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Robust 'H,, Filter Design for Uncertain Fuzzy Descriptor Systems:
LMI-Based Design

Wudhichai Assawinchaichote* and Sing Kiong Nguang

Abstract— This paper examines the problem of designing
a robust H.. filter for a class of uncertain fuzzy descriptor
systems described by a Takagi-Sugeno (TS) fuzzy model. Based
on a linear matrix inequality (LMI) approach, LMI-based
sufficient conditions for the uncertain nonlinear descriptor
systems to have an H.. performance are derived. To alleviate
the ill-conditioning resulting from the interaction of slow and
fast dynamic modes, solutions to the problem are given in
terms of linear matrix inequalities which are independent of
the singular perturbation e, when ¢ is sufficiently small. The
proposed approach does not involve the separation of states
into slow and fast ones and it can be applied not only to stan-
dard, but also to nonstandard uncertain nonlinear descriptor
systems. A numerical example is provided to illustrate the
design developed in this paper.

Index Terms—H, control; Takagi-Sugeno (TS) fuzzy
model; Linear Matrix Inequalities (LMIs); Descriptor systems

I. INTRODUCTION

The problem of control design for descriptor systems sys-
tem has been intensively studied by a number of researchers
for the past three decades; see [1]-[6]. This is due not only to
theoretical interest but also to the relevance of this topic in
control engineering applications. Descriptor systems or so
called singularly perturbed systems are dynamical systems
with multiple time-scales. Descriptor systems often occur
naturally due to the presence of small “parasitic” parameter,
typically small time constants, masses, etc.

The main purpose of the singular perturbation approach
to analysis and design is the alleviation of high dimension-
ality and ill-conditioning resulting from the interaction of
slow and fast dynamics modes. The separation of states into
slow and fast ones is a nontrivial modelling task demanding
insight and ingenuity on the part of the analyst. In state
space, such systems are commonly modelled using the
mathematical framework of singular perturbations, with a
small parameter, say ¢, determining the degree of separation
between the “slow” and “fast” modes of the system.

In the last few years, many researchers have studied the
‘H oo filter design for a general class of linear descriptor sys-
tems. In [3], the authors have investigated the decomposition
solution of H filter gain for singularly perturbed systems.
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The reduced-order H., optimal filtering for system with
slow and fast modes has been considered in [4]. Although
many researchers have studied linear descriptor systems for
many years, the H, filtering design for nonlinear descriptor
systems remains as an open research area. This is because,
in general, nonlinear singularly perturbed systems can not
be easily separated into slow and fast subsystems.

Fuzzy system theory enables us to utilize qualitative,
linguistic information about a highly complex nonlinear
system to construct a mathematical model for it. Recent
studies show that a fuzzy linear model can be used to
approximate global behaviors of a highly complex nonlinear
system; see for example, [7]-[19]. In this fuzzy linear
model, local dynamics in different state space regions are
represented by local linear systems. The overall model of
the system is obtained by “blending” these linear models
through nonlinear fuzzy membership functions. Unlike con-
ventional modelling where a single model is used to de-
scribe the global behaviour of a system, the fuzzy modelling
is essentially a multi-model approach in which simple sub-
models (linear models) are combined to describe the global
behaviour of the system.

What we intend to do in this paper is to design a
robust . filter for a class of nonlinear descriptor systems
with nonlinear on both fast and slow variables. First, we
approximate this class of nonlinear descriptor systems by
a Takagi-Sugeno fuzzy model. Then based on an LMI
approach, we develop an H, filter such that the £2-gain
from an exogenous input to an estimate error is less or
equal to a prescribed value. To alleviate the ill-conditioning
resulting from the interaction of slow and fast dynamic
modes, solutions to the problem are given in terms of linear
matrix inequalities which are independent of the singular
perturbation ¢, when ¢ is sufficiently small. The proposed
approach does not involve the separation of states into slow
and fast ones and it can be applied not only to standard,
but also to nonstandard nonlinear descriptor systems.

This paper is organized as follows. In Section Il, system
descriptions and definitions are presented. In Section IlI,
based on an LMI approach, we develop a technique for
designing a robust H., filter for the system described in
section Il. The validity of this approach is demonstrated
by an example from a literature in Section IV. Finally in
Section V, conclusions are given.

