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Single Valued Neutrosophic Hesitant Fuzzy Rough
Set and Its Application
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Abstract—In this paper, we proposed the notion of single valued
neutrosophic hesitant fuzzy rough set, by combining single valued
neutrosophic hesitant fuzzy set and rough set. The combination
of single valued neutrosophic hesitant fuzzy set and rough set
is a powerful tool for dealing with uncertainty, granularity and
incompleteness of knowledge in information systems. We presented
both definition and some basic properties of the proposed model.
Finally, we gave a general approach which is applied to a
decision making problem in disease diagnoses, and demonstrated the
effectiveness of the approach by a numerical example.

Keywords—Single valued neutrosophic hesitant set, single valued
neutrosophic hesitant relation, single valued neutrosophic hesitant
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1. INTRODUCTION

HE notion of rough set theory has been proposed by

Pawlak in 1982 [5] and the theory of fuzzy set proposed
by Zadeh in 1965 [13], they are generalizations of the classical
set theory. Rough set theory is a mathematical approach
concerning uncertainty that comes from noisy, inexact or
incomplete informations. In Zadeh’s fuzzy set theory and
the membership function play the important role, whereas in
Pawlak’s rough set theory and equivalence classes of a set are
the significant part for the upper and lower approximations of
the set.

As a generalization of fuzzy sets, intuitionistic fuzzy
set [1] and the concept of neutrosophic set (NS) were
introduced by Smarandache [6] in 1999. The -concept
of neutrosophic set handles indeterminate data whereas
fuzzy set theory and intuitionistic fuzzy set theory failed
when the relation is indeterminate. Neutrosophic set is
described by three functions: true-membership function,
indeterminacy-membership function and falsity-membership
function that are connected independently. The neutrosophic
set theory has been very successful in several areas, such as
medical diagnosis, database, topology and decision making
problem [3], [12]. While the neutrosophic set is an important
tool for handing the indeterminate and inconsistent data, the
theory of rough set is a powerful mathematics tool to deal
with incompleteness.

Without a particular description, it is hard to use the NS
in real scientific and different domain. Therefore, researchers
presented the interval neutrosophic set (INS) [8], multi-valued
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neutrosophic set (MVNS) [4] and rough neutrosophic set
(RNS) [2].

Wang et al. [9] proposed single valued neutrosophic set
(SVNSs) by simplifying NSs. SVNSs can also be considered
as an extension of intuitionistic fuzzy sets, in which the three
membership functions are unrelated and their function values
belong to the unit closed interval.

As another generalization of fuzzy sets, the hesitant
fuzzy set (HF) was defined by Torra [7], which allows its
membership function to have a set of possible values. Hesitant
fuzzy set is also important concept used to deal with imperfect
information [10]. By combining the advantages of the SVNS
and HFS, Ye [12] introduced the notion of single valued
neutrosophic hesitant fuzzy set (SVNHFS) which allows its
membership function to have sets of possible values, which are
called truth, indeterminacy, and falsity membership hesitant
functions and discussed some properties of SVNHES to solve
multiple attribute decision making problems. In addition,
many researchers have studied hesitant fuzzy decision making
problems by utilizing plenty of classical decision making tools.
Among them, since the rough set approach owns advantages in
attribute selection, we aim to deal with the situation by virtue
the rough set theory.

In this paper, we apply rough set model to decision
making involving single valued neutrosophic hesitant fuzzy
sets. Moreover, we also propose an illustrative example to
interpret the basic principal and method of the application of
the rough set model in single valued neutrosophic hesitant
fuzzy decision making.

Section II recalls some basic concepts of rough sets, single
valued neutrosophic hesitant fuzzy sets. In Section III, we
present rough set model based on SVNHF relation over two
universes and examine some properties of this model. In
Section IV, we establish a general approach to decision making
based on SVNHF rough set over two universes. Section IV
illustrates the principal steps of the proposed decision method
by a numerical example. Finally, in Section VI we conclude
the paper with a summary and outlook for further research.

II. PRELIMINARIES

In this section we recall some basic notions and properties
which will be used in this paper.

A. Pawlak Rough Sets

Let U be a non-empty finite universe, R be an equivalence
relation on U. We use U/R to denote the family of all
equivalence classes of R (or classifications of U), and [z],
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to denote an equivalence class of R containing the element
2 € U. The pair (U, R) is called an approximation space. For
any X C U, we can define the lower and upper approximations
of X [5] as:

R(X)={zeU: [z, C X}

R(X)={zeU:[z],NX # ¢}

The pair (R(X), R(X)) is referred to as the rough set of
X. The rough set (R(X), R(X)) gives rise to a description
of X under the present knowledge, i.e., the classification
of U. Furthermore, the positive region, negative region, and
boundary region of X about the approximation space (U, R)
are defined as follows, respectively,

~pos(X) =
R(X) - R(X),

R(X) neg(X) =~ R(X), bn(X) =

where ~ X stands for complementation of the set X.

B. Single Valued Neutrosophic Hesitant Fuzzy Sets

Wang et al. [7] proposed the concept of single valued

neutrosophic sets defined as follows:
Definition 1 [9]. Let U be a space of points (objects),
with a generic element in U denoted by x. A SVNS
A in U is characterized by three membership functions,
truth membership function 74, an indeterminacy membership
function 14 and falsity membership function F'4 where Vz €
U ,TA(I'), IA(x), FA(I) S [0, 1}

Ye [10] defined the concept of single valued neutrosophic
hesitant fuzzy sets (SVNHFS), which is an extension of
hesitant fuzzy set.

Definition 2 [12]. Let X be a non-empty fixed set, a SVNHFS
on X is expressed by:

N:~{(I,£(I),Z(I),f~(w)|x€~X)}, N -
where t(z) = {y|y € t(x)}, i(z) = {0|0 € i(x)}.f(x) =
{nln € f(x)} are three sets with value in [0, 1], representing
truth, indeterminacy and falsity membership hesitant degrees
of the element © € X, which satisfy limits: v € [0,1], ¢ €
[0,1],n € [0,1] and O < sup v + sup & + sup n > 3.

