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Steady State of Passive and Active Suspensions in
the Physical Domain

Gilberto Gonzalez-A', Jorge Madrigal?

Abstract— The steady state response of bond graphs represent-
ing passive and active suspension is presented. A bond graph with
preferred derivative causality assignment to get the steady state
is proposed. A general junction structure of this bond graph
is proposed. The proposed methodology to passive and active
suspensions is applied.
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[. INTRODUCTION

HE mayority of today s vehicles utilize traditional passive
T suspension systems. Passive suspensions comprise of
a mechanical spring and a shock absorber to disipate the
vertical of the vehicle. For the past few decades, semi-active
suspensions and fully active suspension systems have been un-
der investigation. Semi-active suspensions incorporate variable
damping whose rate usually depends on one or more vehicles
states. Therefore, they are similar to passive suspensions in
that they do not require an external energy source to create a
force. However, semi-active suspensions require some energy
to operate sensors and valves. Fully active suspensions have
force-producing components (actuators) that impart a force or
torque to support the weight of the vehicle and control its
dynamic motion through their connection to the wheel hubs
or suspension control arms.

Main suspension system functions are to maintain the
wheels in contact with the ground, transmit tyre forces, and
filter road excitations. In conjunction with axles, suspension
systems form the link between wheels and vehicle body.
There are different axle-suspension system types (McPherson,
pseudo-McPherson, trailing arms, multi-arms, etc) and their
kinematics are somewhat complex to model in a multibody
system context.

The bond graph technics are useful and important tools for
physical system modelling [1]. They are based on power rep-
resentation and enables the description of the system through
energy storage and dissipative elements [2], [3].

In [4] an integrated approach for fuzzy systems, modeling
and fuzzy optimal controller design of half-car active suspen-
sion systems to enhance the ride comfort of passengers. In [5]
semi-active suspensions provide vibration suppression solu-
tions for tonal and broadband applications with small amount
of control and relatively low cost. An on-road analytical tire
model has been developed to predict tire forces and moments
at the tire/road interface in [6].
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Several papers have been published on bond graph mod-
els of automotive. Hence, a 3-dimensional and a simpler
2-dimensional automobile model is established in order to
analyse the handling response of steering variations using
different sets of tyres in [7]. Also, a simple basic bond graph
model of an automotive power train was developed to analyze
the nature of the observed dominant mode oscillations in a
typical manual transmission power train in [8] is proposed.

In [9] the bond graph model of a truck with eighteen degrees
of freedom is created. The vehicle model analysis was not the
objective, rather its purpose was to demostrate that bond graph
representation can compete with other modelling tools in the
field of vehicle dynamics in [10].

In other wise, when the dynamical behavior is over, the
steady state is reached. In [11] is shown a bond graph proce-
dure to get the equilibrium state. However, this result does not
use the junction structure with assigned derivative causality.
Hence, the steady state requires to invert the matrix A, when
the system is represented in a realization (A, B,C, D). As
shown in [12] it is possible to get the steady state from a
bond graph in derivative causality.

In this paper, a junction structure more general in a deriv-
ative causality assignment is proposed. This junction struc-
ture allows to have storage elements in an integral causality
assignment into the bond graph in derivative causality. The
main contribution of this paper is to determine the steady
state response of a passive and active suspension modelled
by a Bond Graph.

Section II gives basic elements of the bond graph model.
Section III proposes a junction structure of a bond graph in a
derivative causality assignment, this structure allows to have
storage elements in a derivative and integral causality. The
steady state response of a passive suspension in the physical
domain is proposed in section IV and in section V of an active
suspension. Finally, section VII gives the conclusions.

II. MODELLING IN BOND GRAPH

The symbolic form of a bond graph in integral causality
assignment (BGI) of a LTI system is shown in Fig. 1 [2], [3].
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Fig. 1. Junction structure of the BGI.
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In Fig. 1, (M S., M Sy¢), (I,C) and (R) denote the source,
the energy storage and the energy dissipation fields, (D)
the detector and (0,1,7F,GY’) the junction structure with
transformers, T'F, and gyrators, GY'.