I1. SYSTEM DESCRIPTIONS

In this section, we generalize the TS fuzzy system to
represent a TS fuzzy descriptor system with parametric
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uncertainties. As in [19], we examine a TS fuzzy descriptor
system with parametric uncertainties as follows:

Eeilt) = i mv(t)[[4: + AAe(t)
+[By, + AByJw(t) + (B, + AByJu(t)], 2(0) =0

A0 = Tim)][Cr, + ACyUJa(t)
+[Dra, + Ay Ju(t)]
y(t) = Ll m®)[[C + AC (1)
+[Dor, + ADQI,}w(t)]
I 0 . . W
where E. = 0 eI '€~ 0 is the singular perturbation

parameter, v(t) = [v1(t) - - vy(t)] is the premise variable
vector that may depend on states in many cases, u;(v(t))
denotes the normalized time-varying fuzzy weighting func-
tions for each rule (i.e., p;(v(t)) > 0and >, ui(v(t)) =
1), 9 is the number of fuzzy sets, x(t) € R™ is the state
vector, u(t) € R™ is the input, w(t) € RP is the disturbance
which belongs to £5[0, 0c), y(t) € R* is the measurement
and z(t) € R° is the controlled output, the matrices
A;, By, Bs,,C4,,Ca,, D12, and Dy, are of appropriate
dimensions, and the matrices AA4;, AB;,, ABy,, ACy,,
ACy,, ADqo, and ADo;y, represent the uncertainties in the
system and satisfy the following assumption.

Assumption 1:
AA; = F(x(t),t)Hy,, AB1, = F(x(t),t)Ho,,
ABs, = F(z(t),t)Hs,, ACi1, = F(x(t),t)Hy,,
ACy, = F(z(t),t)Hs,, ADis, = F(z(t),t)Hs,
and ADsgy, = F(x(t),t)Hy,

where Hj,, j = 1,2,---,7 are known matrix functions
which characterize the structure of the uncertainties. Fur-
thermore, the following inequality holds:

[1F(z(t), )] < p @

for any known positive constant p.
Next, let us recall the following definition.

Definition 1: Suppose ~ is a given positive number. A
system (1) is said to have an £5-gain less than or equal to

~ if
/Tf (=) - 2(t)>T(z(t) — 5(1)) de
0 .
<2 { /0 wT(t)w(t)dt} ®)

with 2(0) = 0, where (z(t) — 2(t)) is the estimated error
output, for all T > 0 and w(t) € £L2[0, T¥].

1. ROBUST Hoo FUZZY FILTER DESIGN

Without loss of generality, in this section, we assume
that w(t) = 0. Let us recall the system (1) with u(¢) = 0
as follows:

Beit) = iy m|[Ai+ AAa(t)

B, + AByJw(t)], (0) =0
A0 = LG+ AC ()] @
y() = X mi|[Coy + ACJa(t)

+[D2h +4 ADgll]w(t)] .

We are now aiming to design a full order dynamic H.,
fuzzy filter of the form

Balt) = Yoy Xy fiis[Ai(€)a() + Biy()]
2 = T mCia) o

where #(t) € R" is the filter’s state vector, 2 € R° is
the estimate of z(t), A;(e), B; and C; are parameters
of the filter which are to be determined, and ji; denotes
the normalized time-varying fuzzy weighting functions for
each rule (i.e, &; > 0 and >°'_, fi; = 1), such that the
inequality (3) holds. Clearly, in real control problems, all
of the premise variables are not necessarily measurable. In
this section, we then consider the designing of the robust
Hoo fuzzy filter into two cases as follows.

A. Case |-v(t) is available for feedback

The premise variable of the fuzzy model v(¢) is available
for feedback which implies that p; is available for feedback.
Thus, we can select our filter that depends on p; as follows:

Beilt) = Y0 Y5 mons[Ai(©)e() + Biy()]
2 = Y mCia). o

Before presenting our next results, the following lemma is
recalled.

Lemma 1. Consider the system (4). Given a prescribed
‘Hoo performance v > 0 and a positive constant J, if there
exist matrices X. = X7, Y. = Y, Bi(e) and C;(e),
i=1,2,---,r, satisfying the following e-dependent linear
matrix inequalities:

[ fs ;5 ] > 0 )

X, > 0 8)

Y. > 0 ©)

Uy,,(e) < 0, i=1,2,---,r (10)

Woo. () < 0, i=1,2,---,r (11)

Uiy, (e) +¥11,,(6) < 0, i<j<r (12)
Woo ; (6) + \I/ngi(a‘) < 0, 1< j <r (13)
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where
E71AY. + Y. ATE
Uy, (e)= +W72E 'By, BT
[Y.CT + E-'cl (e \Dr -1
ATE-'X, + X.E- 1AZ-
v B +Bi(e)Cy, +~CZTiB].T(€) (=T
22,,(€) = +C1.Cy,
[XgEgléli + Bi(E)DglJT *"}/21
with i
By, =[4éI I 0 By, 0],
Cy, = [ 2HT 2HT VIApHE Varxcr 1",
Di=[0 0 0 —vaxr]"

Doy, =[0 0 61 Doy, I]
and \ = (HPQZZ [HHQTiHQ].H + |H$;H7J|}> 7
i=1j=1

then the prescribed H., performance v > 0 is guaranteed.
Furthermore, a suitable filter is of the form (6) with

Ayle) = E[Yo' - X My(e)y!

