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Abstract—Some properties of approximation sets are studied in
multi-granulation optimist model in rough set theory using maximal
compatible classes. The relationships between or among lower and
upper approximations in single and multiple granulation are compared
and discussed. Through designing Boolean functions and
discernibility matrices in incomplete information systems, the lower
and upper approximation sets and reduction in multi-granulation
environments can be found. By using examples, the correctness of
computation approach is consolidated. The related conclusions
obtained are suitable for further investigating in multiple granulation
RSM.
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[. INTRODUCTION

OUGH set theory is a useful tool for analyzing and

studying information systems concerning imprecise,
vague, undetermined knowledge. Since rough set model was
proposed by Pawlak in 1982s, it has been widely applied in
many scientific areas such as knowledge inference, decision
making and pattern classification [1]-[3]. Because the
phenomenon of missing attribute values for any object does not
exist in complete information systems, an indiscernibility
relation or equivalence relation is easy to be built and used to
process complete information systems. The results obtained are
also intuitive and ideal. But for an incomplete information
system (IIS), such an equivalence relation is not conveniently
constructed since missing values are not allowed to be
compared with real existed values. Some people fill the missing
value or null value by statistics or other methods, transforming
it into complete system, called indirect method. Other people
construct new relations between objects to deal with IIS. These
relations may not be equivalence relations. These approaches
are called direct methods; for example, tolerance relation [4];
non-symmetric similarity relation [5]; limited tolerant relation
[6]. With the granular view of points, maximal consistent block
technique for rule acquisition is put forward in [7]; some
algorithms for lower and upper approximation sets with
maximal compatible classes as primitive granules in IIS are
designed in [8]. Other approaches can be read in [9]-[11].
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Nowadays, direct approaches to dispose IIS have been become
a hot topic in RSM field because complete information system
can be regarded as a special case of IIS [12]. Furthermore,
experts now study granule computing and multi-granulation
RSM from different viewpoints. Multi-granulation rough set
model is suggested in [13]-[15]. The lower and upper
assignment reductions in incomplete and inconsistent decision
tables are introduced in [16]. Researches on knowledge
reductions in inconsistent system using tolerance relation and
tolerance classes are also done in [16]. Combining
multi-granulation RSM with similarity relation in incomplete
information table is also discussed by [17]. So studying on their
mixture forms has become an interesting topic in the RSM
field. In addition to discussing relationships between or among
tolerance relation, non-symmetric similarity relation, limited
relation and etc., constructing useful relations on the universe
from incomplete information systems by exerting strict
condition on them becomes current development tendencies. A
chief aim is at breaking through the limitation of traditional
RSM and extending study of tolerance relation instead of using
generalized decision rules [4].

The present paper engages some work in defining lower and
upper approximation sets (to some extent, it is a kind of
optimistic multi-granulation RSM) in the case of one subset of
attributes and those in the multi-granulation RSM (MGRSM)
using maximal compatible classes as granules of tolerance
relation to enhance the processing ability for IIS. The solving
approaches for lower and upper approximation distribution
reductions in MGRSM view are suggested. Properties of
distribution approximations and relationships between single
and multi-granulation RSM are investigated. The main goal of
it is to obtain some useful and related results through analyzing
the lower and upper approximation distribution law in
MGRSM. A method to acquire decision rules from consistent
IIS is presented. Through proofs, examples and experiments,
the method is verified to be correct. So this knowledge
acquisition approach is meaningful.

1. DEFINITIONS AND CONCEPTS
Maximal compatible classes as primitive granules and
multi-granulation approach are our important concepts, so we
first give some related definitions and explain some
terminology, and then introduce models.
A quadruple 1IS=(U,AV,f) is called an IIS (see the

definitions in [4]) where all elements are defined.

SIM(B) = {(x,y) eU xU: VaeB, f(x,a) = f(y,a)
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vi(x,a)=*v f(y,a)=*} is called a tolerance relation, where

BCA. 0(B)={X cU :max{X*> < SIM(B)}} is called
complete cover with compatible classes, where max means
conclusion . O(B) is also called a knowledge expression

system over U . O,(X) =max{X : x e X, X* = SIM(B)} is called
compatible class(es) containing x where X €U .

