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Some Algebraic Properties of Universal and
Regular Covering Spaces
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Abstract—Let X be a connected space, X be a space, let
p: X — X be a continuous map and let (X, p) be a covering
space of X. In the first section we give some preliminaries from
covering spaces and their automorphism groups. In the second section
we derive some algebraic properties of both universal and regular
covering spaces (X, p) of X and also their automorphism groups
A(X,p).
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I. PRELIMINARIES
Let X be a connected space, X be a space and let

p:)~(—>X

be a continuous map. If for every z € X has a path connected
open neighborhood U such that p~!(U) is open in X and each
component of p~!(U) is mapped topologically onto U by p
then p is called a covering map (projection). In this case the
pair (X, p) is called a covering space of X.

Letp: E — B and f: X — B be two maps. The lifting
problem for f is to determine whether there is a continuous
map

ff:X—F

such that
pf' = f.

If there is such a map f*, then f can be lifted to E, and
we call f* a lifting of f. A map p: E — B is said to have
homotopy lifting property with respect to the space X if given
maps f*: X — Fand F: X x I — B such that F(z,0) =
pf*(z)forx € X, there existsamap F* : X xI — E such that
F'(z,0) = f*(x)forae Xand pF*=F. Amapp: E— B
is called a fibration if p has the homotopy lifting property with
respect to every space. E is called the total space and B the
base space of the fibration. For b € B, p~1(b) is called the
fiber over b (see [1]). ~

Let (X, p) be a covering space of X, 7 € X, and p(z) =«
for z € X. Let n(X, z) be the fundamental group of X based
x. For any point 7 € p~!(z) and any o € 7(X,z) we define
Ta € p~1(z) as follows: There exists a unique path class &
in X such that p.(a) = « and the initial point of & is the
point Z. Define T« to be the terminal point of the path class
a. Then it is easily verify that (za)8 = z(af) and ze = 7.
Thus 7(X, x) be a group of right operators on the set p~!(xz).
Moreover, (X, z) acts transitively on the set p~!(x), and
hence p~!(z) is a homogeneous right 7(X, z)— space.

Ahmet Tekcan is with the Uludag University, Department of Mathe-
matics, Faculty of Science, Bursa-TURKEY, email: tekcan@uludag.edu.tr,
http://matematik.uludag.edu.tr/AhmetTekcan.htm.

From definition, we see that for any point # € p~1(x), the
isotropy subgroup corresponding to this point is precisely the
subgroup p.m(X,Z) of 7(X,z). Hence p~*(x) is isomorphic
to the space of cosets 7 (X, z)/p.7(X, ), and the number of
sheets of the covering is equal to the index of the subgroup
pm(X,T) In (X, x).

Lemma 1.1: Let F be a homogen G—space and let H be a
isotropy subgroup of e € E. Then the automorphism group of
E is isomorphic to the quotient space N[H]/H, where N[H]
denotes the normalization of H. [4]

Let ()~(,p) be a covering space of X. If X is simply
connected, then the fundamental group = (X, ) is trivial and
the index of p,.w(X,Z) in 7(X,z) is 1. So (X, p) is an one-
sheeted covering of X and therefore p is a homeomorphism.
Similarly, if X is simply connected, then m(X,x) is trivial
and the index of p,7(X,) in m(X,x) is equal to the order
of (X, x).

Let (X;,p1) and (X,,ps) be two covering spaces of X.
Then a homomorphism from (Xi,p;) into (Xs,ps) is a
continuous map B _

h: X1 — Xo
such that
p2h = p1.
Let 2 be a homomorphism from ()~(1,p1) into (XQ,])Q). Then
h is called an isomorphism, if there exists a homomorphism
k from (Xo,p2) into (Xp,p1) such that both compositions
hk and kh are identity maps. A homomorphism of covering

spaces is an isomorphism if and only if it is a homeomorphism
in the usual sense.