The state z¢(t) € R™ and 2% (t) € R™ are composed
of energy variables p(t) and ¢ (t) associated with I and
C elements in integral causality and derivative causality,
respectively, u (t) € RP denotes the plant input, z¢ (t) € R"
the co-energy vector, z§ (t) € R™ the derivative co-energy and
Dy (t) € R" and Dyt (t) € R™ are a mixture of e (¢) and
f (t) showing the energy exchanges between the dissipation
field and the junction structure [2], [3].

The relations of the storage and dissipation fields are,

5= Fa M
zg = Farg (2)
Dout = LDln (3)
The relations of the junction structure are,
iy P5
Z5 S Si2 Sz Suis 5 ,
Din | =1 S21 S22 S3 0 U o (€]
The entries of S take wvalues inside the set

{0,%1, £k, £k,} where k; and k, are transformer and
gyrator modules; S1; and Sy are square skew-symmetric
matrices and Si, and Sy are matrices each other negative
transpose. The state space equations are [2], [3],

i} (t) = Az} (t) + Bu (t) )

where
EA (S11 + S19M So1) F} 6)
EB = Si3+ S12MSss3 @)

being M = (I — L;Sa) ' Ly and E = =Sy, (Fy) " Ss1 F.

In the next section, a junction structure of a bond graph
with a derivative causality assignment of a linear time invariant
system is presented.

III. STEADY STATE FROM A BOND GRAPH

A junction structure configuration of a bond graph of a Bond
Graph with preferred Derivative causality assignment (BGD) is
proposed in Fig. 2. This junction structure allows to represent
systems that have storage elements in derivative and integral
causality assignments.
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Fig. 2. Junction structure of a BGD.

In Fig. 2, the state z4 € R7 and z¢ € R" are composed
of energy variables with derivative and integral causality

assignments, respectively; zg € R, 2z € R" are the co-energy
variables in derivative and integral causality assignments,
respectively; D¢ € R and DY, € R" are the dissipation field
with preferred derivative causality assignment and u € RP is
the plant input.

In order to have a relationship between the BGI and BGD
of a system, g = n 4+ m. The relations of the storage and the

dissipation fields in a BGD of a LTI system are:

2y = Fiaj (8)
Dzl)iut = LdDgn (9)

The junction structure matrix for the proposed junction
structure configuration of a BGD is defined in,

Lemma 1. Let a bond graph model of a system with
a preferred derivative causality assignment in the junction
structure configuration of Fig. 2, then, a junction structure
matrix J is,

d Tg

Zq Ju Jiz Jis d
= D 10
{ D¢, } { Jo1 Jaz o Jog } ;”t (19)

that, is block partitioned accordingly with the dimensions
of 4, D%, and u, and their entries take values inside
the set {0,+1,+r,£l} where v and | are the transformer
and gyrator coefficients, respectively. Then, equation (11) is
directly obtained from (10),

24 = A*3d + B*u an

where
A* = Ju+ JiaMgJa (12)
B* = Jiz+ JiaMgJos (13)

being
My = (I, — L) L (14)

Proof. In the BGD, from the second line of (10) and using
(9) , we have,

Dzdn = (IT - J22Ld)71 [ngl'g + J23u} (15)

substituting (15) into the first line of (10) and using (9) we
get,

2f = [Ju+ Ji2MaJn) &4 (16)
+[J13 + Ji2MaJas] u
and the result (11) follows. ]

When a BGD has storage elements in integral and derivative
causality assignment on the BGD, i.e., J14 # 0 and h # 0. The
A and A* matrices are singular. The state space (4, B,C, D)
does not have direct relation with (A*, B*,C*, D*) and n +
m = g+ h. Also, z:~? are the storage elements in integral
causality assignment on the BGI and they maintain the same
causality on the BGD and asff’d are the storage elements in
derivative causality assignment on the BGI and BGD.This case
is described by the following lemma:
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Lemma 2. Let a bond graph model of a LTI system
with a preferred integral causality assignment whose junction
structure can be written by,