For any y € U, several special SVNHF sets 1,, 1y — v and
15 are defined, respectively, as follows: For x € U, M C U,

- _ 1 for z=y -~ . 0 for z=y
b, (@) = 0 for z#y m,(7) = { 1 for z#y
= 0 for z=y
f1y(l‘)—{ 1 for z#y
N 0 for z=y ~
R G A N C R
1 for z=y
0 for z#y
= |1 for z=y
flU—y(‘/I:) - { 0 for =z 7& Y
- 1 for zeM ~
b (@) - { 0 for otherwise 1 (7) -

0 for zeM

1 for otherwise
N 0 for ze€M
fin (@) = { 1 for otherwise

Let U be a discrete universe of discourse,
A and B be two SV~NHF sets on U denoted
as A = {(‘TJ tA(I)J ZA(‘T)va(‘T”x € U)}and

B = {(x,ta(®),ia(z), fa(x)|z € U)}, respectively. It
should be noted that the number of values in different
SVNHEF elements may be different and the values of SVNHF
element are usually given in a disorder. Suppose that £(¢4(z)),
((ia(z)) and €(fa(z)) stands for the number of values in
ta(z), ta(z) and t(x), respectively.
Some basic operations of SVNHFEs are defined by Ye [10],
as
Definition 3 [12]. Let 77y = (1,1, f1) and 15y = (3,42, f2)
be two SVNHFEs, then:
D) 1y Uiy = {1 Uty, 6 Nia, by Nita )
2) 1y Ny = {t1 Nita, b1 Uty, b Uts};
3) moéng = U’Y1 €11,61€11,m Ef172€12,02€12,m2€ f2 {71 +72-
Y1725 0102, M172
4 M@z =, eq 516 me firets acinmef; (1172, 01+
0y — 0102, M1 + 12 — mn2}
5) Knjl = U’Y1€t~1,516’i~1,7]1€f~1{1 - (1 - 'Yl)k,éf,nf}
6) Tflk - U’Ylet~1¢51€i~lq7]1€f1{,yic’ L - (1 - 61)k’ L - (1 -
m)"*}

III. SINGLE VALUED NEUTROSOPHIC HESITANT Fuzzy
ROUGH SETS

Yang et al. [9] proposed a hesitant fuzzy relation as:
Definition 4 [11]. Let U be a nonempty and finite universe. A
hesitant fuzzy relation R over U is a hesitant fuzzy subset such
that R € HF(U x U) where R = {(x,y), hr(z,y)|(z,y) €
U x U}For all (z,y) € U x U, hg(z,y) is a set of the values
in [0,1], which is used to denote the possible membership
degrees of the relationships between x and y.

Inspired by the concept of the hesitant fuzzy relation, we
will further extend the hesitant fuzzy relation into SVNHF
environment, and introduce the concept of SVNHF relation
over two universes which is used to construct SVNHF rough
approximation operators. Firstly, we present the concept of a
SVNHF relation as:

Definition 5. Let U, V be two nonempty and finite universes.
A SVNHF subset R of the universe U x V is called
a SVNHF relation from U to V, namely, R is given by
R = {~(‘Ta~y)7£~R(I7y)7Z'R(‘Tvy)7fR(xvy)l(Ivy) € U x V}
where tg,ig, fr UxV — [0,1] are triple sets of
some values in [0, 1], denoting the possible truth-membership
hesitant degrees, indeterminacy-membership hesitant degrees,
and falsity-membership hesitant degrees of the relationships
between x and y, respectively, with the conditions: 0 <
v,0,m > 1and 0 < 4T +§F +7Z+ > 3, where for all
(mvy) €~U xVy € tR(m7y)’ o€ iR(I’y)’ n ~€ .fR(I7y)’
vtoe th(ay) = Useip@ymazinh 67 € ip(ay) =
Usein(ay)maz{d}, nt € fh(z,y) = Uy e fr(a.pymax{n}.

Definition 6. The SVNHF relation R from U to V is said
to be serial if for each z € U, there exists a y € V such
that tr(z,y) = {1}andig(z,y) = fr(z,y) = 0, R is
said to be reflexive on U if ig(z,2) = {1}andig(z,z) =
fr(z,z) = 0 for all z € U, R is referred to as a symmetric
SVNHF relation on U if iz(z,y) = tr(y,z),ig(z,y) =
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ir(y, 2)andfr(z,y) = fr(y,z)foralldz,y € U, R is said to
be transitive on U if \/yeU{tR(x y) Ar(y,2)} < tr(z,2),
Ayeulir(z,y) Vir(y, 2)} < in(e,z) and A, ey {fr(z,y) v
fry,2)} < fr(z,z) forall 2,z € U.

Alternatively, R is transitive if the following conditions are
satisfied:
Vo 5 (@) N (5, 2)) <85 (@,2). 1 < s < K
Mo 50 ) V0,2 < 5502, 1 S <
/\yeU{f”“”(x DV () < (@2, 1<v <,
where £7(%) denote the sth largest value in ¢, 1® denote the
tth largest value in 7 and f°(*) denote the vth largest value

in f. k = mazx{l(inr(z,y)) lir(y,2)), ((r(z,2))}.
m = max{l(ir(z,y)),L(ir(y, ), ((ir(z,2))} and
n = maz{l(fr(2,9),((fr(y,2)),((fr(z,2))} Based

on the above SVNHF relation, lower and upper SVNHF
approximation operators are defined as:

Definition 7. Let U and V be two nonempty and finite
universes and R be SVNHF relation from U to V. The triple
(U,VR) is called a SVNHF approximations space. For any
A € SVNHF(V) the lower and upper approximations of A
with respect to (U,V,R), denote by R(A) and R(A) are two
SVNHF sets of U and are, respectively, defined as:

7@( ) =A{z, <tr(x),ir(x), fr(z) > |z € U}

R(A) = {x, < Ig(a), ig(a), fz() > | € U}

where
tR(A)( r) =\ ev{fR(x y)Viay)}
ipa)(x) = Vuev{2 Rz y)NiaW)} = Vyer {1 —ir(z,y) A
ia(y)}, . }
Frea (@) = Vv rla.v) A Fa)}.
tR(A) (z) = \/yev{fR(xv ) /\fA(y)}s
zR(A)(a?) = /\yEV{iR(‘r’ y) \ ié(y)},

The pair (R(A), R(A)) is called the SVNHF rough set of A
with respect to (U,V,R), and R(A), R(A) : SVNHF(V) —
SVNHF(U) are referred to as lower and upper SVNHF
rough approximation operators,respectively.

