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Stability Analysis of Impulsive BAM Fuzzy
Cellular Neural Networks with Distributed Delays
and Reaction-diffusion Terms

Xinhua Zhang and Kelin Li

Abstract—In this paper, a class of impulsive BAM fuzzy cellular
neural networks with distributed delays and reaction-diffusion terms
is formulated and investigated. By employing the delay differential
inequality and inequality technique developed by Xu et al., some
sufficient conditions ensuring the existence, uniqueness and global
exponential stability of equilibrium point for impulsive BAM fuzzy
cellular neural networks with distributed delays and reaction-diffusion
terms are obtained. In particular, the estimate of the exponential con-
vergence rate is also provided, which depends on system parameters,
diffusion effect and impulsive disturbed intention. It is believed that
these results are significant and useful for the design and applications
of BAM fuzzy cellular neural networks. An example is given to show
the effectiveness of the results obtained here.

Keywords—Bi-directional associative memory; fuzzy cellular neu-
ral networks; reaction-diffusion; delays; impulses; global exponential
stability.

[. INTRODUCTION

HE reaction-diffusion neural networks were firstly in-

troduced by L. O. Chua in order to study passivity
and complexity [1]. M. Itoh and L. O. Chua had further
investigated the complexity of reaction-diffusion CNN with
various boundary conditions such as the Neumann boundary
conditions, the Dirichlet boundary conditions and the periodic
boundary conditions [2]. In 2003, Wang and Xu proposed
a class of reaction-diffusion Hopfield neural networks with
the Neumann boundary conditions and studied the global
exponential stability of this class of networks. Since than,
many researchers have done extensive works on this subject,
there exist some results on global asymptotical stability, global
exponential stability and periodic solutions for the reaction-
diffusion neural networks with various delays and the Neu-
mann boundary conditions, for example, see [4]-[16] and ref-
erences therein. On the other hand, besides delay and diffusion
effect, impulsive effect likewise exists in the neural network
system. As artificial electronic systems, neural networks such
as CNNs, bidirectional neural networks and recurrent neural
networks often are subject to impulsive perturbations which
can affect dynamical behaviors of the systems just as time
delays. Therefore, it is necessary to consider impulsive effect,
diffusion effect and delay effect on the stability of neural
networks [21]-[25], [28]. However, we note that, in [3]-[16],
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[21]-[23], [25], [28], all criteria on stability and periodicity
for reaction-diffusion neural networks with the Neumann
boundary conditions were independent of the diffusion effect.
In other words, in those results of Ref. [3]-[16], [21]-[23],
[25], [28], we do not know the reaction-diffusion phenomenon
how to affect stability of neural networks. Recently, Lu et al.
proposed some reaction-diffusion delayed recurrent neural net-
works with Dirichlet boundary conditions and obtained some
diffusion-dependent criteria on stability and periodicity for the
formulated neural networks [17]-[19], these criteria show that
the diffusion phenomenon is beneficial to the stabilization of
neural systems.

The bidirectional associative memory (BAM) neural net-
work is first introduced by Kosko [29]. It is a special class of
recurrent neural networks that can store bipolar vector pairs.
The BAM neural network is composed of neurons arranged
in two layers, the X-layer and Y-layer. The neurons in one
layer are fully interconnected to the neurons in the other
layer. Through iterations of forward and backward information
flows between the two layer, it performs a two-way asso-
ciative search for stored bipolar vector pairs and generalize
the single-layer autoassociative Hebbian correlation to a two-
layer pattern-matched heteroassociative circuits. Therefore,
this class of networks possesses good application prospects in
some fields such as pattern recognition, signal and image pro-
cess, artificial intelligence. To the best of our knowledge, few
authors have considered BAM fuzzy cellular neural networks.
To the best of our knowledge, few authors have investigated
impulsive BAM fuzzy cellular neural networks with distributed
delays and reaction-diffusion terms.

Motivated by the above discussions, the objective of this
paper is to formulate and study impulsive BAM fuzzy neural
networks with distributed delays and diffusion. Under quite
general conditions, by employing delay differential inequality
and inequality technique developed by Xu et al. [27], [28],
some sufficient conditions ensuring the existence, uniqueness
and global exponential stability of equilibrium point for im-
pulsive BAM fuzzy cellular neural networks with distributed
delays and diffusion are obtained.

The paper is organized as follows. In Section 2, the new neu-
ral network model is formulated, and the necessary knowledge
is provided. Main results are given in Section 3. In Section 4,
An example is given to show the effectiveness of the results
obtained here. Finally, we give the conclusion in Section 5.
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II. MODEL DESCRIPTION AND PRELIMINARIES