B, = EY7'-X.]'Bie) (14)
C = Ci(e)E-tY 1

-1

where

M;j(e) = —ATEZT — X.EZ'AY.

—[Yo! = X BT BiCo, Y. — O [Cy, Yz + D12CyYe]
2 {XEEE*lBli 4 [V = X E- BiDay, } Bl B

Proof: Due to limited pages, the proof has been omitted.
]

Remark 1: The LMIs given in Lemma 1 may become ill-
conditioned when ¢ is sufficiently small, which is always
the case for the descriptor systems. In general, these ill-
conditioned LMIs are very difficult to solve. Thus, to al-
leviate these ill-conditioned LMIs, we have the following
e-independent well-posed LMI-based sufficient conditions
for the uncertain fuzzy descriptor systems to obtain the
prescribed H, performance. O

Theorem 1: Consider the system (4). Given a prescribed
Hoo performance v > 0 and a positive constant 4, if there
exist matrices X, Yy, By, and Cp,, i = 1,2, -- ,r, satisfy-
ing the following e-independent linear matrix inequalities:

XoFE + DXy I
I YoFE + DY,
EX! = XoE, XD = DXy, XoE+ DX, >0(16)
EY] =YoE, YD = DY,, YoFE + DY, >0(17)

>0(15)

Uy, < 0, i=1,2--,r (18)
Uop,, < 0, i=1,2,---,r (19)
Uy, + W, < 0, i<j<r (20)
Wog,, + V¥a2,, < 0, i<j<r (21)

I 0 0 0
whereEf<O O),D,(O I)’
v [ AYS YA+ BBl (0T
i [YoCT +cf Dh]" I
( ATXT + XoAi + By, Cs, ) ()T

\1122”— +C BO +Cl Cl
[XoBl + By, Da1, }T -2
with B
By, =[d I 0 By, 0],
v = [ ¢aT 28D vpH] vt |
Di=[0 0 0 —vaxr "

Doy, =[0 0 0I Dn, I]

1
roor 2

i=1j=1

then there exists a sufficiently small £ > 0 such that for € €
(0, €], the prescribed H ., performance vy > 0 is guaranteed.
Furthermore, a suitable filter is of the form (6) with

Aye) = [V -X]” Mo @Yt
B; = [Y5' = Xo] By, (22)
Ci = CoYy !
where
Mo, () = —AT = X AY. — V7! = X.| BiCy) Y-

~CL[C1,Ye + DixCy Y]
_'}/72 {Xgéli =+ I:Y'E*l _ Xs] BiDQh} élT]
Xo = {Xo+eX B, and v = {¥; ! 4N E

with X = D(XOT - Xo) and N. = D((Ygl)T - Y(;l).

Proof: The proof has been omitted for brevity. u

B. Case Il-v(t) is unavailable for feedback

Now, the premise variable of the fuzzy model v(¢) is
unavailable for feedback which implies p; is unavailable for
feedback. Hence, we cannot select our filter which depends
on ;. Thus, we select our filter as follows:

Beilt) = Y, Y5 i [Ai(€)2() + Biy()]
2 = Y i)
(23)

where [i; depends on the premise variable of the filter
which is different from ;.
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By applying the same technique used in Case I, we have
the following theorem.

Theorem 2: Consider the system (4). Given a prescribed
H, performance v > 0 and a positive constant ¢, if there
exist matrices X, Yy, By, and Cp,, i = 1,2, -- ,r, satisfy-
ing the following e-independent linear matrix inequalities:

XoE + DXy I
I YoF + DY,
EX!' = XoE, XI'D = DXy, XoFE + DX, >0(25)
EY] =YoE, Y{ D = DY,, Y,E + DY, >0(26)

>0(24)

Ui, < 0, i=1,2,---,r 27)
Poy,, < 0, i=1,2,---,r (28)
Uyp,, + W, < 0, i<j<r (29)
Uoo,, +Wao,, < 0, i<j<r (30)