Clearly, the above definition implies equivalences of the
following form:

(@) = Ay Fi0@y) VD@ < s <
maz{{(fr(z,y)), {(ta(y))}, )
ip(a)(x) Vyerdl = iy A 1500 < t <
maz{l(1 —ir(z,y)), £(ia g))}} _
Jaen(@ ) = Vyey{t( (z.y) A P01 < v <
maw{f(tR(x,y)),é(fA(y)g%}, ~
tE(A) (x) = Vyev{t(;t s (z,y) A t:(s)(y)ll < 5 <

maz{{(tr(z,y)), ((ta(y)}, }

i (@) Nperdiz @y v i < ¢ <
maz{{(ip(z,y)), f(ZA(y)} i

Fan@ = Nedfa @y v A7@wh < v <
maz{£(fr(z,y)), ((fa(y)}.

where the ¢(.) stands for the number of values in hesitant fuzzy
elements.

Definition 8. Let U be a nonempty and finite universe

of discourse. Denote k = maz{(ta(z),l(tp(x)}, m =
maz{£(ia(2)). (in(x))} and n = maz{(fa (@), ((f (@)}
VA, B € SVNHF(V), A is said to be a SVNHF subset of
B, if £a(y) <ip(y), ia(y) > ip(y) and fa(y) > fp(y) hold
for any z € U; such that ~ R
taly) <ts(y). ia(y) > ip(y) and JfA(y) > f (y) =
50w < 50w, 150 > i
Fi0) with 1 < s <k 1<t<m
denote it by A C B.
Theorem 1. Let (U,V, R) be a single valued neutrosophic
hesitant fuzzy approximation space over two universes. Then
the lower and upper SVNHF rough approximation operators
induced from (U, V, R) satisfy the following properties for all
A,Be SVNHF(V)

1) (SVNHFL,)R(A®) = (R(A))*
2) (SVNHFU,)R(A¢) = (R(A%))°
3) (SVNHFLy)A C B = R(A) C R(B)
4) (SVNHFU,)AC B = R(A) C R(B)
5) (SVNHFL3)R(ANB) = R(A)N R(B)
6) (SVNHFU3)R(AU B) = R(A) UR(B)
7) (SVNHFL)R(V)=U
8) (SVNHFU,)R(¢) = ¢

Proof.

1) (SVNHFLl) For all x € U, we have,
trac) (@) = /\JEV{fR(x y) Vtac(y)}
= Nyev{fr(@ y) vV faly)}
=N\, v{f"() (2,y) V 704 ()}

—fR(A)() tRay)- ()

ir(ae)(2) = Ve {1 -

ia(t) r(z,y) N7 4c(y )}
(R A))C( )

fR<Av (@) = Vyer {Tr(@,y) A fac(y)}

= Vyev{tr(z, y) Nta(y)}

= Vv {t7@r(z, y) A7) 4 (y)}

ir(@,y) Adac(m)}=V,e {1 -

tra) (@) = fray- ()
From above discussions, it follows that R(A¢) =
(R(A))°

2) (SVNHFL,) Since A C B then, by Definition 8, we
have
50 < 590, 10 > i3 and

,Z(U)(y) > fa(”)(_ Ywith 1 <s<k 1<t<mand
1<w <n for all y € U. So it follows that

Ayev F2 @) v B0 ) < Aoy 2@ y) v

17 (y)

Ve (115" @) ni " () 2 V ey (115" (2.9)
i i

vyev{t”“’(r,y) AN = Ve 87 (2, y) A
2 (y)

l~1ence, for ealch r € U, we cpnclude that
trea)(z) < trp(2), iray(z) = irm)(z) and

Fra (@) = fre)(@).
Consequently, R(A) C R(B)
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3) (SVNHFLj3) For all z € U, we have
f@(AmB)(IE = Nyevifr(z,y) vV tans(y)}
= Nyevifr(@,y) vV (taly) Aip(y))}
= NyerdfZ7@y) v @G0 W) A I )hs =

1,2,..
/\yev<f;;“> (,9) VIZ () A
Ayer (F @) VIFD ) b s =1,2, 0k

= tra) () Nipm) (z) = trians)(2)

irans) (@) = Vel = ir(e,y) A ians®)}
= Vyev{l —ir(z,y) A (1a(y) Vis(y))}
= Vyerdl = 7@y A @) v ig )t =
1,.2,....,m
Vyer (=7 A T30 ) } v
Vyer G @) Vg )}t = 1,2, m
= ip(a) (@) Vigm) () = igans)(z)
fE(AﬁB)(aj) = ~\/yev{fR(ﬂE’?/) A fan(®)}
=V,evitr(@y) A (faly) vV fe(Y)}
:zvyev{t”(”( WA 0 v R ke =
1
V,er 7@ y) A FR () v
\/yev(;’;”(x y) v o (N)) w=12...,n
= fra)(®) V frB)(¥) = fr(ANB)(T)
Where & = ma:p{é(tR(aE y)) £t ta(y)), € (tB($ 2))}s
m = mam{((l — ir(z,y)),£(1a(y)), L(ip(y))} and

n = maa{t( fr(z,y), ((fW)), ((Faly ))}
Hence, it follows that (SVNHFL4) holds.

4) (SVNHFL,) It is easy to prove.