In this section, we will consider the model of impulsive
BAM fuzzy neural networks with distributed delays and
reaction-diffusion terms, it is described by the following
functional differential equations:

l
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v (1%, 2) = v(t” )+sz(vj( T.z), t=ty "
1
for i € 7 £ {1727"'7n}? ] € / £ {1727"'7m}9
ke N2 {1,2,---}, where & = (z1,29,---,2))T € Q C
Rl’ and 0 = {J’ = (w17$27"'7ml)T7 ‘17| < l?"ar =
1,2,--+,1} is a bounded compact set with smooth boundary
and mesQ > 0 in space R ;u = (ug,u2, -+, u,)T € R*v =
(v1,v2, +,vm)T € R™; w;(t,2) and v;(t,z) are the states

of the ith neuron and the jth neuron at time ¢ and in space
x, respectively; D, > 0 and D]-k > 0 correspond to the
transmission diffusion coefficient along the ith neuron and the
jth neuron, respectively; f; and g; denote the signal functions
of the ¢th neuron and the jth neuron at time ¢ and in space
x, respectively; w; and w; denote inputs of the ith neuron
and the jth neuron at the time ¢, respectively; and I; and J;
denote bias of the ith neuron and the jth neuron at the time ¢,
respectively; a; > 0, bj > 0, Qjj, dij, Qg dij» bji7 bji7 ﬁjiv 5”
are constants, a; and b; represent the rate with which the
ith neuron and the jth neuron will reset their potential to
the resting state in isolation when disconnected from the
networks and external inputs, respectively; a;;, b;; and a;, l~)j,-
denote connection weights of feedback template and feed-
forward template, respectively; cv;, 85 and &;j, 35 denote
connection weights of the delays fuzzy feedback MIN template
and the delays fuzzy feedback MAX template, respectively;
Ti;,Tj; and H;j, Hj; are elements of fuzzy feedforward MIN
template and fuzzy feedforward MAX template, respectively;
/A and \/ denote the fuzzy AND and fuzzy OR operation,
respectively; ¢; is called impulsive moment, and satisfies
0<ty <ta<---, klim tr = 4005 u;(ty , x), vj(t,,x) and

—+00

u;(tf, @), v;(t{, ) denote the left-hand and right-hand limits
at ¢, respectively; P;, and @;;, show impulsive perturbation
of the ith neuron and jth neuron at time tj, respectively.
We always assume u;(t),2) = u;(ty,z) and v(t),2) =
vj(ty,x), k€ N.

The Dirichlet boundary conditions and initial conditions are
respectively given by

u;(t,x) =0, t>0, z€90, i1€.7, )
vi(t,x) =0, t>0, z€0Q, je 7,
and
wi(8,x) = Pui(s,x), —00<s<0, 3)
vi(s, @) = Py;(s,x), —oo0<s<0,

where ¢, (s, x), dvj(s,z) (i € &,j € #) are bounded and
continuous on (—oo, 0] x €2, respectively.

If the impulsive operators P (u;) = 0, Q;x(v;) = 0,1 €
J,j € Z,k € N, then system (1) may reduce to the
following model:
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where the Dirichlet boundary conditions and initial conditions
are given by (2) and (3), respectively. System (4) is called the
continuous system of model (1).

Throughout this paper, we make the following assumptions:

(H1) For neuron activation functions f; and g; (i € &;j €
J), there exist two positive diagonal matrices F' =

diag(Fy, Fs, -+, F,) and G = diag(G1,Ga, - +,Gn)
such that
FizsupM7 GJ:SUPM
u#v u—-v u#v u—v
for all u,v € R (u # v).
(H2) The delay kernels N;;, Kj; : [0,+00) — [0, +00), (i €

& j € ) are real-valued non-negative continuous, and
there exists a constant § > 0 such that functions

“+oo
g ()\) = /0 EASNij(S)dS
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and oo
]CJZ(/\) = / eksKji(S)dS
0

are continuous for A € [0,0) (i€ F;j€ 7).

(H3) Let Py(u) = u + Py(u) and Qr(v) = v +
Qr(v) be Lipschitz continuous in R"™ and R™, re-
spectively, that is, there exist nonnegative diagnose
matrices Ty, = diag(yir, Yor, o) and T} =
diag(Y1k, Y2k, -+ Ymk) such that

| P (u)—Pi(v)| < Tglu—v|, forallu,v € R", k€N,
|Qk(u)_(2k(v)| < f‘klu_v‘v fOT‘ all u,v € Rm7 S N7
where Py(u) = gpuc(ul),}ﬁ% (ug), -~ Lpnk (un))”,
Qk(v) = (Qlk(vl)7 Q2k(v2)a Y ka(vm))Tv

Pi(z) = (Pux(u1), Par(uz), -, Pur(un))".Qu(v) =
(Qlk(vl)a Q2x (7}2)7 ) ka(vm))T-

To begin with, we introduce some notation and recall some
basic definitions.

PC[J x Q,R"] 2 {w(t,z) : J x Q — R'|w(t,z) is
continuous at ¢ # ty, w(t;,x) = u(ty, ) and w(t; , x) exists
for t, ty € J, k € N}, where J C R is an interval.

PC[J,R] & {w(t) : J — R*|w(t) is continuous at ¢ # t,
w(tf) = w(ty) and w(t; ) exists for ¢, t, € J, k € N},
where J C R is an interval.

PC(Q) 2 {p:(—00,0] x Q = R'| o(st,z) = ¢(s,2) for
s € (—00,0), p(s™,x) exists for s € (—00,0], p(s™,z) =
@(s,x) for all but at most a finite number of points s €

(—00,0]}.

{6 ¢ (-00,0] = R"| ¢(st) = ¢(s) for
s € (—00,0), ¢(s7) exists for s € (—00,0], ¢(s7) = ¢(s)
for all but at most a finite number of pomts s € (—o00,0]}.