Lemma 1.2: Let (Xy,p1) and (X3, p2) be two simply con-
nected covering spaces of X. Then there exists a unique home-
omorphism h : (X1,71) — (X2, Z2) such that poh = p;.[2]

A covering transformation of a covering space ()Z’ ,p) of X
is a homeomorphism
h: X —X

such that
ph = p.

The set of all covering transformations of ()~( ,p) form a group
denoted by A(X,p) called the automorphism group.

Lemma 1.3: Let (fl,pl) and ()N(%m) be two covering
spaces of X such that py(Z1) = p2(Z2) = . Then there exists
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a homomorphism ¢ from ()?1’111) into ()N(g,pQ such that
o(T1) = To if and only if p1.7(X1,Z1) C poum(Xa, Ta). [4]

Let (X, p) be a covering space of X and p(71) = p(z72) = =
for 71,7 € X and x € X. Let consider the homomorphisms

Dy 7r()~(,51) — (X, )

and N
pi (X, Ta) — w(X, x).

Let {7, : ¢ € I} be a path class in X with initial point Z; and
terminal point Z,. Define

uy (X, 7)) — 7(X,T2)

to be

u(a) =y tay

forye {y;:ie€I}. Then
ve (X, x) = (X, x)

is defined by
ve(B) = (p+7) "' Bpe7)-

Since p.y is a closed it is a path in 7(X, ). So the images
of the fundamental groups = (X,z;) and w(X,z2) under p,
are conjugate subgroups of 7 (X,z) (for further details on
covering spaces see [3,4]).

Lemma 1.4: Let ()N( ,p) be path connected covering space
of a locally pathwise connected space X. Then p is a home-
omorphism if and only if p.7(X,%) = n(X, x). [5]

_From Lemmas 1.3 and 1.4, we say that if ()?l,pl) and
(X4, p2) are two covering spaces of a locally pathwise con-
nected space X, then these two coverings are isomorphic
if and only if p1.7m(X1,Z1) and po.7w(X2,T2) are conjugate
subgroups of 7(X, ).

Let X be a connected space. The category of connected
spaces of X has objects which are covering projections p :
X — X, where X is connected, and morphisms p; : X; —
X,pg Xy — X and f X1 — Xo SUCh~that pgf =pi1.

Let X be a connected space and X be a locally path
connected space. A universal covering space of X is an object
p: X — X of the category of connected covering spaces of
X such that for any object p; : X1 — X there is a morphism
f:+ X — Xj such that p, f = p.

Lemma 1.5: If (X,p) is a universal covering space of
X, then the automorphism group A(X,p) is isomorphic
to m(X,x). Moreover, the order of the fundamental group
7(X,x) is equal to the number of the sheets of the covering
(X,p) of X. [4]

Let X be be a pathwise connected space and let ()? ,p) be
a covering space of a locally pathwise connected space X.
Then (X, p) is a regular covering space of X if and only if
p«m(X,x) is a normal subgroup of 7(X, z).

Lemma 1.6: Let p : X — X be a covering map such that
p(z1) = p(T2) for 1,7, € X. Then p is regular if and only
if pm(X,71) = pam(X, Z2). [5]

The connection between universal and regular covering is
given by the following Lemma.

Lemma 1.7: Universal covering is regular. [6]

Lemma 1.8: Let X be a pathwise connected space and
let (X,p) is a regular covering space of a locally pathwise
connected space X. Then X homeomorphic to the quotient
space X /A(X,p).[3]

Let G be a group of homeomorphisms of X. If for every
x € X, there exists a neighborhood V' of z such that gV NV =
0, for all g € G different from the unity of G, then we say G
acts discontinuously on X.

Lemma 1.9: Let G be a discontinuous proper group of
homeomorphisms of a locally pathwise connected space X
and let ¢ : X — X/G be a naturel projection defined by
q(x) = [x]. Then (X, q) is a regular covering space of X/G
and A(X,q) is isomorphic to G. [5]

Il. UNIVERSAL AND REGULAR COVERING SPACES.

