 ,is called the Darboux vector of the Generator trihedron ܚܝ

which represents the primary angular motion of the ruled 
surface. (7) is known as skew symmetric matrix which can 
also be expressed as: 

 
ܚܝ ൌ ܚߛ ൅  (8)           ܓ

 
 is a geodesic curvature and is defined as a curved line that is ߛ
constrained on the curved surface by a point mass and is not 
subjected to force. It is defined as: 

 
ߛ ൌ cotߩ ൌ ሺܚ ൈ ሻ′ܚ ∙  (9)        ′′ܚ

 
First derivative of Striction point of the ruled surface,	ࢼᇱ	,	

can be expressed as: 
 

ᇱࢼ ൌ ܚࢣ ൅  (10)          ܓࢤ
 
In (10),	ࢣ	and	ࢤ	can be defined	as: 
 

ࢣ ൌ હᇱ ∙ ܚ െ ૄᇱ	, ࢤ ൌ હᇱ ∙ ሺܚ ൈ  ሻ      (11)′ܚ
 
γ, ,ࢣ  are expressed in (9) and (11) and are called Curvature	ࢤ
functions of ruled surface [2]. 

IV. INTRODUCTION OF DUAL COORDINATE SYSTEM 

If one can identify both the position and the orientation 
components of the robot end effector, then they will be able to 
interpret the robot work more intuitively. This section 
introduces dual curves. The dual curves are divided into real 
and dual parts. The real part shows the kinetic component of 
the rotation, and the dual part shows the kinetic component of 
the length. 

For the introduction of the dual coordinate system, ܉, ,	܊  ܋
are arbitrary vectors. Consider the case where ܉, ,	܊  vectors ܋
do not exist in one plane in a certain space, then an arbitrary 
vector ܞ ൌ હ܉ ൅ ܊ࢼ ൅ γ܋ is shown in Fig. 3. 

 

Fig. 3 Dual coordinate systems 
 
If we multiply a ൈ b on both the side, γ can be found easily 

as shown in (12). In the same way, α, β can also be found. 
 

ߛ ൌ ܊ൈ܉

ሺ܉ൈ܊ሻ∙	܋
	 ∙  (12)         ܞ	

 
Here, the denominator is the same size and the dual 

coordinate axis,	ࢉ෤ is as: 
 

෤ࢉ ൌ ܊ൈ܉
ሺ܉ൈ܊ሻ∙	܋

          (13) 

 

෤ࢉ ൌ
ଵ

|௖|௖௢௦ఏ
,෤തࢉ where,  vector   (14)	unit	is	෤തࢉ

 

Therefore, α ൌ ෤܉ ∙ ,ܞ ߚ ൌ ሚ܊ ∙ ,ܞ γ ൌ ෤܋ ∙  be written as ܞ the ,ܠ
shown in: 

 

ܞ ൌ ෤܉ ∙ ܉ܞ ൅ ሚ܊ ∙ ܊ܞ ൅ ෤܋ ∙  (15)    ܋ܞ
 
As shown in the above equation, three dual coordinate 

axes	܉෤, ܊ሚ , and	܋෤, together form a dual coordinate system, 
which is defined by two other external vector for the volume 
created by three vectors a, b, and c. 

As stated above that the space vectors ܉, ,	܊  do not lie on ܋
the same plane hence the condition ሺ܉ ൈ ሻ܊ ∙ ܋	 ് ૙ does not 
exist. And we can say that, the vector ܉෤ ∙ ܉ ൌ ሚ܊ ∙ ܊ ൌ ෤܋ ∙ ܋ ൌ 1 
fulfills the mentioned condition. 

If the vector ܉, ,܊  is defined as a unit Cartesian coordinate ܋
system ሺ܉ ൈ ሻ܊ ∙ ܋	 ൌ 1ሺθ ൌ 0°, cosθ ൌ 1ሻ, then the dual 
coordinate system becomes ܉෤ ൌ ܊ ൈ ,܋ ሚ܊ ൌ ܋ ൈ ,܉ ෤܋ ൌ ܉ ൈ  .܊
The dual coordinate axes representing the dual parts are 
represented as cross product of the other two vectors. The 
characteristics of the dual part are similar to the characteristics 
of a screw according to the calculation. 