2 {¢ : (00,00 = R™| ¢(sT) = ¢(s) for s €
(foo,()), qﬁ(s*) exists for s € (—00,0], ¢(s~) = ¢(s) for
all but at most a finite number of pomts s € (—o0,0]}.

For w(t,z) = (w1(t,x),w2(t7x)7---,w%(t 2))T € R*, we
define |lw;(t,z)[2 = [fQ |wi(t,x)\2dx}2,i = 1,2,
and for any ¢(s,z) = (¢1(s,7),02(5,2),---,¢.(s,2))T €

PC(R), the norm on PC(Q) is defined by

L
Igllz =" sup > lldi(s,)]l2,
7oo§s§0i:1

then it can be proved that PC(2) is a Banach space [19].
Definition 1: A function (u(t,z), (v(t,z))T
(u: (=00, 4+00) X @ — R™ v : (—o0,+00) x  — R™)
is said to be the solution of impulsive system (1), if the
following two conditions are satisfied
(i) For t, u(t,z) and v(t,x) are piecewise continuous with
first kind discontinuity at the points ¢, k € N. Moreover,
u(t,z) and v(t,z) is right continuous at each disconti-
nuity point.
(ii) wu(t,z) and v(t,x) satisfy (1) and (2) for ¢ > 0, and
u(t, z) and v(t, x) satisfy (3) for t < 0.
Especially, a point (u*,v*)T (u* € R",v* € R™) is called an
equilibrium point of system (1), if (u(t, z), v(t))T = (u*,v*)T
is a solution of system (1).

Throughout this paper, we always assume that the impulsive
jumps Py and Q) satisfy (referring to[14])

Pi(u*) =0 and Qi(v*) =0, keN,

Pe(u*) = u* and Qp(v*) =v*, k€N, (7

where (u*,v*)7 is the equilibrium point of continuous systems
(4). That is, if (u*,v*)T is an equilibrium point of continuous
system (4), then (u*, v*)7 is also the equilibrium of impulsive
system (1).

Definition 2: The equilibrium point (u*,v*)” of system
(1) is said to be globally exponentially stable, if there exist
constants A > 0 and M > 1 such that

n m
Sl uilt, ) —up lla + Y vt x) =] l2
i=1 j=1

< M(|| by —u* 2+ || o — 0" [2)e ®)
for all t > 0, where
(ul(tax)a ) ’U,n(t,.fl'),’l}l(t, I)7 e av’rn(t7 I))T

is any solution of system (1) with the initial condi-

tion (¢u17¢)u27'"7¢un7¢1}17¢v27"'7¢vm)Ts and Qbu =
(¢u17¢u27 c '7¢un)T, ¢v = (¢v17¢v27' : ‘7¢vm)T-

Lemma 1: [26] For any positive integer n, let h; : R = R
be a function (j =1,2,---,n), then we have

‘/\a] u] /\aJ UJ‘Si‘Oé]‘ ‘h uj )7
‘ \/ ajh;(u;) — \/ ajh;(v;
Jj=1 j=1

for all o = (a1, 9, +,0)
(v1,v2, -+, vn)T € R™.
Lemma 2: [17] Let Q be a cube |x,.| <, (r=1,2,---,1)
and let h(x) be a real-valued function belonging to C*(Q)
which vanish on the boundary 9Q of Q, i.e., h(x)|gq = 0.

Then
oh |2
B2 d~<12/’—‘d
[ Waan <z [ |22

By the methods developed by Xu et al. [27], [28], we can
get the following inequality.

Lemma 3: Let ¢« < b < +oo, and let a(t) =
(U1 (t), Ga(t), - -+, un ()T € PCla,b), R"] and o(t) =
(B1(t), D2(t), -, o (t)T € PCl[a,b), R™] satisfy the fol-
lowing delay differential inequality with the initial condition
(a+s) € PC,, and 9(a+ s) € PCy, :

‘ z_:‘aj‘ ’hj uj —hj(vj)‘

T u = (ul’uz’...7un) , V=

D¥ity(t) < —riia(t) + i Py (1)
+ Z i [0 ()0, (t — s)ds, i€ .7,
Dtu(t) < —7';"0;'( )+ Z it (t)
+Zqﬂf0 Kji(s)ai(t — s)ds, je€ 7.
(8)
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where r; > 0, pij >0,¢q;>0,7;>0,p;; >0,q; >0,i €
&, j € #.1If the initial conditions satisfy

{ a(s) < kEe A=)

¥(s) < kpe=Ms—a),

s € [—00,al,
s € [—00,da],

9)

in which A > 0, £ = (&,&,--
(Msma2y -+ mm) T > 0 satisfy

SLE6E)T > 0 and n =

AN=r)& + Zl(pij + qij f0+oo Nij(s)e)‘sds)nj <0,
J=

(A =7j)mj + ;(ﬁji + @iy Kjis)etds))g < 0,

(10)
forie S, j€ #. Then
a(t) < k€e M=)t € [a,b),
o(t) < kpe M=)t € [a,b).