I 0 0 0
WhereEf<0 0>,Df<0 I)’

( AYE + YoAT +472B,, BT (+)T )
Uiy, = I

[YoCT +c3 D" -1
AT X + XoAi + By, Ca, r
Uy, = < +CFBY +CF Gy, ) )
[Xoéh + BOLBmJ-]T I
with

Bi,=[6l I 0 B, 0],
paf pAL vaea] Vel |
Dis=[00 0 —vax ",
Dy, =[0 0 6 Dy, T]

i

1
T r z
and \ = (mﬂzz (1625, s, | + |H£H7j|}> ,
i=1j=1
then there exists a sufficiently small € > 0 such that for € €
(0, €], the prescribed H ., performance~y > 0 is guaranteed.
Furthermore, a suitable filter is of the form (23) with

Aij(e) = [Vt = X Mo, (e)V!
B, = [Yy'—-Xo By, (31)
¢ = Co, Y5 !

where

Mo, (e) = —AT = X A)Y. — [V ! = X | BiCy, Yz
~CT [0, Y + DioCyYe]
_’7_2 {Xs-él, + [Y’E_l _ XE} Bz’DZL;} éi
Xo = {Xo+eX}E and v = {¥;! +eN B
with X = D(XOT - X0> and N, = D<(Y0*1)T - Y0*1>.

Proof: It can be shown by employing the same technique
used in the proof for Theorem 1. u

IV. EXAMPLE

Consider the tunnel diode circuit shown in Figure 1 where
the tunnel diode is characterized by

ip(t) = 0.01up(t) + 0.050% ().

Assuming that the inductance, L, is the parasitic parameter

o<+
I
I
@
<
<
o

Fig. 1. Tunnel diode circuit.

and letting z1(t) = ve(t) and zo(t) = iy (t) as the state
variables, we have

Czi(t) = —0.01z1(t) — 0.05z3(t) + 22(t)

Lig (t) = —{El(t) — RIQ (t) + Olwg(t)

y(t) = Jz(t) + 0.1w (¢) (32)
Il(t)

z(t) = { 2a(t) ]

where w(t) is the disturbance noise input, y(t) is the
measurement output, z(t) is the state to be estimated and J
is the sensor matrix. Note that the variables x; (¢) and z2(¢)
are treated as the deviation variables (variables deviate from
the desired trajectories). The parameters of the circuit are
C =100 mF, R=10+10% 2 and L = ¢ H. With these
parameters (32) can be rewritten as

i1(t) = —0.1zq(t) + 0.523(t) + 102(t)
ein(t) = —x1(t) — (10 + AR)xa(t) + 0.1ws(t)
y(t) = Jx(t) + 01w (t)

_ | =)
z(t) = [ 2a(t) } .

(33)
For the sake of simplicity, we will use as few rules as
possible. Assuming that |z (¢)| < 3, the nonlinear network
system (33) can be approximated by the following TS fuzzy
model:
Plant Rule 1: IF z1(¢) is My (x1(t)) THEN

Egi'(t) = [Al + AAﬂx(f) + Bllw(t), l‘(O) =0,
z(t) = Cna(t),
y(t) = Coa(t) + Doy, w(t).

Plant Rule 2: IF z1(¢) is Ma(x1(t)) THEN

Esi'(t) = [AQ -+ AAg}x(t) + Blzw(t)7 1‘(0) =0,
2(t) = Cra(t),
y(t) = ngx(t) + Dglzw(t)
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where z(t) = [2] () =3 (1)]7, w(t) = [wi (t) w3 (1),

-0.1 10 —-4.6 10
A1*|:71 71:|7A27|:71 71:|a

0 0
Bh:Bh:{o 0.1]’

1
01:{0 H Coy=Cay=J, Dny=[01 0],

AAl = F(Z’(t),t)Hll, AAQ = F(l‘(t),t)le

10
andng{O E].

Now, by assuming that | F'(z(t),t)|| < p = 1 and since the
values of R are uncertain but bounded within 10% of their
nominal values given in (32), we have

0 0
w00

Note that the plot of the membership function Rules 1
and 2 is the same as in Figure 2. By employing the results
given in Lemma 1 and the Matlab LMI solver, it is easy to
realize that ¢ < 0.006 for the fuzzy filter design in Case
I and ¢ < 0.008 for the fuzzy filter design in Case II, the
LMIs become ill-conditioned and the Matlab LMI solver
yields the error message, “Rank Deficient”.

MZ(X])
—
M, (x;) ,
_3 0 3 X

Fig. 2. Membership functions for the two fuzzy set.