Theorem 2. Let U, V' be two nonempty and finite universes.
Suppose that R; and R are two SVNHF relations from U to
V, if Ry C R then the following holds:

1) i(A) D ﬁ(A),VA € SVNHF (V)

2) Ri(A) C Ry(A),VAe SVNHF(V)

Proof.
1) Since Ry C Ry, then for any (z,y) € U x V, we have
) (r,y) < 85 (2,9), 15 (2,y) 2 i3 (.y) and
(@, y) > fr 2U)(m,y)W1th1§5§k,1§t§m
and 1 <v <nforalyeU
try () (@) = Ayev {fr (2,9) Via(y)}
= Ayer U7 @) VI W)ls = 1,2, k)

> Ayer @y VT @)ls = 1,2,k =
tra(4)(2) i i

hi(A)( z) Vyevil — ir,(z,y) A ia(y)lt
1,2, Vel = i@ y) A i @)t =

m} =
m} < vyev{l - zf’(t)(x,y) APt =
m} = ipy(a)(z)

o) (@) = Vyer {tr, (2,9) A fa@)lo = 1,2,...,n}
= Vyalin@y A I = 12,0}
< Vyerlli @) A 7@l = 1,2,..,n}
TRy(a) ()

Hence, it follows that R;(A) 2 Ry(A) holds.

2) It follows immediately from the above result (1).

Theorem 3. Let (U,V,R;) and (U,V,R3) be two
single valued neutrosophic hesitant fuzzy approximation
space over two universes and R = R; U Ry then for any
Ae SVNHF(V)

1) R(A) = Ri(A) UR,(A)
2) R(A) = Ri(A) N Ry(A)
Proof.

1) Va € U, we have

?E(A)(I) = Vyev{t:R(Ivy) N iA(l/Z},

7EE(A)(I) = \/yev{tljluRz (x,y)} ta(y)}, }
tza) (@) = Vyev {(tr, (,9) ViR, (z,y)) Atay)},
(Vyer G @,9) A BT @)YV (Vyer (557 (@) A
B W))ls = 1,2, ...k}

= () (@) V g ) (@)

ira) (@) = Nyerdl —irlz,y) Via(y)},

R () = Aer{Z§§UR§(x7 y) Via(y)}, i

Ty (@) = Nyev {ling () Atrg (2,9)) Via(y)},

(Ayev G @) V3 @) A (Ayey Gt (2,9) v
SO =1,2.....5)
= fRT(A)(JT) N iz ) ()

= /\er{tN{ﬁURz (xa y)~\/ fA(y)}’ B
TRy (@) = Ayev {(tr, (,y) Atr, (z,y)) V fa(y)},
(Ayev E @)V IZ W) A (Nyey G5 @) v
20 = 1,2, ..., k})

JiRl(A) (z) A fE(A)(x)
= fEUE(A)(m)

2) It follows immediately from the above conclusion.
Definition 9. Let G; = (U,V,R;) and G2(U,W, Ry) be
two SVNHF approximation spaces over two universes. The
composition of SVNHF relations R; and R; is a SVNHF
relation from U to W, denoted by R = R o R, and is defined
as follows: for all (v,2) € U x V.

Rh— {(z,y), tr(z, z) ir(z,2), fr(z,2)|(x,2) € U x V},

tr(@,2) = V{ir (@,9) A fr(y,2)} = 15 (2,2) =
V(R (2,y) AT (g, 2)[s = 1,2, .k}

ZR@: z> = Min(,y) Vir(y,2)} = 7302 =
M (@, y) ViR (y, 2)[t = 1,2, ...}

Fr@.2) = Alfm(@y) V frn@2)) = 750z =
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NI @) v PR )l = 1,2,
U xV and (y, )€V><W

The SVNHF approximation space G = (U, V, R) is referred
to as the composition of Gy = (U, V, Ry) and G2(U, W, R»),
denoted by G = G o Ga.
Theorem 4. Let G; = (U,V,R;) and G3(U,W, Ry) be
two SVNHF approximation spaces over two universes, and
G = G; o Gy be the composition of Gy and Gs. Then, for
any A€ SVNHF (W),

..n}, for all (z,y) €

1) R(A) = (Ry o Ry)(A) = Ri(Ry(A)),
2) R(A) = (Ryo Ry)(A) = Ri(R(A)).
Proof.

1) Vx € U, we have
tr () () Vyev{tr (@,9) A gy W)}
= Vyev{tr(z,9) A (\/Zeu,{tm(y,z) A ta(2)})}
= Vyer Vaeu 057 (@,0) N30 (y,2) AR (2)]s =

1,2,..k = vz@,[v <"<s (2,9) AT (5, 2)] A
Bo@ls = L2k = Ve, (@77@2) A
937 (2)]s = 1,2, ...k = tr(a) (@)

ZRl(RQ(A))( ) /\yev{ZRl( z,y) V 132(,4 (y)} =

Ayevlin (@ y) V (Neolin(.2) V ia(2)})} =

Avev Moo @10 (@) Vv 50 (y,2) v 130 ()1t =
1,27....m = /\Zew[/\yevugﬁt (@,9) V i (y,2)] v
i ()|t = 1,2,. = /\Zew lRt)(:B7Z) \Y,
i >< )t =1,2,.. k—zmm

le(R2(A))( z) /\yEV{le(‘r y) v fRQ(A)( y)}
= Ayevir(@y) V (Acolfra(v.2) V fal2)}))}
= Ayev Asco (TR @)V FR0 (5, )V PR (2) 0 =
1,2, = Aey [/\yev<fRf><m7y> VR (g, 2)] v
A = L2m = A, (FR(@,2) v
PR =1,2, 0k = fra) ()

2) It follows immediately from the above result.

Theorem 5. Let R be a SVNHF relation from U to V.
Suppose that 1,1y — y and 1, are three special SVNHF
sets; then Vo € U, (z,y) € U x V,M C U, we have

D fE(lhl)(?) = /\y;éM fR(I,y), EE(IM)(I) =
vy#M r(z,y -
and fE(IM)( ) \/y;é]u(tR(x7y)

2) EE(IM)(I) = VyEM (.CL’ y) gEQM)(CB) =

y) and fr (@) =

3) fﬁ(IU;{y})( ) = fr(z Y y), z3(11,7{3;})(9’3) = ig(z,y)
and fr(1,—{y}) () = tr(z,y)

4) tgq,)(2) =
and fR(1 (z) = fr(z,y)

Nyenr fr(z,9)

/\yeM %R(

Proof.