A

Proof. For i € ., j € # and arbitrary € > 0, set z;(t) =
(k+e)&e M0z (t) £ (k + £)nje =9, we prove that
Wi(t) < zi(t) = (k +e)&e N9t € la,b), i€ .7,
0;(t) < z(t) = (k +e)nje =D tea,b),je L.

(11)
If this is not true, no loss of generality, suppose that there exist
ip and t* € [a,b) such that
’&io (t*) = Zig (t*)7 D+ﬂ’iu (t*) 2 21'0 (t*)v
wt) < z(t), (1) <50, € lar7)
foric S, je 7.
However, from (8), (12) and (11), we get

m
D+ai0 (t*) < Tl (t*) + Zpiojf}j (t*)
j=1

m +o00
+ Y i Nigj(8)0;(t" — s)ds
j=1 0

IN

—Tig (K + 5)52'067)\()&* ~e)

+ Y pign (ke + e)me T
j=1

b3t e
j=1
+00o
X / €>\5Ni0j (s)ds
0
= |: — Tig £io + Z (pioj
j=1
+o0 N
+qmj/ e SNioj(S)dS)
0
xnj} (k+e)e ),

m

Since (10) holds, it follows that —r; &y + > (Pig; +
i=1

Qioj f0+°° e** Ny ;(s)ds)n; < —A&;, < 0. Therefore, we have

D+ﬂi,o (t*) < _)\51‘0 (K’ + e)e—k(t*—a) = Z.io (t*)7

which contradicts the inequality D, (t*) > 2, (¢*) in (12).
Thus (11) holds for all ¢ € [a,b). Letting € — 0, we have
w;(t) < r&e M7, i€J,
0;(t) < wmje= =9, je 2.

t € [a,b),
t € [a,b),

The proof is completed.

III. MAIN RESULTS

In this section, we will discuss the existence and global
exponential stability of equilibrium point for impulsive BAM
fuzzy cellular neural networks with distributed delays and
reaction-diffusion terms, and give their proofs.

Theorem 1: Under assumptions (H1), (H2) and (H3), if the
following conditions hold:

(C1) there exist constant A > 0 and vectors & =

(élv&QW”v&n)T > 0777 = (17177727"'777m)T >0 such

that

l m
(= ai= 2 Be)e+ 3 [laigl+ (ol +1as)

r=1

X f;oo eAsNij(s)ds} Gnj <0, ie.s

I = n -
= by = X B+ 5 (el + (18] + 15

r=1

x fobee eASKji(s)ds]Fi & <0, je 7,

(12) (C2) 17 = Sup{ In pp } < A, where 1233 =
keN

tp—tk—1

max 1, Yik, Vi ke N;
1<i<n.1<j<m{ Vi Yk} b €

then system (1) has exactly one globally exponentially stable
equilibrium point, and its exponential convergence rate equals
A — L.

Proof. We shall prove this theorem in two steps.

Step 1: We prove the existence of the equilibrium point of
system (4).

Let (u(t,z),v(t,z))T and (a(t z),o(t,z))T be
arbitrary two solutions of system (4), where u(t,z) =
(ur(t, ), -, un(t,2))T, v(t,2) = (vi(t,2), -, vm(t,2))T

and u(t,x) = ui(t,x), -, un(t,2))T, o(t,x) =
o1(t,x), -, 0m(t,x))T, then we have
O(ui(t,z) — u;(t,x))
ot
1
B 0 O(ui(t, @) — ui(t,x))
- “— Oz, (D" ox, )

—~

u;(t, ) — a;(t, x))

aijlgi(vi(t, x)) — g;(v;(t, x))]

—a;

+

IR

-
Il
-

N;j(t —s)g;(vi(s,x))ds

T
|
3

+
>3

£
—

Nij(t — 5)gj(v;(s, x))ds

|
>3

8
I

Ti .
|
3

Ny (t — 5)g;(vi(s,x))ds

?
|
3

+
<z

Sx
\“
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- \/ a”/ Nij(t — 5)g;(v;(s,x))ds  (13)
and
I(v;(t, ) — v;(t,x))
ot
~ 0 (o Ot x) — (@)
- ; al‘r <D (%’T )
—bj(v;(t,z) — v;(t, x))
+ Z bjilfi(ui(t,2)) — fi(wi(t,x))]
+ /\ sz/ K]z fj(uj(s x))ds
- /\ B]z/ K]l f]('Uz](S fl}))dS
+ \/ B]Z/ K]l f](u](s .Z'))d?
- \/ 6]1/ K]’L f](U](S .Z'))dS (14)

foriec S,je 7.
Let y;(t,x) = u;(t,x) —w;(t, x), i € I, z;(t, ) = v;(t,x) —
0j(t,x), j € #. Multiply both sides of (13) by y;(¢,z) and
integrate it, we get
1d
2dt

- fpess
—ai/Q(yi(tvx)) dz

(yi(t’w))de

( oy (t, x))d:n

Ty

+Zaw [t [as(050.20) = gy 050,00 o

/yztm /\a”/ Nij(t
—A%/
/yzta: \/%/ N;j(t

— \/ oz,J/ N;j(t

From Green’s formula and the Dirichlet boundary condition,

we have
Lo Ayi(t, x)
/yzth ZlaxT( r yame )d.’[’
l

S e

$)9;(0;(s,))ds
)95 (035, 2))ds ] da
)95 (v; (s, 2))ds

$)g;j(v;(s, x))ds} dz. (15)

By Lemma 2, we can obtain

(0255 s

/yztﬂcza
fZ 2 it ).