CeO(B) is viewed as primitive granule presently.
Arbitrarily, two elements in CeO(B) are mutually
compatible, not like in tolerance class in [4], maybe not
mutually compatible. O(B) =, Oy (X) is obvious.
Definition 1. Let IIS=(U,AV,f) be an IIS, BC A,
X c U . Then

B(X) = UCEO(B),C(\X:t@C » B(X) = o8)cex ©

are called upper and lower approximations for X in
knowledge expression system O(B) respectively.
ag(X)=B(X)|/| E(X) | is called the approximation
precision.
In [13]-[15], Qian et al. propose optimistic and pessimistic
multi-granulation rough set models (MGRSM). Combined with

the above compatible granules, we can introduce the above
definition and concepts into MGRSMs using complete cover

O(B) and then get some related new results.
Definition 2. Let 1IS=(U,AV, f)bean IS, B ,B,,...B, c A
be m attribute subsets, M = {1,2,...,m}, X U . Then the

optimistic multi-granulation lower approximation of X is
referred to

> B(X)={xeU:JieM(xeB(X))}:

the upper is

21O BX)

m .
Bn;m:I&(X)zzﬂ:lB,(X) =Y " Bi(X) is called the
optimistic multi-granulation boundary region of X

\ ZL B,(X)|/] Zzl B,(X)| s called approximation

precision.

III. MAIN FEATURES AND RELATIONSHIPS

An equivalent calculation method of lower and upper
approximations in Definition 1 is given in the following
theorem.
Theorem 1. Let 1IS =(U,AV, f) beanIIS, B < A. Then
1. B(X)={xeU:3CeOB)xeCA(CNX =D))};
2. B(X)={xeU:3CeO(B)(xeCAC c X)}.
Proof.

(1) ye{xeU:3CeO(B)(xeCACN X D)}
o@cxC-Thus {x e U :3C € O(B)

C (xeCACNX =D)}

Y€ Ucco)cnx-oC =3IC eO(B)C N X = D).
So y € C . Therefore,

=>yel,

€ Yeeo(B)cnx =2

ye{xeU:3Ce0(B)(xeCACNX =J)}

UccomcnxsoC S {XeU:ICeO(B)(xeCACNX #D)}.

Hence

Ucos)cnxsoC = XeU:IeQB)xeC
AC N X = @)} =B(X). So

B(X)={xeU:3CcOB)xeCA(CNX D))} .

(2) ye B(X)={xeU:3CeQ(B)(xeCACcX)}

= 3CeO(B)(yeCACc X) =ye UcomcexC -
Thus  {xeU:3CeOB)(xeCAC < X)} S e cexC
VY € Usoycex © = 3IC €0(B) (C = X) such that yeC.
Thus Yy e {xeU:IeOB)xeCACcX)}=B(X) . That is,
Uearmycex © =X €U :3CeO(B)(x e CAC = X)}
So U

L amoxC=xeU: ICeBIXeCACSX)=B(X) .

This theorem means that B(X) can be expressed by
B(X)={xeU:3Ce0(B)(xeCACcX)}

The upper approximation of a subset X can be calculated by
lower approximation as in the following theorem.

Theorem 2. Let IS=(U,AV,f) be IIS, BC A X cU.
Then ~ B(~ X)=B(X).

Proof. y e~ B(~ X) & y e, C=B(X).

<O(B)CAX#
Lemma. y e~ B(~ X) <Y € Us o) cx0C :E(X) :
The upper approximation of X < U also complies with the

following theorem.
Theorem 3.  B(X)={xeU:VCeO(B)xeC
>CnX =)}
Proof. ye ~B(~X)<=VCeOB)yeC—->CnX=J). So
B(X)= {xeU:VC eO(B)(xeC—>CnX =)}

We can obtain properties of lower and upper approximation
for the union or intersection of a series of subsets as follows.
Theorem 4. Let IIS=U,AV,f) be an IIS,

BcAM=12,.k X,cU (ieM).Then
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L. B(N5, X)) < n,B(X,);

2. UK B(X)) € B(UL, X))
3. B(ﬁI1 ,)Cﬁ B(Xi);

4. B(U', X,)=UX B(X))
Proof.

(1) Yy e BN, X)) =y ey

CeO(B),Ccrk, X;

=Yye ﬂrzlﬁ(xi).Thus B(n{, X)) € N B(X,).

