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Abstract—Heat transfer behavior of three different types of 

nanofluids flowing through a horizontal tube under laminar regime has 

been investigated numerically. The wall of tube is maintained at 

constant temperature. Al2O3-water, CuO-water and TiO2-water are used 

with different Reynolds number and different volume fraction. The 

numerical results of heat transfer indicate that the Nusselt number of 

nanofluids is larger than that of the base fluid. The Pressure loss 

coefficient decreases by increasing Reynolds number for all types of 

nanofluids. Results of Nusselt number enhancement and pressure loss 

coefficient enhancement indicate that Al2O3 nanoparticules give the best 

results in term of thermal-hydrolic properties. 

 

Keywords—Heat transfer, Laminar flow, Nanofluid, Numerical 

study.  

I. INTRODUCTION 

HE flow and heat transfer is an important phenomenon in 

engineering systems due to its wide application in 

electronic cooling, heat exchangers, double pane windows 

etc.. The enhancement of heat transfer in these systems is an 

essential topic from an energy saving perspective. The lower 

heat transfer performance when conventional fluids, such as 

water, engine oil and ethylene glycol are used hinders 

improvements in performance and a consequent reduction in 

the size of such systems. The use of solid particles as an 

additive suspended into the base fluid is a technique for heat 

transfer enhancement [1], [2].  

Suspensions of nano-sized (<100nm) particles in conventional 

heat transfer fluids (such as water, ethylene glycol, and engine 

oil) were named nanofluid by Choi [3]. To understand and 

describe various features of flow and heat transfer behavior of 

nanofluids, numerous investigations have been carried out [4]. 

Almost all previous investigations show that the thermal 

conductivity of nanofluids increases significantly over that of the 

base fluid [4]-[6]  

Oxide nanoparticles [7]-[11], carbon nanotubes [12], [13] and 

other types on nanoparticles [14]-[17] have been used in the 

preparation of nanofluids. Conventional heat transfer fluids such 
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as water, ethylene glycol and transformer oil have been 

employed as base fluid. All investigators have studied 

convective heat transfer of nanofluids in circular tubes. Results 

of these investigations show that the heat transfer coefficient of 

nanofluids is considerably higher than that of the base fluid and 

the enhancement of heat transfer coefficient increases with 

nanoparticle concentration and nanofluid flow rate.  

Convective heat transfer characteristics of three different types 

of nanofluids Al2O3-water, CuO-water and TiO2-water in 

horizontal circular tube with constant wall temperature in the 

laminar flow regime were studied numerically. A computational 

code by use of the finite volume method is developed [18]. 

Laminar model was used to simulate the flow and heat transfer 

using the SIMPLE scheme for pressure-velocity coupling. 

This code is validated by comparison with results reported in 

the literature.  

II. PROBLEM FORMULATION 

The geometry under investigation is shown in Fig. 1. We 

consider a horizontal circular tube with a finite length and a 

diameter D. The flow will be considered as axi-symmetric and 

therefore it is two dimensional so that it can be represented by 

the axial and radial coordinates only. The tube contains water 

and nanoparticles. These particles are assumed to be in the 

same size and shape. In addition, the solid particles are in 

thermal equilibrium with the base fluid and they are the same 

velocity.  

 

 

Fig. 1 Geometry of the problem 

 

The physical properties of the nanofluid are assumed to be 

independent of temperature but of course are functions of the 

volume fraction φ of the suspended nanoparticles. The 

buoyancy effects are neglected. The thermophysical properties 

such as density, thermal conductivity of the base fluid and 

nanoparticle and viscosity are summarized in Table I. 

The governing equations for nanofluid in axi-symmetric 

cylinder are the continuity, momentum, and energy equations 

with their density, thermal conductivity, and viscosity 

modified for nanofluid application.  The continuity written in 

cylindrical coordinate for an axi-symmetric geometry is:  
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Momentum equations in the axial and radial directions are: 
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The axi-symmetric form of energy equation is: 
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 As mentioned before, nanofluid properties are 

combinations of base fluid and particle properties. The 

effective density of nanofluid is predicted by mixing theory: 

 ��� � �����	
�� � ����1 � �                          (5) 

 

Specific heat is also defined by mixing theory: 

 ���� � ���������   ���������  ! �"#  �"# �$%��&#             (6) 

 

TABLE I 

MATERIAL PROPERTIES OF FLUID AND NANOPARTICLE [19]-[20] 

 Water CuO        Al2O3    TiO2 

Density (kg/m3) 1000 6350      3970     4157 

Thermal conductivity (W/m K) 0.6 69          36        8.4 

Specific heat capacity (J/kg K) 4183 535         765      710 

Dynamic viscosity (Ns/m2) x 10-3 1.003 -                -        - 

 

The thermal conductivity of nanofluid was evaluated from 

the model proposed by Maxwell [21] namely: 

 '�� � '�� � 3 )��������%)"#)��������!*)"#%�)��������%)"#� '��             (7) 

 

The effective viscosity of fluid containing small particules 

is given by Brinkman [22] as:   

 +�� � ,"#�$%�-./                                   (8) 

The dimensionless form of the governing equations can be 

obtained by use of dimensionless variables defined as: 

 

   0 � 123     ;     5 � ��23     ;     6 � �7      ;       8 � 9%939:���%93    (9)                          

The problem is characterized by the following parameters 

of similarity:

                                                                           

 

 

the Reynolds number:        6; � �&#27,&#                                (10) 

the Prandtl number:           5< � ,&#   �&#)&#                              (11)                         

the Peclet number:             Pe=Re Pr                                   (12)                               

 

The Nusselt number of the nanofluids is expected to depend 

on a number of factors such as thermal conductivity and 

specific heat capacity, the volume fraction of the suspendes 

particles, the flow structure and the viscosity of the nanofluid. 