From assumption (H1) and Hoder inequality, we have

(16)

m

> o [t a5 0,2)) = g5 00,2 o

< 3 o) / it 2) 195 (v 7)) — g3 (8¢, 2)|de
j 1

< Dl [ It @)l 0,0)/Gya
i=1 @

< S a6 ity ) all 25 1 ) o (a7

j=1

By Lemma 1, assumption (H1) and Hoder inequality, we have

/ybtx[/\au/ Ni;(t
P f

5)9;(v; (s, x))ds

)93 (0;(s, 2))ds | da

< / |yi<t,w>|]]/_\l 0 [ Nt = 9o (s
- 7\ i /; Nij(t—s)gj(vj(&x))ds‘da:
< / it ) ia / Nig(t — £)g;(v;(s,2))ds
/ Nig(t — )05 (255, )
- ;au/sgyi(ux)w/mzvij(t
%[95(0; (5. )) = g;(05(s, 2)]ds|da
< jiaijGj/Q|yi<t,x>|[/;Nij<t
x|vj (s, 2)) = 75(s, @) ds | dz
::immﬁf%u
]x[/ [0, 2) o (s, ) — 5 (s, 2) ] s
< i\amc st / Nig(t = )25, ) ads.

(18)
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By the same reason, we have

/yltx \/a”/ N;(t

— \/ a”/ Nij(t

3l |G st )1l / Ny(t

5)9; (v (s, x))ds

5)9;(v;(s,x))ds |dx

= 8)l|zj(s, ) 2ds.

(19)
Substituting inequalities (16)-(19) into (15), we can obtain
1d

: dtuyv(t )3
< az+z )nyzmnz
+ ) laiflGillyi(t )12l 25t )2
j=1
anm + |a )Gy llyilt, 2) 2
/ 3255, s,
i.e.
D |lyi(t, x)Hz

IN

al—}—z

m

+ D laijl Gillz;(t, 2)ll2

j 1

+Z laiz| + |as]) G

o

By the same consequence, multiply both sides of (14) by
z;j(t, x) and integrate it, we can obtain

)it )1l

s)||zi(s,x)|l2ds, i€ 7. (20)

DF||z(t, )2
l
D'r
(b + Y3 st )l
r=1 T
+ 3 1biil Ellyi(t, 7)1
=1

+Z |Bjil + 185l

o

Let @;(t) = |yi(t,z)|l2, 0;(t) = [zt 2)[l2, 0 € S, j €
l

Hoand r; = a; + Y %7pi]’ =
r=1 "

IA

s)lyi(s, x)ll2ds, G 7. 21)

laij|Gj, aij = (lauj| +

|dij‘)G17 i = b + Z 12 -y Dji = |bJZ|F17 qji = (|6jl| +

|BJ1\)F for i € 7, j E F, where r; > 0, p;; > 0, g >
0,7;>0,p>0,G; >0,i€ 5,5 ¢.
from (20), (21), we can obtain

DFg(t) < —rifis(t) + f: Py (1)
+ Z ij jo Nij(s)v;(t — s)ds, i€ .7,
D*o;(t) < *ijj( + Zpiiui( )
+ Z Gi [ Kji(s)ai(t — s)ds, j€ 7.
(22)

From condition (C1), there exist A > 0 and ¢ =
(617627 e 7§n)T > 0’ n= (nla n2, - 77]m)T > 0 such that

(A =7i)& + Z (pij + aij [y ™ Nij(s)eXds)n; < 0,

(A=75)nj + Z (Pji + ji fo Kji(s )eksds))fi <0

(23)
forie S, je /.
Taking r = el = alotloals
1<L<2“1n<3<m giony 1991,15]gm §is1lj
||¢“7q;ﬁﬂ2+“¢{”§l7¢ |}!2 it is easy to prove that
1<i<n,1<j<m
a(s) < k€e ™, s € [~00,0], (24)
(s) <mpe™™, s € [-00,0].

Combining (22)-(24) and Lemma 3, we have
a(t) < w€e ™M, t>0,
{ B(t) < kme™ M, t > 0. (25)
Z &t Z nj
min {51,77‘ }

Znyi(t,x)nz IR

Let M = we can obtain

< M i
< (_Oilig@ZHy 5,2) |2
B sup ZHZJ $,x)]|2 ) . (26)
It follows that
H(u(t7 I),U(t,l‘))T - (ﬂ(tv ‘T)v 6(t7 I))THQ
< MeM|(u, b)) — (du, 65)" Il2 @7)
for all t > 0.
That is
l[(u(t,x), v(t, )" = (a(t,x),0(t,2)) " [la = O(e™). (28)

For any fixed At > 0, (u(t — At,z),v(t — At,2))T is also a
solution of system (4), from (27), one can derive that
H (u(t, ), v(t,2))" — (u(t — At,z),v(t — At z))" H
At
= O(e™™). (29)
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This implies that

(it z), o(¢, 2))" |2

where  (4(t,z),0(t,x))T denotes the derivative of
(u(t,z),v(t,x))T for argument t. According to Cauchy
convergence principle, we conclude that system (4) has an
equilibrium solution

=0(e™ M), (30)

m)’

v*. That is,

(u*,’U*)T:(’I,LT,’I,L;7'“,UZ,UI,US,"',U 5
where limy_, o u(t,x) = u*, limy o v(t,x) =

system (1) has an equilibrium point.