M ied
m;:g Sll 512 Sll Sll Sll le:(é
giod 5'21 522 ngl S3 Si} i_

= = - D¢
DZn Sll 512 Sll S%% 0 iut
Zid siosE 0 0 o0 siend
L td (™
, giod . tod )
where z! = { ﬁ:g } ;2 = { Z’l‘;”fl }; zt € R and
2 K]

miﬁd € R™. The junction structure with a preferred derivative
causality is,

o ied A
e
Zz:fil Jllll J12 Jll Jll Jll m'::g
ied 21 Y h o % d
24 Jin Jit Jiz Jiz Jia
= n N N N N Dd
Dzdn J2111 J12 Jll Jll 0 out
ied 11 12 11 U
iy Jsi Jsi 0 Jzz O ied
K3
B I8
xz_<—>d i—d ( )
where x4 = x;:g , 24 = Zz:‘fl ; 23 € R and
d d

2% € RY. Then, a reduced equivalent system is defined by,
i q 37 Y,

t
Eﬁﬁzﬁﬁ%ﬂm+mAUMM (19)

where
Ay = AL+ Al H3H,y (20)
Bf = Bi+ A} H3H,J33 (1)
Qr = JLFTY(I+ J3 HsHy) Ja3 (22)
By = (1= JE (I3 + i H )] (Fi=)(23)
where the constitutive relations of the storage elements are
41 = Foin 24
Zz;—ui _ Fdz<—>cl 'g—»d (25)

) R -1 * *® \ T 7>
with Hy = (Fi~?) [ TH = Asy (Af) Jlli] Fi=% Hy =

(Fi=®) " A5, (A)” mﬁ%:udwﬁﬂM—
Hy+ HyJ3; Hs = Cy +Ciy HyHy; BY = Ji3 +J15 MaJsg;

Ci = J§11+J?}21Md=]2111’ Ciy= J§12+J3121Md=]2112§ D = Ji3+
Jé%MdJr}%, Aty = Ji{ +Ji3 Mad3i; Aty = Jif +Ji3 MaJ5?;
Ay = JH 4 JRMJH and My = L9 (I, — JY L) ™
Proof. In order to get an reduced equivalent system of this
case, the following analysis is done. From the third line of
(18) and substituting into the first line of the same equation,

70q = ALESg + Biu+ ALy + T2 (2))
where A7y = Ji{ +Ji3 MaJis; Ajy = Ju+Jis MaJst; By =
Ji3 + Ji3 MgJss and My = L4 (I, — J2121Ld)71. Similarly,
the second line of (18) can be written by,

iod . pAx sied i—d 21 i—d
24 ndiog + Bau+ ASdy” " + Jig 7 (28)

where A21 = JH + TR MyJY: Asy = JB + JH MyJ32 and
B = JH + JllMdJQIP} From (27) and (28) then

G * * 1 i B * % \—1 *
27t = A (AR) T A+ [ 5 — A5y (A7) Bl} U
* * % \—1 4% T
+ [A22 — A3 (ATy) 12} . (29)
+ [+ A5 (ar) ] A
We can assign A* as,

* AYI A’IKQ
o= (0
which is a singular matrix. The Aj; submatrix is nonsigular,
because this part is due storage elements have integral causal-
ity on the BGI and have derivative causality on the BGD,

x4 Thus, we have
* * x \—1 4%
A22 - A21 (All) A12 =0 (€2))
Also, from (29),
By = 435, (A1) Bf (32)

where B3 are causal paths from the inputs u to zfﬁd on

the BGD. However, these causal paths can be obtained by
(32). That is, because the part (A%,)”' Bf means causal
paths from the inputs v to #!~¢ on the BGI. The submatrix

id

(Ar,) " indicates to change BGD by BGI. Finally, A3, is the
relationship between =4 and z5~<. By using (31) and (32),
equation (29) can be reduced to

’u—> * * 1 i * x \—1 G
4= A3 (A7) i+ [lei + A3 (ATy) Jﬁ] Zod
(33)

by integrating the five line of (18) and substituting into (33),
and using (25) and (26), we have