1) For all z € U, we have ~
traan (@) = Nyev {fr(z,9) V f1.,(v)}
= {1 A (Ao Frle.w)

= Ayers Frlz.0) )
ir() (@) = Vyev {ir(2,9) Ny, ()}
= {0}V (V,pas n(e 7y>)
= Vy;éA[Z r(z,Y)
Fraan @) = Vyev {tr(z,v) A fi,, (1)}
= 0}V (Vs Erle.)
= VW&M tR(xvy)

2) It follows immediately from (1)

3) For all x € U, we have ~ B
trau—(u)(®) = Aoy {fr(2,2) V 1y -y}
= frlx,y) A1}

= fR(x7y) - -
i@(}y {y}( ) \/zev{icR(%Z)/\ilw{y}(z)}
B

fR (lv— {y}(x) VzEV{ER(Ivz) A flu—{y}(z)}
= tr(z,y) v {0}

= tR('T7 y)

4) It follows immediately from (3)

Theorem 6. Let R be a SVNHF relation from U to V.
Suppose that R and R are the lower and upper SVNHF rough
approximation operators given in definition, then R is serial
iff one of the following properties hold:

1) (SVNHFL)R(¢) = ¢

2) (SVNHFU,)R(V) =

3) (SVNHFLU,)R(A >_

Proof.

1) It is easy to prove.

2) First we prove that R is serial <= (SVNHFU,)
suppose that R is serial. For any =z € U, there
exists a z € V such that tr(z,2) = 1 and
in(z,2) = fa(r,2) =0,

7@ = Ver@@ @) A TOW)ls =
1,2,....k},

= {ver@%S)(x,y) A)ls = 1,2, ...k},

(@) s = 1,2, k),

R(A),YA € SYNHF(U)

=1= fU(x)

< ~o(t ~o(t
CiEn @) = N (7 @y v W) =
1,2,...m},

= {Ayer (7 (@) VO)t = 1,2, ..},

= (i7" (@ 2) A (/\y# 5‘§<“(m,y)) t=1,2,..m},
=0= EU(.T)

apd ) )

TR (@) Ayev (@, y) v @)l
1,2,...n},
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= {/\yev(fo(v (z,y) VO)|v=1,2,...m},
= 7@ ) A (Ao @) o = 1,2},

=0= fu(r) _

Thus, we conclude that R(V) = U. Conversely, if
(SVNHFU;) holds, then Vz € U, R(V>( x) =1
and %R(V)( x) = fR(V( x) = 0. If R is not serial,
then Vy € V, 3z € U such that fz(z,y) # 1 and
ir(z,y) = frlz,y) # 0, then we have tr(z,y) N
tv(y) = tr(z,y) # 1, ir(z,y) Uiv(y) = ir(z,y) # 0
and fR( 7y) U fV( ) = f@( 7y) 7& 0. That is,
tR(v)( z) # 1 and ZR(\/)( z) = fﬁ(v)(x) =0

which contradict the assumption.

Second we prove that R is serial <= (SVNHFLU).
Suppose that R is serial. For any = € U, there
exists a z € V such that {p(z,z) = 1 and
ir(z,2) = fr(z,2) = 0, by definition we have
tr(a)(x) = {/\yev(fR(iC y)Via(y))}

= {Ayer PR () VIR )]s = 1.2k},

= (fe@,2) v B9 A
(MeeFZ @) VI @) s = 1,2, k),

= {ZY@ A (NeFZ @y v @) ls =
1,2,....k},

< {3 (2)|s = 1,2, ...k} = 4 (2)
in) (@) = (Vyey (Fr(z, ) A ()}
= Ve (@ (@) NGO ()]t = 1,2, ..o},

~o(t) o
{7 (2) A~ Q%) v

- ~o(t) ~o
(\/y;ﬁz(lcR (l’, y) A ZA(t) (y)) |t = 17 27 }7

= {17 v (Ve @ A 8w 1 =

1,2,...m},

Zézz(t)(zﬂt =1,2,..m} = ia(2)
Fr(@) =V, ev (Er(@,y) A fa®))}
=V, er G772, 9) A F2 () = 1,2, ...n},

= {(f;(”) Ez, z) A K(w (2) v
(Ve E @) A FZ ) o = 1,2, o),

= @V (Ve B @) A S W) o =
1,2,...n},
> {7 ) =1,2,...m} = fa(z)

On the other hand, we have

fﬁ(A) (fl?) = {vyev(gR(xv y) A EA(Z/))}
= Ve 77 @ y) AT )l = 1,2,...k},

- (7@ A B v
( o T (2,y) At‘g“)(y)) s =1,2,...k}.

= {00V (Vi@ A w) s =
1,2,....k},

> {159 (2)]s = 1,2, .k} = Ea(2),
74y (@) = {Ayev (ir(z,y) Via(y))}
{/\yev( U(t>(x y)V Za(t)( NiE=1,2,..m},

= o (@22 v %% A
»
(y#z

) Vs (y )) t=1,2,..m},
= 36 A (A @ VW) e =
1,2,...m},

< {7 @)t=1,2, ..

and
Friony @) = {Ayev (Fr(z.9) v faly >>}
= {Nyer T2 @) v IV w)lo = 1,2, .0},

= {(fg(U)QLZ) v fz(v)(z) A
( yota J(U) (w,y) Vv f,‘;(”)(y)) lv=1,2,..n},

(729 A (A B @ v VW) o =
2,..n},

< (I3 (=) =1,2, .0} = fa(2)

From the above discussigns, we can gonclude that
EE(A) (I) < EE(A) (:E), iE(A) (ZE) > iE(A) (I) and
fE(A)(x) > f%(A)(m) which means that R(A) C R(A).
Conversely, if (SVNHFLU;) holds, then Vz € U, we

have 75‘7((6 (@) < t;((j)( ), z;((tzl)(a:) > z%((:g( x) and

7o (v) 7o (v) s)
I ((1;”( x) > {g(m( x). Thus (1t> follows that t(lig(p)( z) <

fi(”) (z). On the other hand, we have

m)(r) = Nyev (Fr(@.9) = {Ayev UR" @9)ls
., k} and tR(¢)( z) = 0. Meanwhile, ip (z) =

vyeyu R(@y) = V,yey (7 (@ p)lt = 1,2,..,m}
and iR(¢)( r) = 1. and freg(z) = \/yev(tR(a; y) =
{\/yev(to(v (x,y)lv = 1,2,...,n} and fR =1
Therefore, for any x € U there ex1sts a RS <V) such that
1739 (2,y) = 1 and i3 (,y) = [7'” (2, y) = 0 which
implies that iz(z,y) = 1 and ig(z,y) = fr(z,y) =0
so R is serial.