Step 2: We prove that the equilibrium point of system (1)
is globally exponentially stable.

Let (u*,v*)T be an equilibrium point of system (1),
(u(t,z),v(t,x))T is an arbitrary solution of system (1), and set
ai(t, ) = ui(t,z) — uj,0;(t,x) = v;(t,x) — v}, i € I, j €
F . It is easy to see that system (1) can be transformed into
the following system
l

ou; (t,x ou; (t,x ~
#:Tzl oo (Di 25Dy — (2, )

+ é%‘ (gj(’uj) - gj(v}‘))
+ 7\’ aiy [* Nig(t — 5)g;(v)ds

- /\ azyj ij S)Qj(v;)ds

+ \/ Qij f Nij(t — 8)gj(vj)ds
— \_/ a”f Nij(t — s)gj(vi)ds, t#ty,
a;(th,z) = 15 k(Ui(ty,x), keN
! ;
Rufs) = 2:: oo (Dir %j(tﬁz)) —b;v;(t, )
+ 3 ba(filw) — £iu))
+ /\ Bji f KJL — ) fi(ui)ds
- /\ Bji [* o —8)fi(ui)ds
+ V BJZ [ Kﬂ — ) fi(ui)ds
- V ﬁ]z f_ S)fz(u;k)dsv t7é ty
ﬂj(tzhv r) = ij(vj(tk, ))7 k€ N,
(30)
where Pik(ﬂi(t,x)) = Py (;(t,2) + uf) —

Pi(u}),  Qin(0;(t,x)) = Qur(¥;(t, ) + v}) — Quk(v)),
and the Dirichlet boundary conditions and initial conditions
of (3.18) are respectively

;(t,x) =0, t>0, z€09, i€, (31)
0i(t,xz) =0, t>0, z€0Q, je 7,
and
{ qgu(s,x) =u(s,z) — u* = pu(s,x) —u*, s€(—00,0],
gzgv(s,x):v(s,x)—v*:¢v(s,x)—v*, s € (—00,0].
(32)

Multiply both sides of first equation and third equation in (30)
by @;(t,«) and 9;(¢, z), respectively, and then integrate them.
By a minor modification of the proof of Step 1, we can easily
derive that

Dra(t) < —rya;(t) + i Pij;(t)
+quf0 Ni;j(s)0(t — s)ds, i€ .7,
DFo;(t) < —750;(t) + lejiui(t)
+Zqﬂf0 (s)a;(t —s)ds, je 7,
(33)

where parameters r;, 7, pij, Dji, Gij> Gji (0 € I, j € F)
are the same as (22). Uniformity, from condition (C1),
there exist A > 0 and & = (&1,6,--+,&)T > 0,p =
(m1,m2, -+, Mm)™ > 0 such that

(A=m)& + Z (pij + ¢ij fo Nij(s )e“dé’)m <0,

(A =7j)n; + ;(pji +ai fy

ji(s)e“ds))ﬁi <0
(34)
forie 7, j€e
Taking k == ”¢“

1<l<n, 1<]<

[i(t)]2 < KEe™™, —c0 <t<0=to,
o(t)|la < kpe™,  —oo <t <0 =t

d’“* ”2+H¢1 ¢'7*}||2, it is easy to prove that

575

From Lemma 3, we obtain

{ [a(t)]l2 < w&e™,  to <t <t

[(t)]|2 < kme™™t,  to <t <t (35)

Suppose that for [ < k, the inequalities
{ [a(®)ll2 < whopa -
lo()]l2 < Kpopa -+
hold, where o = 1. When [ = k + 1, we note that

l[a(te)|l2 la(th, @)ll2 = 1Pty , 2))]l2

Lelladty, z)2

Kiopy - - - Pp—1Tp€ lim e”
t—t,

cu—ae™™M iy <t <y,

c—me N oy <t <. (36)

At

ININ

IA

Fpto - - 1 e M (37

and

1ot @)l = 1Qk (@t 2))l2
Lillo(ty )]

Kptopy - - pg—1Lgn lim e
t—t,

Kot -+ k-1 ke . (38)
From (37), (38) and u; > 1, we have

{ [a(t)ll2 < rpop -+
lo()||2 < Kpope -

15(x)]12

—At

ININ

IN

pr—1pe€e™ M, —oo <t < iy,

Spg—ipene” M, —oo <t <ty
(39)

Combining (33),(34),(39) and Lemma 3, we obtain that

{ a()]l2 < kpop -+ - pe€e™,  th <t < tppa,

- _ 40
[9(t) |2 < Kpops - peme ™, te << tppa. (40)
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Applying the mathematical induction, we can obtain the fol-
lowing inequalities

[a()]l2 < mpop --
lo(t)|l2 < Kpopa -

t € [ty t+1), K EN,
te [tk,tk_;,_l), k € N.