The Nusselt number of the nanofluid can be expressed as [23]: 

 

=> � ? 1.953 B6;5< 7CDEF                         B6;5< 7CD G 33.34.364 � 0.07226;5< 7C             B6;5< 7CD M 33.3           N             (13) 

 

The mean temperature of the fluid for an axi-symmetric 

case at any cross-section of the tube is:  
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where T is the temperature at a distance r from the axis where 

the axial velocity is u. 

The boundary conditions in this geometry are summarized 

in Fig. 2 and Table II. 

 

 

Fig. 2 Boundary conditions 
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TABLE II 

BOUNDARY CONDITIONS 

The condition Entrance Wall Symetric axis 

Axial velocity U 0

Re
U

D

µ
ρ

=  U = 0 0
U

r

∂
=

∂
 

Radial velocity V V = 0 V = 0 V = 0 

Temperature T 
T0= 288 K 

T= Twall=320K 0
T

r

∂
=

∂
 

 

The numerical simulation is based on the finite volume 

formulation. The governing equations are integrated over each 

control volume to obtain a set of linear algebraic equations. 

These equations were solved by employing SIMPLE 

algorithm for the pressure correction processes, and 

convective and diffusive terms were discretized by upwind 

and central difference schemes, respectively. Second order 

discretization scheme were employed for all simulation. For 

cylinder’s diameter less than 10 cm and a length equal to 5 m, 

a grid independence study was carried out with three different 

(301x31, 401x31 and 421x31) grid sizes. These studies are 

performed for 10% volume fraction of CuO. Mean 

temperature profiles along of the cylinder are plotted for 

Reynolds number equal at 25 as shown in Fig. 3. 

From Fig. 3 it is very clear that grid size 401x31 and 

421x31 gave same results. The 401x31 and non-uniform grid 

is chosen for computation, allowing fine grid spacing near the 

wall of cylinder (Fig. 4). 

 

 

Fig. 3 Temperature profiles at Re=25 for 10% volume fraction of 

CuO 

 

 

Fig. 4 Schematic of grid 

 

The convergence of the numerical solution is based on 

residuals of governing equations that were summed over all 

cells in the computational domain. Convergence was achieved 

when the summation of residuals decreased to less than 10
-8

 

for all equations. 

Furthermore, in order to validate the numerical code used 

for the present study, the steady-state solutions obtained as 

time-asymptotic solutions for an vertical square cavity with 

differentially heated sidewalls and adiabatic top and bottom 

walls, have been compared with the results of 

Hadjisophocleous [24], Tiwari [25] and Kuang [26]. In 

particular, the average Nusselt numbers, the maximum 

horizontal and vertical velocity components obtained at 

Rayleigh numbers in the range between 10
3
 and 10

6
 are 

summarized in the Table III. A very agreement has been 

obtained. 
 

TABLE III 
COMPARISON BETWEEN PRESENT STUDY AND RESULTS REPORTED IN THE 

LITERATURE 

 Hadjisophocleous[24] Tiwari [25] Kuang [26] Present study 

Ra=103 

umax 3.544 3.642 3.597 3.643 

Y 0.814 0.804 0.819 0.818 

vmax 3.586 3.702 3.669 3.690 

X 0.186 0.178 0.181 0.179 =>OOOO 1.141 1.087 1.118 1.108 

Ra=104 

umax 15.995 16.144 16.185 16.164 

Y 0.814 0.822 0.819 0.821 

vmax 18.894 19.665 19.648 19.665 

X 0.103 0.110 0.112 0.111 =>OOOO 2.29 2.195 2.243 2.228 

Ra=105 

umax 37.144 34.30 36.732 36.720 

Y 0.855 0.856 0.858 0.857 

vmax 68.91 68.77 68.288 68.260 

X 0.061 0.059 0.063 0.060 =>OOOO 4.964 4.450 4.511 4.489 

Ra=106 

umax 66.42 65.59 66.47 66.48 

Y 0.897 0.839 0.869 0.890 

vmax 226.4 219.73 222.34 219.55 

X 0.0206 0.04237 0.03804 0.0399 =>OOOO 10.39 8.803 8.758 8.765 

III. RESULTS 

The heat transfer performance has been investigated for the 

Reynolds number range 25<Re<600 and for different volume 

fractions. The temperature, the Nusselt number and the 

pressure loss coefficient profiles are presented for the different 

cases. 