V. DUAL CURVATURE THEORY OF RULED SURFACES 

This section shows the differential surface geometry of a 
ruled surface using a dual vector in a three-dimensional dual 
curve. This result is represented by a set of dual functions that 
characterize the ruled surface. 

The dual vector theory consists of the Plücker vector ܚ of 
the line ܆ and ࢻ ൈ  is ࢻ and ܆ is the direction of the line ܚ) ܚ
the arbitrary point on the line ܆) as a single dual vector 
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ܚ̂) ൌ ܚ ൅ ࢻ߳ ൈ  Symbol ߳ is a dual unit. The ߳ operation .( ܚ
used is same as the operation on real numbers, except for the 
property of	߳ଶ ൌ 0. All vector algebra operations can be used 
to manipulate dual vectors [10], [11], which is advantageous 
since it reduces the amount of computation by allowing simple 
vector operations to represent lines in space. 

Equation (16) representing the ruled surface can be 
represented by a dual vector function as: 

 

ሺ߰ሻܚ̂ ൌ ሺ߰ሻܚ ൅ ሺ߰ሻࢻ߳ ൈ  ሺ߰ሻ      (16)ܚ
 

The generator trihedron is defined as three dual-unit 

orthogonal vectors such as a dual generator vector ̂ܚ, a dual 
central normal vector t̂	, and a dual central tangent vector ܓመ , 
which can be expressed as: 

 

,ොܚ ܜ̂ ൌ

ොܚୢ

ୢట

ቚ
ොܚୢ

ୢట
ቚ

൙ , መܓ ൌ 	 ොܚ ൈ  (17)       ܜ̂

 
The dual arc length sሺ߰ሻ of the ruled surface ܚොሺ߰ሻ can be 

defined as: 
 

ሺ߰ሻݏ̂ ൌ ׬ ቚ
ොܚୢ

ୢట
ቚ

ట
଴ d߰        (18) 

 
The integral term |ሺdܚොሻ/d߰| of (18) is referred to as the 

dual velocity	ܚ	̂ሺ߰ሻ, which can be expressed as: 
 

መߜ ൌ ቚ
ොܚୢ

ୢట
ቚ ൌ ቚ

ܚୢ

ୢట
ቚ ሾ1 ൅ ᇱࢻ߳ ∙ ሺܚ ൈ  ᇱሻሿ    (19)ܚ

 
Since the dual term ߂ on the right-hand side of (19) is the 

same as that defined in (11), it can be written as: 
 

መߜ ൌ ሾ1ߜ ൅                        (20)	ሿ߂߳
 

In addition, the following relation holds between s	and	sො 
defined in (3), (24).  

 
ୢ

ୢ௦̂
ൌ ଵ

ଵା஫୼

ୢ

ୢୱ
	                             (21) 

 
If ߜመ ് 0, then ܚො൫߰ሺݏሻ൯ ൌ  ሻ can be used in (22). Inݏොሺܚ

addition, using the normalization technique, the dual central 
normal vector ̂ܜ of (17) can be expressed as: 

 
ܜ̂ ൌ dܚො/d̂ݏ					 	 	 	 	 	 	 	 	 	(22)	

 
The first dual differential value of the ruled surface 

generator trihedron can be obtained as: 
 

ୢ

ୢୱො
൥
ොܚ
ܜ̂
መܓ
൩ ൌ ൥

0 1 0
െ1 0 ොߛ
0 െߛො 0

൩ ൥
ොܚ
ܜ̂
መܓ
൩ ൌ ෝ୰ܝ ൈ ൥

ොܚ
ܜ̂
መܓ
൩		 	 	 	 	(23)	

 

The dual vector is defined as the Dual Darboux vector, ܝෝ୰, 
of the Generator trihedron and can be expressed as:  

 

ෝ୰ܝ 	ൌ ොܚොߛ ൅ መܓ 																			 	 	 																	(24) 
 

 :ො is called dual geodesic curvature and is defined asߛ
 

ොߛ ൌ ܜ̂ୢ

ୢୱො
∙ መܓ 															              (25) 

VI. ROBOT MOTION WITH DUAL CURVES 

In this section, the information for robot path control, i.e., 
the linear motion coefficient of the tool point and the 
kinematic coefficients of the tool coordinate system are 
applied in the form of a dual curve. The reference coordinate 
system for studying the end effector motion of the robot is 
shown in Fig. 4. In Fig. 4, the tool frame has an orientation 
vector,	۽ an approach vector,	ۯ and a normal vector, ۼ, and 
their dual unit vectors are represented by a dual orientation 
vector, a dual approach vector, and a dual normal vector 

,෡۽ൣ ,෡ۯ ෡൧ۼ
୘
. 