(41)
According to (C2), we have pj, < ette—ti-—1) < eAtr—ti1)
so we have

e
- pene M,

lla(t)ll2
< He#tle#(b—tl) .. e#(tk—l_tk—Q)ge—)\t
= g€eMth1emM < e M [tk—1,tk), k€N,
and
[9()]l2
< gettien(tz=t) L pn(teo1—tho2) o= At
= kpette-1eA < /—inef()‘f“)t, t € [tg—1,tr), k€ N.
That is
a(t)]]2 < kEe= A=Wt te(—oc0,ty), kEN,
5(t)||2 < Kme= A=t t € (—oo,t), kE€EN.
(42)
It follows that
n m
D it ) —wflla+ > [lv;(t,2) — 7|2
i=1 j=1
n m
= > a2+ > 1902
i=1 j=1
n m
< Z ke~ Ammt 4 Z ,m].e—(A—#)t
i=1 =1
Z”l&Jerlnj - ~ o
= : {2 }(|\¢u|\2 + [ @ol2)e” A
1<z<n 1<J<7n i
B D1 &t Z =17
P ML
% (16 = ulla + [l = v*[lz ) e~ =",
Let M = %, then we have
1<i<n,1<j<m 7
n m
D it ) — gl +Z||UJ (t,x) = vjll2
i=1
< M(H%—U*Hﬁllaﬁv—v*ll) i,

The proof is completed.

Remark 1 From the conditions of Theorem 1, one can
know that the diffusion coefficient, the the Dirichlet boundary
conditions, the delay kernel functions and system parameters
have key effect on the stability of system (1). This theorem
also shows that the diffusion phenomenon can conduce to
stabilization of neural system.

Remark 2 In order to obtain more precise estimate of the
exponential convergence rate of system (1) (or system (4)), it
is necessary to solve the following optimization problem

max A,

(OP) { s.t. (C1) holds.

When D;, = 0, Dj, = 0 or Dy < Iy, Djy < 1. (r =
1,2,---,1), that is, the diffusion effect can be ignored, we
have the following corollary.

Corollary 1: Under assumptions (H1), (H2) and (H3), if the
following conditions hold:

(C1’) there exist constant A > 0 and vectors &

(517627"“7571)7—‘ > 057] = (7}17”727"‘:7)m)T > O such
that
(0= el + 3 [lai] + (o] + 1)
P
+°° e*Nyj(s)d } Gjn; <0, ies
O = by + 3 (Il + (85l + 1By
SN K(s)ds| B < 0, je 7
_ . In pup _
C2) p = ;g}%{ﬁ} < A where pu; =
max {lv’yzkvﬁ/jk}v k € N3

1<i<n,1<j<m

then system (1) has exactly one globally exponentially stable
equilibrium point, and its exponential convergence rate equals
A= L.

Remark 3 Note that Lemma 2 transforms the fuzzy AND
(/\) and the fuzzy OR (\/) operation into the SUM operation
(>>). So above results can be applied to the following classical
impulsive BAM neural networks with distributed delays and
reaction-diffusion terms

!
d“ig?z) - 2—21 (D Oui(t Z)) — a;u;(t, )
+ 21 aijg;j(v;(t, z))
j=
+ 21 ”f Nij(t — s)g;(v;(s,x))ds
j=
41, t>0, t#ty, i€,
(T, 2) = ui(t™, @) + Pip(ui(t ™, 2)),
) t lt: ~7k'6€]:f,lef, (43)
Lt g o2 (D 2582 — (¢, )
+ Z bji fi(ui(t, z))
+ Z /B]l f_ - Q)fz(ul(‘,?,T))dS
+J]’ t>0, t#ﬁc, je z,
Uy ( ) —’U]( )+Qlk(v](t77w))7
t= tk, keN,je /
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and its corresponding continuous system

l
W = Z 527, (DW%I?Z)) - aiui,(t7 x)

3£

1

+ ; aijgj(v;(t, x))

+ > a5 f N (t — s)g;(v;(s,z))ds

<

3 |

_H;’l t>0, i€.7, (44)
25 = 3 a8 (D 55 — bivy(t0)

+§ byi filui(t, @)

+ Z Bji f_ —5) fius(s, x))ds

+J], t >0, jG/.

For system (43) and system (44), it is easy to obtain the
following results.

Theorem 2: Under assumptions (H1) and (H2), if the fol-
lowing conditions hold:

(C1) there exist vectors & = (&,&,--,&)T > 0,n =
(n1,m2,+,nm)T > 0 and positive number A > 0 such
that

l m
(A ) ]?ér)fi + Zl [lam + |y
j=

r=

x [iF XN, -(s)ds] G <0, i€.s

()\— b; _ri:l 17)77] + Z |:|bﬂ| + |6ﬂ|

X [ AR )ds]Fi§i<O, je 7
Cc2) p = ksup{ In pup } < A\ where pup =

tr—tp—1

{17/.}/7,]67,7]]6} k € N

then system (43) has exactly one globally exponentially stable
equilibrium point, and its exponential convergence rate equals
A — L.