Theorem 7. Let R be a SVNHF relation on U. For all
A e SVNHF(U), then

1) R is reflexive <= (SVNHFL1)R(A) C A,

<= (SVNHFL1)A C R(A)

2) R is symmetric <= (SVNHFL2)ipa, (y) =
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R ) (@) ir0y () = ir0y ) (@) R0 (1Y) =
fray_ ) (@).

— (SVNHFU2)# R W) =
Zﬁ(ly)(x)afﬁ(ll)(y) fR(l,J)( )

) @)ina,) ) =

3) Riis transitive <= (SVNHFL3)R(A) C R(R(A)),
<= (SVNHFU3)R(R(A)) C R(A).
Proof.
1) Due to the duality of SVNHF rough approximation

operators, it is only to prove that R is reflexive R(A) C
A.
If R is reflexive, for all x € Uthen tr(z, )
and ip(r,r) = fr(w,xz) = 0, we
triay (@) = {\,cv(Fr(z,y) Via(y))}

= Nyer U2 @ y) VIR )]s = 1,2, ...k},
- {(FF7@2) v 8% A
(Ayea T @) VI () s = 1,2, .k},

= {Z@ A (N @y vED W) s =
1,2, ...k},

< {I3 ()]s =1

=1
have

2, ...k} =ta(z),

ZR(A)( )— {V EU(’L R(x y) /\EA(y))}

= V,yew (7 @, y) AP W)t = 1,2, ..m},
T @ n G0@ v
( e R @) NGOy )) t=1,2,..m},
= {15 v (V@@ @y a i@ it =
1,2,...m},
zf;’,“)(m)u =1,2,..m} = ia(z)
fR Ay (x) = {\/yEU({R(x y) A faly)}
= {V,er 05" @) A T W)l = 1,2, .0},

- (" @a) A V@V
(Ve B ) A T3 (w) o = 1,2, ),

(779 v (VG @ A V@) ) o =
1,2,...n},

> (7 @) =1,2,...m} = fax).
From the above discussions, we conclude that
R(A) C A. Conversely, if (SVNHFL1) holds, for any

z € U then 24" (z) < f%s)(_ ), i Zo(t) (z) > 70(t)(. )

R(A) 'Rr(4)
and fo(” (z) > f7") (x). So take A = 1_, we have,
70 (s) ~U(S) _ Fo(t)
E%U‘“)(lﬂ) - ((>) . R((1U> o =
i, ,(z) = 1 and fg(f(, (@) = 1,0 () = L.

From which we conclude that tr(1y_,)(x) = {0} and

gﬂ(lufz)(l') = fE(lvﬂ)(x) = {1}. On the other hand,

we have

2)

3)

TR0 (@) = {\yev (Fr(z, ) Vi, _, (1)}
= {Ayer (F3 (@ VIS )]s = 1.2,.k),
{( ;;(s (@z) v 59 @ A

ly—»

(Moea FF @) VIS () Is = 1,2, k),

{f"“( D) A (AP @y v)ls =
2, ...k}

— {7 (@, )]s = 1,2, ...k} = fr(z,z)

:L:E(lv—z)(x) = {\/yev([cR('T7 y) A %h/ﬂn (y))}
— (V,yer @5 @) AT )t =1,2,..m),

- (@ ez) A BT @) v
~o(t)
(\/y;&x(lcR

(@, 9) AT (y )) It = 1,2,.fm},
= (@) v (V@R @ r0) e =
1,2,...m},

= (7 (@, )|t = 1,2, ...} = it (w, )

fﬁ(lvw(x) = {Vyev (Tr(@,y) A fiy_. (1))}
= (Vv B @, y) A FTY ()0 = 1,2, n),

= G B AN € I
(Vyeo @ @) A F2D ) J0 = 1,2,m),

= G @) Vv (V@@ @ A0) e =
1,2,...n},

= {ta(v)(x7x)\v =1,2,..m} = tg(z,x).
Thus it follows that

ir(z,y) = fr(z,y) = {0}.
Hence, R is reflexive.

fg(a,yy) = {1} and

It follows immediately from Theorem 5.

Because of the the duality of SVNHF rough
approximation operators, it is only to prove that
R is transitive then (SVNHFLS) holds.

If R is transitive, then tﬁ (x y) 78y, 2) <
159 (2, 2), i3 (@) Vi (y,2) < i97(x,2) and
e, y>vf"<”< )<f°(”( 2), we have
trir(a)y (@) = Nyeo (Fr(@,9) V i) (v)

Ayer (P77 (. y) v

(Moeo RO V(@) s = 1,2,k
= Nyev Neco (T (@) v 17 S><y, 2 VI (2)]s =

1,2, ...k
> {Aeeo FF @) VIS ()]s = 1,2,k }

=tpa)(z) ,

inra) (@) = Vyeu ©©r(2,y) Aigia) ()
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ir(2,9)) Nirea)(y))

ol = @y A
L (=170, ) AT (2 )) t=1,2,...m
v%Uv%wu—w%%%w>Au—J§*@J»A
()t=1,2,..m
VZEU ([1 - /\U€U( ()(Jf y) A
) ()t=1,2,...m

Vyeo((1 =

||
<<

NQI
P

=20
~

W) A

S ql
E =

<\V.ep((1 —ZR“)(x DA EIE=1,2,...m
~o(t) o

= V.o (@R (2, DN @ =1,2,..m

= ig(a)(®)

and

Frereay (@) = Vyeu Er(@,9) A fria)(v)

= {Vyer @& @) A (Voew 50 2) A TS () o 12
= Vaew V.o B (@ y) AR (y,2) A0S ()]0 =
;2, ..M

< Vel @) AR @l =12}
= frea) ()

Hence, we conclude that (SVNHFL3) holds. anversely,
for all A € SVNHF(U)tE(E<A))(.Z') > tE(A)(;v),
iR(r(a) (@) < ir(a) (@) fR(R(A) (@) < fRA) (@)

sthen  tr(r(1, ) (%) > tray (@)
RROo ) (@) < ROy ) @) REO (@) <

.fE IU_{y})( )
On the other hand, we see that

tR(R(_ ) (T) = /\EeU{(fR(% 2)Vira, ()}
= N.co{(fr(z,2) Vir(z,y))}

IRRO_ 1)) (@) = Ve {(©r(z,
= V.eo{(@r(x, 2) AiR(z,y))}

and
Fr@R(, o) (@) =V.ev{(tr(z, 2) A Frap_ o ()}

=V.co{tr(z,2) A fr(z,0)}

Note that ZR(1U wn(@) = fr(z,y), iR(1y_ () (@) =
ir(x,y) and fra,_ o (@) = tr(z,y).