In [6], we consider covering spaces ()? ,p) of a pathwise
connected space X and also consider the automorphism group
A(X,p) of this covering. In the present paper we will derive
some algebraic properties of universal and regular covering

spaces (X, p) of a pathwise connected space X.

Theorem 2.1: Let (Xy,p;) and (X»,ps) be two covering
spaces of X such that py (1) = pa2(T2) = x forz; € X1,75 €
Xo. Then there exists an isomorphism ¢ from (Xlipl) into
(X2, pg) such that p(z1) = T if and only if pi.7(Xy1,71) =
p2«7(X2, T2).

~ Proof: We know from Lemma 1.3 that if (X;,p;) and
(X2,p2) are two covering spaces of X such that p,(z1) =
pa2(T2) = =, then there exists a homomorphism ¢ from
(X1,p1) into (X2,p2) such that p(z1) = » if and only if
P1+7(X1,T1) C p2.7m(X2,Ty). Therefore there exists another
homomorphism ¢ from (Xs,ps) into (Xi,p1) such that
Y(x2) = zp if and only if po.m(Xa,T2) C pr.am(Xy1,T1).
Hence 1) is the invers homomorphism of ¢ since both compo-
sitions ) and g are identity maps. Therefore there exists
an isomorphism ¢ from (Xi,p;) into (Xz,p2) such that
(p(fl) = EQ if and Only if pl*ﬂ'(Xl,fl) = pg*ﬂ'(XQ,fg).
[ |
From Theorem 2.1 the following two corollaries can be
given.

Corollary 2.2; If ()?,p) is a covering space of X such that
p(T1) = p(x2) = x for Z,,7, € X, then there exists an
automorphism ¢ € A(X, p) such that p(z,) = Z2 if and only
if pm(X,21) = pur(X, Z2).
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Corollary 2.3: If ()N(hpl) and ()~(2,p2) are two covering
spaces of X such that p1 (Z1) = po(T2) =z forz, € X1,25 €
X>, then these two coverings are isomorphic if and only if
P17 (X1, 1) and pa.7(Xa, T2) are belong the same conjuge
class in (X, z).

Theorem 2.4: Let (X1, p1) and (X5, p2) be two universal
covering spaces of X such that p,(71) = p2(Z2) = = for
1 € X1,T2 € Xo. Then pr.m(X1,71) = poum(Xa, Ta).

Proof: X; and X, are simply connected since (X1,p;)
and (Xz,pg) are universal covering space of X. From Lemma
1.2, there exists a homeomorphism A : X1 — X2 such that
p2h = p1. Therefore (X;,p;) and (Xg,pg) are isomorphic
and hence pl*ﬂ(Xl,ZEl) = pQ*ﬂ'(XQ,EQ) by Theorem 2.1. m

From Theorem 2.4, the following corollary can be given.

Corollary 2.5: If ()thpl) and ()?Q,pg) are two universal
covering spaces of X such that p;(71) = p2(@2) = = for
%1 S Xl,fQ € Xo, then

1) these coverings are isomorphic;

2) pr.m(X1, %) and py.m(Xa, 7o) are conjugate sub-

groups of 7(X, ) if and only if there exists an auto-
morphism ¢ € A(X,p) such that ¢(z1) = 5.

Theorem 2.6: If (X’,p) is a universal covering space of X,
then the index of the subgroup p.7(X,7) in 7(X, ) is equal
to the order of the automorphism group A(X,p).

Proof: Let (X,p) be a universal covering space of X.
Then the automorphism group A()N(,p) is isomorphic to
7m(X,z) by Lemma 1.5, and the number of the sheets of
the covering of X is equal to the order of the automorphism
group A(X,p). On the other hand, we know that the number
of sheets of covering is equal to the index of p,7(X,Z) in
m(X,x). Therefore the index of the subgroup p.7(X,z) in
n(X,x) is equal to the order of the automorphism group
A(X,p). u

Let (X, p) be a covering space of X and let

aen(X,z): ap.r(X, 7)o
= p*ﬂ(j(:, %) } @

be the normalizator of pom(X, %) in w(X,z). Then the auto-
morphism group A(X, p) is isomorphic to the quotient group
N [p*Tr(X,%)} /pm(X,7) by Lemma 1.1.