Case I-v(t) are available for feedback

In this case, z1(t) = v(t) is assumed to be available
for feedback; for instance, J = [1 0]. This implies that
w; is available for feedback. Using the LMI optimization
algorithm and Theorem 1 with ¢ = 100 pH, v = 0.6 and
6 =1, we obtain the following results:

An(e) = [ —0.0674 —0.3532 ]
1 —30.7181 —4.3834 |
Avale) = [ —0.0674 —0.3532 ]
12 —30.7181 —4.3834 |
Aore) = [ —0.0928 —0.3138 |
2 —34.7355 —3.8964 |
Aon(e) = [ —0.0928 —0.3138 ]
2 | —34.7355 —3.8964 |’
. 1.5835 . 1.2567
By = { 3.2008 ] By = { 3.8766 ]
Cy = [ —1.7640 —0.8190 |,

Co = [ 45977 —0.8190 |.
Hence, the resulting fuzzy filter is

Eed(t) = 33w Ay(@)2(t) + 3 miBu(t)

i=1j=1
2
) = Y wCid(t)
=1
where

p1 = Mi(z1(t)) and ps = Ma(z1(t)).

Case II: v(t) are unavailable for feedback

In this case, z1(t) = v(¢) is assumed to be unavailable
for feedback; for instance, J = [0 1]. This implies that
i is unavailable for feedback. Using the LMI optimization
algorithm and Theorem 2 with ¢ = 100 uH, v = 0.6 and
¢ = 1, we obtain the following results:

An(e) = [ —2.3050 —0.4186 ]
—32.3990 —4.4443 |’
Apn(e) = [ —2.3050 —0.4186 ]
12 —32.3990 —4.4443 |’
i _ [ —2.3549 —0.3748 ]
21(6) = | _394539 —3.9044 |"
i [ —2.3549 —0.3748 ]
2(6) = | 394530 —3.9044 |"
. —0.3053 . —0.3734
B = { 3.9938 } Bs = { 5.1443 }
Cy = [ 43913 —0.1406 |,

Co =] 19832 —0.1406 |.

The resulting fuzzy filter is

Bea(t) = D03 mubyAi(e)a(t) + 3 ubBiy(t)
i) = > uCia)
where

fir = My (21(t)) and fiz = Ma(21(t)).

Remark 2: The ratios of the filter error energy to the
disturbance input noise energy are depicted in Figure 3
when ¢ = 100 pH. The disturbance input signal, w(t),
which was used during the simulation is the rectangular
signal (magnitude 0.9 and frequency 0.5 Hz). Figures 4(a)
- 4(b), respectively, show the responses of z(¢) and z(t)
in Cases | and II. Table | shows the performance index ~
with different values of € in Cases | and |l. After 50 seconds,
the ratio of the filter error energy to the disturbance input
noise energy tends to a constant value which is about 0.02
in Case | and 0.08 in Case Il. Thus, in Case | where v =
4/0.02 = 0.141 and in Case Il where v = +/0.08 = 0.283,
both are less than the prescribed value 0.6. From Table 9.1,
the maximum value of ¢ that guarantees the £,-gain of the
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mapping from the exogenous input noise to the filter error
energy being less than 0.6 is 0.30 H, i.e, ¢ € (0,0.30] H
inCasel, and 0.25 H, i.e, ¢ € (0,0.25] Hin Case ll. O

V. CONCLUSION

The problem of designing a robust Ho, fuzzy e-
independent filter for a TS fuzzy descriptor system with
parametric uncertainties has been considered. Sufficient
conditions for the existence of the robust H,, fuzzy filter
have been derived in terms of a family of e-independent
LMIs. A numerical simulation example has been also pre-
sented to illustrate the theory development.

03 Case |
— Casell

0.25

0.2

0.15

0.1

0.05

Ratio of the filter error energy to the disturbance energy

Time (sec)

Fig. 3. The ratio of the filter error energy to the disturbance noise energy:
o ! (2(t) =20 T (2(t) 2t
T .
Jo F wT ()w(t)de |

TABLE | (8]
THE PERFORMANCE INDEX -~ OF THE SYSTEM WITH DIFFERENT
VALUES OF €.

[9]
The performance index ~
€ Output-feedback in Case | | Output-feedback in Case Il
0.0001 0.141 0.283 [10]
0.1 0.316 0.509
0.25 0.479 0.596
0.26 0.500 >06 (11]
0.30 0.591 > 0.6
0.31 > 0.6 > 0.6 (12]
[13]
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