Hence, we conclude that VZeU{t%(s)(x,z) A
7Y G w) < T (@)

Avcrlip? (@ 2) ViR (2.} = 0.0,

NcoAT7 @)V IRz )} = 7 ().
By the definition of transitivity, we conclude that R is
transitive.

2

2) Niggy_(,)(2))}

IV. THE APPLICATION OF SINGLE VALUED
NEUTROSOPHIC HESITANT FUZZY ROUGH SET MODEL IN
MEDICAL DIAGNOSEIS

Rough set theory was developed by Pawlak [5] as a
mathematical approach to handle imprecision, vagueness, and
uncertainty. It has a wide application in many practical
problems, especially the use of rough sets in decision making.
The concept of single-valued neutrosophic hesitant fuzzy

which is a generalization of the fuzzy set first introduced by
Jun Ye [12] into the decision-making problems.
In [3] the definition of score function of SVNHF elements was
introduced as follows:
Definition 10 [3]. Let n =< £, 1, f > be a SVNHFE, then the
score function can be fined as:

S(n) = 3{z X+ S0 =08)+7 X (1 —n)}, where lp, i
and [y are the numbers of vales of t i and f, respectively in
n.

By Definition 3, we can define the sum of R and R as
follows:
Definition 11. Let R and R be two SVNHFS
in U, we define the sum of R and~ R as
B o B = {< ytely) © txy)icly) ©
=), fr(y;) @ fR(yg) yi € Vi = {ltr(y;) + t5(y;) —
{yz R(ﬁ/ VIR J] yy) fR(?h)fR y7)]}

In this séction, we will apply SVNHF rough set model on
two universes to medical diagnosis problems. Suppose that
the universe U = {z1, 22, ........ , T} denotes a disease set.
Let R € SVNHFR(U x V) be an SVNHF relation from
U to V. For any (z;,y;) € U x V, tr(z;,y;) represents
the true membership degree of the relationships between the
symptom z;(z; € U) and the disease y;(y; € V), ir(x;, i)
represents the true membership degree of the relationships
between the symptom x;(x; € U) and the disease y;(y; € V')
and fr(z;,y;) represents the true membership degree of the
relationships between the symptom xz;(z; € U) and the disease
yi(y; € V'), which are evaluated by several doctors in advance.
In clinical practice, a patient can see different doctors and my
get different diagnoses. To decrease the risk of misdiagnosis,
we should carefully consider all the doctors’ comments. In
that case, for any a patient set A who has some symptoms in
universe U, patient set A is an SVNHF set on symptom set
U. That is, A = {< @, ta(x;),0a(2), fa(z:i) > |z, € U},
now the problem is that a decision maker needs to make
a reasonable decision about how to judge what kind of the
disease y; patient A is suffering from.

i
iy

In the following, we present an approach to the decision
making for this kind of problem by using the SVNHF rough
set theory over two universes.

Algorithm

Step 1. by Definition 7, we calculate the lower and upper
approximations R(A) and R(A)ofA.
Step 2. from Definition 11, we can obtain R ® R
Step 3. on the basis of Definition 10, the score function of
SVNHF elements are obtained by us.

Denote - } R R ~ ~
Aj = s(BReR) = s(tr(y;)®tr(y;), tr(y;) Dig(y;), fr(y;)S
f7)

Step 4. the optimal decision is to select vy, if
Ao =max)j,j=1,2,...V
we conclude that patient A is suffering from the disease y,.
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TABLE I

SYMPTOMS CHARACTERISTIC FOR THE CONSIDERD DIAGNOSES

R Y1

71 {(0602,0.0,02,0.1,03)02.060.D}
x9 { (0.5,0.2),(0.2,0.1),(0.4,0.3) }

o5 { (0.40.2,0.5),(0.1.(03.0.4) }

s {(03.0.4,0.5),(0.1,0.5,(0.3,02) }

Y2
10.2,0.3),(0.1,0.3),004)}
{(0.6).(0.2,0.4),(0.4) }
{(0.5,0.1),(0.2,0.1,0.4),(0.2,0.1,0.6) }
{(0.5,0.7),(0.2,0.3),(0.8,0.4) }

25 {(0.1,0.1,03),004.0.602).008030.1) } {(04.0.1,03),(0.6.0.5.0050.1,02) }

TABLE II
SYMPTOMS CHARACTERISTIC FOR THE CONSIDERED DIAGNOSES

Y3
71 {00.1.0.7.(05.0.2). (03.02)}
22 {(0.2,0.6),(0.1,0.6),(0.3,0.1,0.5) }
z3  {(0.2,0.8),(0.1,0.9),(0.50.6) }
24 {(0.2,03,0.6),0.1,0.2),00.4,0.2) }
z5 {(0.9,0.1,0.4),(0.1),(0.4,0.3) }

Ya
{(0.2,0.7,0.1),(0.1,0.6),(0.2) }
{(0.3,0.1,0.4),(0.4,0.2,0.4),(0.8,.2,0.1)}
{ (0.8,0.3,0.1),(0.4,0.1,0.3),(0.6,0.4) }
{ (0.5,0.4,0.3),(0.4),(0.8,0.1) }
{(0.1,0.2),(0.1,0.5,03),(0.1,0.4) }

V. A NUMERICAL EXAMPLE

In this section, we will apply the decision approach
proposed in Section IV to a medical diagnose problem.