Fig. 5 represents variation of mean Nusselt number with 

Reynolds number at different nanoparticle volume fractions 

(0%, 1%, 2%, 3% and 10%) and for different kind of 

nanofluids. We have seen that addition of nanoparticles to the 

base fluid enhances its heat transfer significantly. Also, for Re 

greater than 400, Nusselt number is a increasing function of 

Reynolods number for all nanfluids. 

In Fig. 6, we observe that at Re=600, the curve giving the 

evolution of Nusselt number as function of volume fraction is 

independent of the other curves. We can explain this by the 

fact that the thermal developed regime is not yet reached. 
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Fig. 5 Nusselt number for different particle volume fraction and 

different nanofluids as a function of Reynolds number 

 

In order to show the importance of the different kinds of 

nanoparticule in the water on heat transfer, we have calculated 

the Nusselt number enhancement by the following equation: 

 

            =>�%� � Q1&#%Q1:����Q1:����                                  (15) 
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Fig. 6 Nusselt number for different Reynolds number and different 

nanofluids as a function of particle volume fraction 
 

The values of the Nusselt number enhancement at two 

given Reynolds number for different kinds of nanofluid and 

different volume fraction are summarized in Tables IV and V. 

The highest heat transfer was obtained for CuO-water 

nanofluid. 
 

TABLE IV 

NUSSELT NUMBER ENHANCEMENT (NU%) AT RE=25 

Taux ϕ=0.01 ϕ=0.02 ϕ=0.03 ϕ=0.1 

Al2O3 3.55 6.55 9.56 33.33 

Cuo 3.72 6.55 9.83 33.33 

TiO2 3.024 5.327 7.797 26.33 
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TABLE V 

NUSSELT NUMBER ENHANCEMENT (NU%) AT RE=600 

Taux ϕ=0.01 ϕ=0.02 ϕ=0.03 ϕ=0.1 

Al2O3 5.59 8.672 11.924 35.772 

Cuo 5.69 8.94 12.195 36.314 

TiO2 4.19 7.57 10.027 29.718 

 

 We observe a considerable increasing for the Nusselt 

number enhancement comparatively to the water (Fig. 7). 
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Fig. 7 Nusselt number enhancement for different nanofluids as a 

function of particle volume fraction  

 

A comparison of the bulk temperature evolution with 

Reynolds number at different kind of nanofluids is shown in 

Fig. 8. At given volume fraction (φ=10%), this figure shows 

that the CuO-water nanofluide gives the highest bulk 

temperature. 

Fig. 9 illustrates the pressure loss coefficient as a function 

of Reynolds number for different kind of nanofluids and for 

particule volume fraction φ=10%. Unfortunately, the figure 

shows that for CuO-water nanofluid, the pressure loss 

coefficient is more important than for the Al2O3-water 

nanofluid and TiO2-water nanofluid. Despite of this, the CuO-

water nanofluid gives a best heat transfer enhancement. 
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Fig. 8 Bulk temperature for different nanofluids and different particle 

volume fraction as a function of Reynolds number 
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Fig. 9 Pressure loss coefficient for different nanofluids at particle 

volume fraction φ=10% as a function of Reynolds number 
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In order to determine which kind of nanoparticle has the 

best thermal-hydraulic properties, we have also calculated the 

pressure loss coefficient enhancement by the following 

equation: 

                    λ�%� � λ&#%λ:����
λ:����                                (16) 

 

The values of the pressure loss coefficient enhancement for 

different particle volume fraction and for different kind of 

nanofluids are summarized in Table VI. We note that the 

Al2O3 nanoparticle gives the small value of pressure loss 

coefficient. 
 

TABLE VI 

PRESSURE LOSS COEFFICIENT ENHANCEMENT (λ%)  

Taux ϕ=0.01 ϕ=0.02 ϕ=0.03 ϕ=0.1 

Al2O3 0.11 0.66 0.7 1.75 

Cuo 1.78 3.31 4.21 10.96 

TiO2 0.23 2.13 3.21 1.75 

IV. CONCLUSION 

The effect of using different nanofluids on the heat transfer 

in a horizontal cylinder was studied numerically for a range of 

Reynolds numbers and nanoparticles volume fraction. 

Indeed, the results revealed that the suspended nanoparticles 

increase the heat transfer with an increase in the nanoparticles 

volume fraction and at any given Reynolds number. The 

results show the influence of nanoparticles on the pressure 

drop and we identified the kind of nanoparticle that gives 

better heat transfer and a minimum pressure drop. 

NOMENCLATURE 

Cp        Specific heat (J/kg K) 

D          Diameter (m) 
L          Length of cylinder (m) 

q          Heat flux (W/m2) 

Re       Reynolds number 
r          Radius 

T         Temperature 

u, v     Velocity components 
x, r      Axial and radial coordinates 

Greek symbols 

φ        Nanoparticle volume fraction 

µ        Dynamic viscosity (kg/m s) 

ρ        Density (kg/m3) 

 

Subscripts 
 f        fluid 

nf      nanofluid 

bf     base fluid 
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