Corollary 2: Under assumption (H1) and (H2) , system (44)

has exactly one globally exponentially stable equilibrium point
if condition C1 holds.
Remark 4 Although those models in [6], [8], [12], [13], [20]
are different from system (44) because of the difference of
diffusion terms and boundary conditions, but all criteria in
[6], [8], [12], [13], [20] are independent of diffusion effect.
Comparing with some corresponding criteria in [6], [8], [12],
[13], [20], Corollary 2 is less conservative.

IV. AN ILLUSTRATIVE EXAMPLE

In order to illustrate the feasibility of our above-established
criteria in the preceding sections, we provide a concrete ex-
ample. Although the selection of the coefficients and functions
in the example is somewhat artificial, the possible application
of our theoretical theory is clearly expressed.

for i = 1,2, j = 1,2, where Q = {(z1,22,23)" ||z,]
1,r=1,2,3}, and

Consider the following impulsive BAM fuzzy neural net-
works with distributed delays and reaction-diffusion terms:

Ou, (t, ac)
ot

3 (D 2482y — (2, )

uMw
N~

T

+Z ai;95(v;(t, ) + é:la w; + 1,

l\')

+ /\ Qj f N (t — s)gj(v;(s,z))ds
+ V al] f Nzg S)gj(’Uj(S,I))dS

2
—|—/\ij—|—\/ wi, t>0, t#t,
=1

J
ui(t,x) = u(t,x) + (— 1 + esinty)u;(t, x),

t=tp, to=0,t, —txr—1 =10, k € N,
3
Ov;(t,x n Ov(te
e = 3 2 (D, 25y — bt 7)

r=1

2 .
+ 3 bjafilus(t, ) + 37 b + J;
=1 i=1

+ /2\ [))7'7; ft Kji tfs)fi(ui(s,x))ds
+ \/ 6]1] sz —5) fi(ui(s, x))ds

V]

.

+ /\ Ezwz"‘ \/ H]’wa t> Oa t#tk

v;(t, x)—v](t_ )+( 1+ecostk)v](t ,x),
t = tg, 0—0 te —tr— 1—10,]€€N
(45)

A

Dy; = 001, Dy = 0.03, D3 = 001, Dy =
0.01, D9 =0.02, Dy3=0.02,
a; = 2.95, as = 2.95, ay; = 1.5, ajp =
70.5, a21 = *0.5, a9y = 0.75,
a;; = 045, a2 = —0.45, a9 = —0.36, a2 =
0.36, Q11 = 0‘25, Q1o — —0.25,
Qg1 = —0.125, 99 = 0.757 dll = 0.25, 5t12 =
0.25, @91 = 0.375, G = 0.5,
Ty1 = 05, Tipa = 05, Ty = 05, Ty =
0.5, Hy =025 Hyp=0.25,
Hyy = 0.25, Hop = 025, I = =075, I, =
—075, w1 = 1, wo = 1,
Dy = 0.01, Djy = 0.03, Dj3 = 001, Dy =
0.01, Dgy =0.02, D;3=0.02,
by = 295, by = 295, by = 0.75, by =
—0.5, by =1.25, byy = 0.55, )
by = —0.45, by = —0.35, by = —0.35, boy =
0.25, 11 =0.125, [1o =0.25, )
Ba1 = —0.45, Bas = 0.225, f11 = 0.125, [ip =
—0.25, Bo1=0.3, P2z =0.225,
Ty = 025, Tip = 025, Tpy = 025, Tae =
0.25, Hy =05, Hp =05,
Hyy = 05, Hopy = 05, Ji = 0.05 J =
—-0.65, w =1, w=1,
Niy(s) = e, Kju(s) = 272"

(u) = fo(u) = tanh(u), gi(v) = g2(v) =

1
[v+1[—|v—1]
T
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It is easy to verify that assumptions (H1) and (H2) are satisfied,
and it is easy to calculate that
e -

F:G:(11)7rk:f,€:<e
_ _ In _

max{l,e} =e, p= sup i =01
Solving the following optimization problem

max A,

Dau\+ﬂam|+\auﬂ

3

(== 3 B+ 3 [l + (18l + 13w

r=1 i=1

x fo ASKJ? )ds] F‘fz‘ <0,
3
o |:|622‘ + (|ﬂ2z‘ + |521D
X f0+oo ASK ( )ds] szi <0,

)\>07 §: (51752)T >0> n= (7717772)T >O7

we obtain that ¢ = (1709700,1232282)T > 0,7 =
(1130721,1787826)7 > 0, A =~ 0.164678 > 0.1 = p.
From Theorem 1, the equilibrium point of system (45) is
globally exponentially stable, and its exponential convergence
rate A — p ~ 0.064678.

(A==

V. CONCLUSIONS

A class of impulsive BAM fuzzy cellular neural networks
with distributed delays and reaction-diffusion terms has been
formulated and investigated. The global exponential stability
criteria for impulsive BAM fuzzy cellular neural networks with
distributed delays and reaction-diffusion terms have been de-
rived. In particular, the more precise estimate of the exponen-
tial convergence rate is also provided, which depends on the
system parameters, boundary conditions, delays and impulses.
An illustrate example is given to show the effectiveness of
obtained results. In addition, the sufficient conditions what
we obtained are easily verified. This has practical benefits,
since easily verifiable conditions for the global exponential
stability are important in the design and applications of neural
networks.
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