Nlp.m(X, )] = {

Theorem 2.7: If ()?7])) is a regular covering space of X,
then the automorphism group A(X,p) is isomorphic to the
quotient group 7 (X, z)/p.7(X, Z).

Proof: Let ()Z,p) be a regular covering space of X.
Then from definition p.7(X,7) is a normal subgroup of
m(X,x) and therefore the normalizator of p.7(X, ) is equal

ton(X,z),ie. N [p,ﬂr()?, E)} = (X, z). Therefore A(X, p)

is isomorphic to the quotient group (X, :c)/p*w(f(, Z) by (1)
and Lemma 1.1. ]

Theorem 2.8: If (X’,p) is a regular covering space of X
such that 2(51) = p(Z2) =z, for 71,7, € X and x € X,
then p.7(X,z;) and p.m(X,z3) are conjugate subgroups of
m(X,x).

Proof: Let ()?,p) is_a regular covering space of X.
Then p.m(X,71) = p.(X,Z2) by Lemma 1.6. Hence from
Corollary 2.2, there exists an automorphism ¢ € A(X p) such
that (i) = #. Therefore p,m(X,7;) and p.m(X,T,) are
conjugate subgroups of (X, x) by Corollary 2.3. [ ]

Theorem 2.9: If ()? p) is a universal covering space of X,
then the automorphism group of the set p~!(z), which is a
right (X, z)— space, is isomorphic to the normalizator of
pm(X,T) In (X, x).

Proof: We know that the automorphism group of the set
p~1(x) is isomorphic to the automorphism group A(X,p). On
the other hand this covering is regular since universal covering
is regular by Lemma 1.7, and from definition p.7(X,Z) is a
normal subgroup of = (X, z). Therefore

N [p*w()?,g)} = (X, z).

From Lemma 1.5, A()?,p) is isomorphic to 7(X, z). Hence
the automorphism group of the set p~'(x) is isomorphic to
the normalizator of p,. 7 (X, ) in 7(X, z). [ |

Theorem 2.10: If ()? ,p) is a universal covering spaces of
X, then N [p*w(X,i)] is isomorphic to (X, z)/p.7(X, T).

Proof: Let ()N( ,p) be a universal covering space of X.
Then this covering is regular by Lemma 1.7. Therefore from
definition p,7(X,Z) is a normal subgroup of =(X,z), and
N p*ﬂ()?,f)] = p.m(X,%). From Lemma 15, A(X,p)
is 1somorphic to w(X,x) since this covering is universal.
Therefore A(X, p) is isomorphic to N [pﬂr()?,f)}. Moreover
A(X,p) is isomorphic to (X, ) /p,m(X, %) by Theorem 2.7.
Hence N [pm(f(,%)] and 7(X,z)/p.m(X,%) are isomor-
phic. |

Let X be a locally pathwise connected space and let G
be the discontinuous group of homeomorphisms of X. Now
consider the naturel map ¢ : X — X/G defined by ¢(z) =
[]. Then (X, ¢) is a regular covering space of X/G and the
automorphism group A(X,q) is isomorphic to G by Lemma
1.9.

Theorem 2.11: Let X be a locally pathwise connected, and
let G be the discontinuous group of homeomorphisms of X.
Let ¢ : X — X/G be the naturel map such that ¢(z1) =
q(z2) for z1,29 € X. Then there exists an automorphism
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¢ € A(X,q) such that ¢(xz1) = x2. Moreover A(X,q) is
isomorphic to the quotient group = (X/G, [z])/q.m (X, x).