N -1 (>
it = (1= HIE) T [(Ha+ B isd 64)
t
+H1J31§/ “(T)dT]
0

where H; = (Fff'd)f1 [ﬁl — Az (A7 Jllﬂ Fi=d and

Hy, = (Fgf’d)i1 A3y (A7) ' Fizd. Using the five line of
(18) and (34),

w7t = (Ui + L3 HsHy] 228 + 35)
t
[I+ JitHsH, ) J33 / u(r)dr
0

where Hy = (I — HyJ3?) ‘and Hy = Hy + HyJH. If we

find the derivative of (34)

@i~ = Hy [Hydl2§ + HyJigul (36)
by substituting (36) into (27) then
724 = [Afy + AT HaHa) &2 + AT HaHy Jigu+ Jij 2070

i—d
(37)
from (26), (35) and (37) we have,

4i = ALEZG+ [AlHsHi Tz + Bi]u (38)
+IF T [ I3+ T3 HyHy) )

1<—>d

t
+JIL i [+ J3111H3H1] Jé?}/ w(r)dr
0
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where A¥ = A}, + Ay HsHy. From (24) and (38) with (21),
(22) and (23), we prove (19) [ |

In order to obtain the steady state of the state variables in
integral causality on the BGI and derivative causality on the
BGD, (zZ4) .. from (19) and the Final Valuje Theorem then,

i—d
id % miesd) ~1 pox : * Ti—d « 1 Q::
(xi‘_’d)ss = (ET“F‘?H(i) BTUSS—"_lanO (Er'Fde - ATS) s
‘ (39
where (x;f:g)ss and uss are the steady state of the x!=¢

variables and inputs u, respectively.
In the next section the proposed methodlogy to a passive
suspension is applied.

IV. PASSIVE SUSPENSION

A passive vibration control unit consists of a resilient
member (stiffness) and an energy dissipator (damper) to either
absorb vibratory energy or load the transmission path of the
disturbing vibration.

Passive suspensions have been presented. The half car
suspension model is usually represented as a four degree
or freedom system, which has heave, pitch and motion of
the front and rear wheels. Fig. 3 shows the bond graph
suspension representation. Dynamics is assumed solely on
the vertical axis and suspensions actions are denoted F.
Spring/damper suspension component phenomena correspond
to C-type energy storage and energy dissipation; a pair of C

and R elements thus represents these phenomena.
e
C:Cst1 < 43 ™ C:Cso
\ TF:r ) 4 TF:n [
s[ 10" I:la L 20|
r S 12 B o2
R:Rst——1~"—10 A 0+"% 4" R:Rsp
s 197 8 [
& 4| Ide Se:Ey zzu
[HEA 1 1 Al:lre
T 1
4| 24
C:Car=2—0 0+28-¢:Cro
[ \
1J- I2i'
MSf:fa MSf:fo

.

Fig. 3. Bond graph in integral causality of the passive suspension.

The corresponding bond graph in derivative causality as-
signment of the passive suspension is shown in Fig. 4.

The key vectors of the bond graph in derivative causality
and the constitutive relations are,
d T
Tqg = [ g3 D5 g8 P13 Pia G20 P23 425 }
. T
UCZ = [ fa es fs ez ews fao eas fas }
T
2§ = [es fs es fis fu exn f e |
fi
e
u = €15 ;D7,'dn:|:ff9:|;Dgut:|: 9}
21 €21
for
1 1 1 1 1 1 1 1
Fd:dia/ {—7—7—>_ T o~ 2T —}
9\Car’ Tar’ Csr’ Ia’ Ic’ Csp’ Inn’ Cro

—Ug

C:Cst C:Cso

20

1
1/’1/\“'
13
TF:r TF;n
BT y/ [HI w
12

21
R:Rst ——1+——0 118 5019 2 ppe
1 15
BJ: Se:E Jizz
1:1 ‘Eg

Blrr =247 ¢ PPN
| Jas

C:CrT K30 0-25.4C:Cro
1[ [27
M ST:fa M Sf:fo

Fig. 4. Bond graph in derivative causality of the passive suspension.