Let U = {x1, 2,23, 24,75} be five symptoms in clinic,
where x; stands for 7 Headache,” “Nausea”, stomach
pain”, “Vomiting”, “temperature”, and the universe V =
{y1,92,y3,y4} be four diseases, where y; stand for ”
Hepatitis,” ”peptic ulcer”, “malaria”, ’typhoid”, respectively.
Let R be SVNHEF relation from U to V. Where R is a medical
knowledge statistic data of the relationship of the symptom
x;(z; € U) and the disease y,(y; € V). The statistic data
are given in Tables I and II. In this example, we assume
that A represent a patient, and the symptoms of patient A
are described by SVNHF set on the universe U. Let
A = {(z1,(0.2,0.3),(0.2,0.1,0.4), (0.1)),
(z2,(0.1,0.4),(0.5),(0.1,0.6)),

(z3,(0.1,0.3,0.8), (0.2,0.5), (0.6,0.2)),
((x4,(0.2,0.1,0.4), (0.1,0.5,0.1),(0.4,0.3)) }

For example A(x2), doctors cannot present the precise the
memberships degree of how pain the stomach of patient A is,
but they have certain hesitancy in providing the memberships
degrees of how pain the stomach of patient A is. In what
follows, we give the decision making process by using the
four steps given in Section VI in details.

First, by definition, we calculate the lower and upper
approximations R(A) and R(A) of A. as follows

R(A) = {(11,{0.2,0.2,0.1} ,{0.5,0.5,0.6} , {0.4,0.3,0.3}),
(12,{0.2,0.2,0.2},{0.5,0.5,0.5}, {0.5,0.6,0.61),
(y3,{0.3,0.2,0.3},{0.5,0.6,0.6}, {0.2,0.6,0.6}),
(y1,{0.2,0.1,0.3},{0.5,0.5,0.6},{0.6,0.3,0.4})}

R(A) = {(yh {02> 02, 05} ) {01, 01, 04} 5
(y2,10.3,0.4,0.4} ,{0.2,0.3,0.3} , {0.4,0.2, 0.
(ys,4{0.3,0.4,0.8},{0.1,0.2,0.2}, {0.3,0.2,0.2
(y1,{0.2,0.3,0.4} ,{0.2,0.2,0.4} , {0.2,0.2,0.2

}
{0.2,0.3,0.1}),
})7

b
D}

Then, we have

R(A) @ R(A) = {(y1,{0.3,0.3,0.5} , {0.05,0.05,0.2} ,
{0.08,0.09,0.03}), (12, {0.4,0.5,0.5} ,{0.1,0.1,0.1} ,
{0.2,0.1,0.2}), (y5, {0.5,0.5,0.9} , {0.05,0.1,0.1} ,

{0.06,0.1,0.1}), (y4,{0.4,0.4,0.6} ,{0.1,0.1,0.2} ,
{0.1,0.06,0.08})}
By definition, we obtain the score functions of SVNHF

R(A) + R(A) as follows:
S((R(A) ® R(A))(y1)) = 0.73
S((R(A) @ R(A))(y2)) = 0.72
S((B(A)® R(A))(ys)) = 0.81
S((B(A) ® R(A))(ya)) = 0.74
It is clear that the maximum score function is A3 = .81.

Hence, the optimal decision is to select ys. That is, we can
conclude that patient A is suffering from the disease malaria

Ys3.

VI. CONCLUSION

In this paper, we have presented the concept single valued
neutrosophic hesitant fuzzy rough sets which is a combination
of three powerful topics: neutrosophic, hesitant and rough sets.
We defined SVNHF rough approximation operators in term
of SVNHF relations. Properties of upper and lower SVNHF
rough approximation operators are also investigated. Finally,
we develop a general framework for dealing with uncertainty
decision-making by using the SVNHF rough sets over two
universes. A medical diagnosis problem is also shown to
indicate the principle steps of the decision methodology. In
the future, we will mainly focus on investigating uncertain
measures and knowledge reductions of the SVNHF rough sets.

VII. CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests
regarding the publication of this paper.

REFERENCES

[1] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy sets and systems
20(1968)87-96.

[2] S. Broumi, F. Smarandache, M. Dhar, Rough neutrosophic sets, Ital. J.
Pure. Appl. Math. 32(2014).

[3] C. FE Liu, Y. S. Luo, New aggregation operators of single-valued
neutrosophic hesitant fuzzy set and their application in multi-attribute
decision making, Pattern Anal. Appls. (2017)1-11.

[4] J. Pang, J. Wang, X. Wu, Multi-valued neutrosophic sets and power
aggregation operators with their applications in multi-criteria group
decision-making problems, Int. J. Comput. Int. Sys. 8(2015)345-363.

107



International Journal of Information, Control and Computer Sciences
ISSN: 2517-9942
Vol:13, No:2, 2019

[S5] Z.Pawlak, Rough sets, International journal of computer and Information
Sciences 11(1982), 341-356.

[6] F. Smarandache, A unifying field in logics, Neutrosophic logic, Multi.
Valued Logic 8(1999)489-503.

[7] V. Torra, Hesitan fuzzy sets, Int J. Intell. Syst. 25(2010)529-539.

[8] H. Wang, P. Madiraju, Interval-neutrosophic sets, J.
Mech.1(2004)274-277.

[9] H. Wang, F. Smarandache, Y. Zhng, R. Sunderraman, Single-valued
neutrosophic sets, Multispace and Multistructure 4(2010)410-413.

[10] M. M. Xia and Z. S. Xu, Hesitant fuzzy information aggregation in
decision making, Int. J. Approx. Reason. 52 (2011), 3957407.

[11] XB. Yang, XN, Song, YS. Qi, JY. Yang, Constructive and
axiomatic approaches to hesitant fuzzy rough set. Soft Computing
18(2014)1067-1077.

[12] J. Ye, Multi-attribute decision making method under a single
valued neutrosophic hesitant fuzzy environment, J. Intell. Syst.
24(1)(2015)23-34.

[13] L. A. Zadeh, Fuzzy sets, Information and control 8(1965), 338-353.

108