Proof: The map ¢ : X — X/G is a regular map since
G is the discontinuous group of homeomorphisms of X by
Lemma 1.9. Moreover q.7(X, z1) = q.m(X, z2) for z1,25 €
X by Lemma 1.6, and hence there exists an automorphism ¢ €
A(X, q) such that p(z1) = x2 by Theorem 2.1. It is clear from
Theorem 2.7 that A(X, ¢) is isomorphic to the quotient group
m(X/G,[z])/q.7(X,x) since (X,q) is a regular covering of
X/G. [ |

Theorem 2.12; Let (f( ,p) be the universal covering space
of a locally pathwise connected space X and let A(X,p)
be the discontinuous group of homeomorphisms of X. Then
the fundamental groups = (X, z) and = ()?/A()?,p), [:‘c]) are

isomorphic for the naturel map ¢ : X — X /A(X, p) defined
by q(z) = [z].

Proof: Note that
q: X — X/A(X,p)

is a regular map since AQ?,p) is the discontinuous group
of homeomorphisms_of X by Lemma 1.9, and the auto-
morphism group A(X, ¢) is isomorphic to the automorphism
group A(X,p), ie. A(X,q) = A(X,p). Moreover (X,q)
is a universal covering space of X/A(X,p) since (X,p)
is a universal covering space of X, i.e. X is simply con-
nected. Therefore from Lemma 1.5, the automorphism group
A(X,p) is isomorphic to the fundamental group w(X,x)
and the automorphism group A(X,q) is isomorphic to the
fundamental group = ()N(/A(f(?p), [%]) . Hence 7(X,z) and

T ()N(/A()N(,p), [.%]) are isomorphic. [

From Theorem 2.12, the following corollary can be ob-
tained.

Corollary 2.13: If (X,p) is a universal covering space
of a locally pathwise connected space X and A(X,p) is
the discontinuous group of homeomorphisms of X, then
™ ()?/A()?,p), [:‘c]) and A(X,p) are isomorphic.

Theorem 2.14: If (X, p) is the universal covering space of
X, then the order of the automorphism group A(X, p) is equal
to the number of the elements in the orbit [7] of T € p~!(x).

Proof: Let (X,p) be the universal covering space of X.
Then the automorphism group A(X,p) is isomorphic to the
fundamental group 7(X,x) by Lemma 1.5, and the order of
(X, z) is equal to the number of the sheets of covering. We
proved in [4] that the number of the elements in the orbit
(7] of the point Z € p~'(z) is equal to the number of the
sheets of the covering (X, p) of X. Therefore the order of the
automorphism group A(X,p) is equal to the number of the
elements in the orbit [7] of 7 € p~1(z). [

From Theorem 2.14, the following corollary can be given.

Corollary 2.15: If ()?,p) is a universal covering space of
a locally pathwise connected space X, then the number of the
elements in the orbit [2] is equal to the number of the sheets
of the covering (X, p) of X for the naturel map ¢ : X —
X/A(X,p) defined by ¢(x) = [z].

REFERENCES
[1

—

Browder F.E. Covering Speces, Fibre Spaces and Local Homeomor-
phisms. Duke Math. Journal, 21(2)(1954), 329-336.

Greenberg M.J. and Harper J.R. Algebraic Topology: A First Course.
Addision-Wesley Publishing Company, Inc., 1980.

Kosniovski C. A First Course in Algebraic Topology. Cambridge Univer-
sity Press, 1980.

Massey W.S. Agebraic Topology An Introduction. Harcourt, Brace&
World, Inc., 1967.

Spanier E.H. Algebraic Topology. Tata McGraw-Hill Publishing Company
Ltd. New Delhi, 1978.

Tekcan A., Bayraktar M., and Bizim O. On the Covering Space and the
Automor phism Group of the Covering Space. Balkan Journal of Geometry
and Its Applications, 8(1)(2003), 101-108.

2

—

[3

—

[4

—

[5

—_

[6

—_

88