LY = diag {Rst, Rsp}

and the junction structure is

[ 0 1 0 lan'r 117::‘7‘ 0 0 0
-1 0 0 0 0 0 0 0
0 0 0 T T 0 0 0
J n;il 1 0 n;ﬁl 0 0 nrn— 1 0 n’rn— 1
11 = —nr —nr
7”‘171 0 n'rlfl 0 0 nr—1 0 nr—1
0 0 0 — mil 0 0 0
0 0 0 0 0 0 0 -1
L 0 0 0 nrnfl n;vlrl 0 1 0
0 0 1 0 00 0O
Ji= 1o 0000 10 o0/2=lE=
[ 0 1 0 nrnfl n:il 0 0 0
J13 = 1:L:LT 0 lﬁ:w 0 1:71”“ 0 11L:LT
L 0 n;ﬁl n;lil 0 1
The steady state is,
(29),, = Ji3tss (40)

In order to verify the steady state behavior, simulation
results using the following parameters: Csp = Cgsp =
5.9481 x 1075; RST = RS’D = 1000; IRT = IRD = 0.01666;
I, = 0.001; Crr = Crp = 5.2631 x 1075; I. = 0.001739,
r=1mn= -1, e5 = —981, fi = 0.1 and for = 0.5 is
shown in Fig. 5.
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Fig. 5. Simulation results of a passive suspension.
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By using the numerical parameters and (40), the steady state

S 1
for (f5) s> (f23),, and (f1a),, is givey by, Aﬁ\"}?ﬁ\?‘;/ <0
[HI" TF:r™, I"'VI'TF:n I:luo
(f)ss = (N)sss (foz)s = (for)ss e N \;13
—(f) nr (far) RiRur 24220087 ¢ ot i a3 B0 2 iR
e = 20 Y o1 I S e
- - 57 et e Se: 09—1&57| IRo .
(-f5)ss = 0'1; (f23)95 = 057 (-f14)ss = 03 GYp a-r" JG.F GY\.q
. . . . 22 C:Crr2H0 03Z ¢:Cro
In the next section, a half car active suspension is used to 1 3o o
obtain the steady state response of the system. IhlsuT 204 { 214 p.Rgn ST sfi "R R }iﬁ—ﬂ—“?—fl lsup
19 41 SHMD
46
V. ACTIVE SUSPENSION MSe:l ysfk MSFS msent
. . .. e . 1/5’-"\ A ’
The passive suspension has significant limitations in struc- _ " an ]45
tural applications where broadband disturbances of highly M3 '8 =047~ RiRsure R:Rsuor <z 10~ MSTm
uncertain nature are encountered. In order to compensate for Fig. 8. BGD of an active suspension.
these limitations, active vibration control systems are utilized.
Fig. 6 shows the active suspension used a half car. The key vectors of the BGD are,
P11 €11 fi1
Confrol & id P12 ind €12 i f12
Pawer rilg = | P |;4Zg=| €0 |;z2q=| fo
Q27 far e27
Par €47 Jaz
U T
il o Dgn = [ Jr fir e fas ess fu o ess fro ]
T
Diut = [ er e for eas faz eas fig es2 ]
Ps €5 5
T o € -
il = | P2 i |2 | ied f2a
P35 €35 f35
Fig. 6. Active suspension. 53 f53 €53
. . . : ot = a3 gz gss ]T;i‘md =[fs far [s3 }T
A bond graph with a integral causality assignment of an ‘ - ' s
half car active suspension is shown in Fig. 7. This model Z;”Hd = [ €3 €37 €53 } U= [ fi e fao }
is interesting because of some storage elements have integral
causality and others have derivative causality. the constitutive relations are,
; 1 1 1 1 1
- " Fivd = dzag{ } (1)
N\, i In’ Ic” Isnr’ Cst’ Isup
I:lut TF:r™ l:la I:lup 1 1 1
24) ) §1 iod
RiRur 2547p7,C:CsT 70 : P C:Csp 63,7, 62 oo F = diag { Crr’ CRD CSD } (42)
T R:Rst s ® % \ “:‘R:Rsn/’-
U S i v A P e S
7 et :le Se: : . . = diag
eYP , a - e Inr’ Int’ Irp Inp
C:Crr=10 0F5-C:Cro .
“ 1 | 4 diag {RST7 RsmtF, o R,
ItlsmT)20 Sfif 48 44 47 4| 1eub LT = 1 1 (44)
20 4121 R:R : Al
W] o RiRans T Tisp BBSMDF, 75,50 v
6
M3e:l M Sf:k MSE:s et and the junction structure is,
13{ _,1}/ 4.\3\-.\ Ius
MST:] F—z— 0157~ R:Rsue R:RsmuoF <53 10—z —IMST:m h O34
. . . Jll _ O3><3 1 . J12 _ h
Fig. 7. BGI of an active suspension. = —hT Oguo |71 T 0, 24
X
. Th.e bond gra}ph i.n derivat%ve causality of the active suspen- TR (J1 ) T R L
sion is shown in Fig. 8. This bond graph model has general 1111 - 1 12 13 14
properties from the point of view of the causality. Hence, BGD Jog = Jit =
contains storage elements in integral and derivative causality. 03x3 r O3x3
Thus, in order to get the structure junction of the BGD, Lemma Jli = hs DIl = (Jill) = hy
2 is be applied. 01x3 O1x3
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03x3 r 03x3
F N R B I A
| O1xs O1x3
[0 00 0O —» 00 O
000 0 O 00 O
Ja = 001 0 0 00 0
00 p -1 0 0 q -1
000 0 0 01 0
0 0 0 0n o0 0 07"
0 0 0 00 0 0 0
Lt = 0 0 -100 0 0 0
0 j+k -p 1 0 m+s —q 1
0 0 000 0 —10
[ 02x2  hs  0axo
J21 = h6 04><4 O4><3
| O2x2 hr O2x2
where
T
[0 0 j
hl = 1 0 ;hgz
0 -1
L -1
hs = [0 1 0];ha=[1 1 —1]
[0 1 B 00 2 0
he = 0 0 7100 0 0
¢ -2 0, 00 0 ¢t
0 0 T“]lo o000
The steady state is defined by,
[0 0 0 0 0 0
000 0 0 0
B = |00 0[;Qr=| 0 0 0
010 = 0 &
[0 0 0 0 0 0
[Is 0 0 0 0
0 Is 0 0 0
B = 0 0 Iy 0 0
0 0 0 Jg(cil+ci2+0%+1) 0
L0 0 0 0 I