Surface frame ൣ۽෡, ,ܖ෠܁ ൧܊෠܁
୘
 has dual orientation vector,۽෡ 

dual surface normal vector, ܁෠ܖ, dual binormal vector, ܁෠܊, etc. 
The dual surface normal vector ܁෠ܖ can be obtained as: 

 

S෠୬ ൌ
ങಆ෡

ങಕෝ
ൈ
ങಆ෡

ങ౩ො

ฬ
ങಆ෡

ങಕෝ
ା
ങಆ෡

ങ౩ො
ฬ
อ
஝ොୀ଴

ൌ
ି∆෠̂ܜାఓෝܓመ

ඥ∆෠మାఓෝమ
														          (26) 

 

 can be obtained by cross product of the dual orientation ܊෠܁
vector, ۽෡,and the dual surface normal vector, ܁෠ܖ 

 

܊෠܁ ൌ ෡۽ ൈ ܖ෠܁ ൌ
ିఓෝ̂ିܜ∆෠ܓመ

ඥ∆෠మାఓෝమ
										             (27) 

 
The relationship between the tool coordinate system and the 

Generator trihedron coordinate system is expressed as: 
 

൥
෡۽
෡ۯ
෡ۼ
൩ ൌ ൥

1 0 0
0 cos ߟ̂ sin ߟ̂
0 െ sin ߟ̂ cos ߟ̂

൩ ቎
O෡
S෠୬
S෠ୠ

቏ ൌ ൥
1 0 0
0 cos Σ෠ sin Σ෠
0 െ sin Σ෠ cos Σ෠

൩ ൥
ොܚ
ܜ̂
መܓ
൩ (28) 

 

In (28), Σ෠ ൌ ߟ̂ ൅ ො and sinߪ ොߪ ൌ
ఓෝ

ඥ∆෠మାఓෝమ
. If (28) is 

differentiated, it can be summarized as: 
 

൥
෢′۽

′෡ۯ
′෡ۼ
൩ ൌ ൥

0 1 0
െcos Σ෠ െΩ෡ sin Σ෠ Ω෡cos Σ෠
sin Σ෠ െΩ෡cos Σ෠ െΩ෡ sin Σ෠

൩ ൥
ොܚ
ܜ̂
መܓ
൩	     (29) 

 

In (29), Ω෡ ൌ Σ෠′ ൅ ෝ,ܚො. If we denote ሾߛ ,ܜ̂ መܓ ሿ୘ on the right 
side of (29) as ሾ۽,෡ ,෡ۯ  ෡ሿ୘, then the symmetric determinantۼ
is expressed as: 

 

൥
෢′۽

′෡ۯ
′෡ۼ
൩ ൌ ൥

0 cos Σ෠ െ sin Σ෠
െcos Σ෠ 0 Ω෡
sin Σ෠ Ω෡ 0

൩ ൥
෡۽
෡ۯ
෡ۼ
൩ ൌ uො଴ ൈ ൥

෡۽
෡ۯ
෡ۼ
൩		     (30) 
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Fig. 4 Relation between surface and tool frame 
 
uො଴ is obtained by the following equation:  

 

uො଴ ൌ ෠O෡ߗ ൅ sin ෠ߑ A෡ ൅ cos ෠ߑ N෡		        (31) 
 

If ሾO෡, A෡, N෡ሿ	 is expressed as  ሾܚ,ෝ ,ܜ̂ መܓ ሿ in (31), then: 
 

uො଴ ൌ Ω෡ܚො ൅ መܓ 		            (32) 
 
In (31), the dual instantaneous rotation vector of the dual 

tool coordinate system can be considered as the dual velocity 
vector of the robot end effector [12]. Therefore, the dual 
velocity of the robot end effector can be found on the norm of 
(31). 