The numerical parameters are: Crp = Crr = 5.2631 X
1075 Csp = Cor = 5.9481 x 107°; Iy = Irp = 0.01666;
j=l=k=p=s=m=1t=1; Rsyrr = Rsur = 1;
Inr = Isur = Inp = Isup = 1; I = 1.739 x 1073
f1 = fag = e29 = 1 and substituting (39) we have,

0; (p12),., = 0.0015; (pao),, = 0.91 (45)
o5 (par),, = 0.91

(pu)ss
(927) o

Finally, the simulation results of the half car active sus-
pension is shown in Fig. 9. Note that, the steady state of
the linearly independent state variables, xﬁ:g, is verified from
(45).

0.004_ . - )
0.003 I I -
0.002] (p12)ss {N-s)
0.001 "
o 1 3 ! | ]
1 I I [ | (p20)ss (N8} |
0.5,
o
-0.5. : - - = = - - * =
10/ ] I I T I I [ T (q27)ss {m}
5
0 e
o : : : : : : : : :
1+ 1 I 1! il L ] . (p4T)ss {N-s}
05
0
-0.5. i . ! . + + + + =
0.4 T T T ; T T T T »
02 | | | [ | | | I (p11)ss {N-s}
1]
0.2
-0.4. ! ! 1 L 1 1 1 ! 1 1
o 1 2 3 s 5 8 7 8 Stime ()10

Fig. 9. Simulations results of an active suspension.

VI. CONCLUSIONS

The steady state response of passive and active suspensions
in a bond graph approach is proposed. This approach proposes
to obtain the steady state using a bond graph with preferred
derivative causality assignment. The main advantage to have
the BGD of the system is to invert the state matrix A of
the system. The proposed junction structure of the BGD with
storage elements in derivative and integral causality indicates
that the state matrix is singular.
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