 

|ෝ଴ܝ| ൌ ඥܝෝ଴ ∙ ෝ଴ܝ ൌ ට൫ߗ෠ܚො ൅ መܓ ൯ ∙ ൫ߗ෠ܚො ൅ መܓ ൯		       (33) 

 

|ෝ଴ܝ| ൌ ඥߗ෠ଶ ൅ 1		             (34) 
The dual vector of ܝෝ଴ can be expressed as ܝෝ଴ ൌ ଴ܝ ൅  .෥଴ܝ߳

Thus, one can obtain (35) by substitutingΩ෩ ൌ Ω ൅ ߳Ω෩ and 
Taylor expansion for partitioning into real and dual parts: 

 

ෝ଴ܝ ൌ ඥߗ෠ଶ ൅ 1 ൅ ߳
ஐஐ෩

ඥஐమାଵ
	        (35) 

 

Equation (35) is divided into ܝ଴ ൌ √Ωଶ ൅ 1, and ܝ෥଴ ൌ
ஐஐ෩

ඥஐమାଵ
, the former represents the angular velocity of the robot 

end effector, and the latter represents the linear velocity. 
In order to obtain the second-order differential value, (31) is 

differentiated and it becomes 	ܝෝ ଴
ᇱ ൌ Ω෡ᇱܚො ൅ Σ෠′̂ܜ. The dual 

acceleration vector equation is: 
 

ො଴܉ ൌ |′ෝ଴ܝ| ൌ ඥܝෝ଴
ᇱ ∙           (36)	ෝ଴′ܝ

 

ො଴܉ ൌ ඥߗ෠′ଶ ൅             (37)		෠′ଶߑ
 
Here, ܉ො଴ can be expressed as a dual vector as	܉ො଴ ൌ ଴܉ ൅

෨ߗ	,෤଴܉߳ ൌ ᇱߗ ൅ ෨ߑ ,′෨ߗ߳ ൌ ᇱߑ ൅  ෨′ and by introducing Taylorߑ߳
expansion, we divide into real part and dual part, and the 
following expression can be obtained: 

 

ො଴܉ ൌ ඥߗᇱଶ ൅ ᇱଶߑ ൅ ߳ ஐ
ᇲஐ෩ᇲାஊᇲஊ෩ᇱ

ටࢹᇲ
૛
ାࢳᇲ

૛
		       (38) 

 

From (38) we get ܉଴ ൌ ඥߗᇱଶ ൅ ෤଴܉ ,ᇱଶߑ ൌ
෩ᇱࢳᇲࢳ෩ᇲାࢹᇲࢹ

ටࢹᇲ
૛
ାࢳᇲ

૛
, the 

former represents the angular acceleration of the robot end 
effector, and the latter represents the acceleration. 

Therefore, we apply the dual curvature theory to the ruled 
surface drawn by the end effector of the robot to obtain the 
motion components of the first and second derivatives, ܝෝ଴, ܉ො଴ 
respectively. It can be seen that ܝෝ଴ contains the motion of 
angle and position with respect to the first derivative, and ܉ො଴ 
contains the motion characteristic with angle and position as 
the second derivative. 
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VII. CONCLUSION 

In this paper, we have explained the method of describing 
the trajectory of the robot's end effector using the differential 
geometry and the method of representing it as a three-
dimensional dual vector using the dual curvature theory. Since 
the differential geometry of the curved surface is used unlike 
the interpolation method, which is mainly used for the robot 
path control, the 1st and 2nd differential motion coefficients 
(linear velocity, acceleration, angular velocity, angular 
velocity, etc.) can be obtained easily. The dual curvature 
theory proposed in this paper is divided into a real part and a 
dual part, and each motion component ܝෝ଴, ܉ො଴	is obtained for 
the 1st and 2nd derivative values.	ܝෝ଴ contains the angular 
velocity and the linear velocity, and aො଴ contains the angular 
velocity and acceleration. This is advantageous because the 
motion expression for the robot's path becomes simpler and 
intuitive as compared with the existing curvature theory, and 
the calculation amount can also be reduced. 

In the future, we plan to continue the research to compare 
the two values by performing the simulations using the curved 
surface theory of ruled surface and the dual curvature theory, 
and this can be widely used for robots that require precise 
position control afterwards. 
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