() vyeU B(X,)=3Jie M,y eB(X;)
=y eB(U,X,). Thus U B(X.) < B(UX, X,).

3) E(ﬁrzl X)=u C.,so

CeO(B).CA(N, X))o

vy eu C= yent,B(X)).

CeO(B).CA(MK, X;)=D

So B(mll |)Cm B(xi)'

@) yeU,B(X)e yeBULX,).
Thus UK 1B(X )< B(uI X))
vy eB(UL, X)) = ¥ e UL B(X)).
Thus B(uHXi) guizl B(Xi).
So B(UY, X;) = B(UY, X))

An equivalent expression about the upper approximation of a
subset in MGRSM is as follows:

>TB(X)= {xeU:VieM(VCeO(B)
(xeC—->CnX =0))}

Proof. ﬂ(X): ~ &(N X), so ye %(X)

oyer Y "B(~X)eye

{xeU ZHiMZEO(Bi)(XEC/\(CﬂX =)}
Since —3i e M(3C €O(B)(y eCA(CNX =2)))

e  VieM(VYCeO(B)yeC—CnX =D))

Thus, ~Z B(~ X) {xeU:VieM(VCeO(B)

(xeC->Cn X =)},

Another equivalent expression about the
approximation in MGRSM is illustrated as follows.

B.(X) = {xeU:VieM(x GE(X))}

Theorem

upper

Theorem 6. zn;
Proof. Z (X)—NZIl Bi(~ X) ., so we have ye

2By~ B

B,(~ X)

& {xeU:3ieM(xeB(~X))}.
—Jie M(x e By(~ X)) & Vie M(xeB(X)).

Thus,
m
yed .,

So

B.(X) < ye {xeU:VieM(xeB/(X))}.

> B(X)={xeU: Vie M(xeB (X))}

The lower approximation of a subset in MGRSM can be
computed by the union of the lower approximations of it in
single granulation models, while the upper approximation can
be calculated by the intersection of the upper approximations.

Theorem 7. Let lIS=(U,AV,f) be an 1IS, B,c A
(i=1,2,...,m), X cU . Then

1. Z B(X) Ull |(x)
le |(X) mllBl(X)

Proof.
(1)21 B(X)={xeU:3ieM@E@FCeO(B)

(xeCA(Cc X))}
yeZ B /(X)=ye Ul Bi(X).
vy el .(X):yez B,(X).
So, ZHB(X) UL B(X).
(2)2: B(X)={xeU:VieM(xeB(X))}.So,

le |(X) r\|1 |(X)
Theorem 8. Let [IS=(U,AV,f) be an 1IS and B;
cA(i=1,2,...,m), XcU. Then

M YL BOOSX ey B(X);

O B(2)=Y | B(D)=2
Z.l B(WU)=)" BU)=U;

3 X B B(X)=Y" B(X),
Z,l.z (X))—Z B,(X)

Proof. Here we only prove (3).

Because Z :n:l B,(X)c X

for any X cU ,
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ZL Bi(zi: B/(X)) c 221 B,(X). So, we just need to
prove ZL B.(X)c ZL B.(D." B(X)).
For VX ez (ZI . B (X)), we have

VivC €O(B)(xeC —CaY " B/(X)) = CzX.

Thus,

xey " B(X).

> BOOCS Y B B(X).

Conclusively,

35 B0 = LB,

Next, sice X < " B(X) , thus > B/(X)
c Y B( 2 B(X)). For Vxe 37 B( 3, B(X) .

it follows X%Z ~>TBX) =xed. B(X).

m m m
Therefore, Y " B,( D " Bi(X)) = > " B(X).
TABLEI
AN IIS FOR CARS

9] p M S X D

1 high low full low good

2 low * full low good

3 * * compact low poor

4 high * full high good

5 * * full high  excellent

6 low high full * good

The lower and upper approximations of a set of subsets in
MGRSM have relationships between their lower and upper
approximations in single granulation model as follows.
Theorem 9. Let IIS=U,AV,f) be an IIS,

B c Ali=12,..,m),X; cU(j=12,...k). Then
(1) 20 BELX) =B X) S LB X))
@ X B X) =B X) 2L (L B(X))

(3) Zﬂ a(ml;:lxj):q =1 (ml 1X )Cﬂ l(mj =1 |(X ))
@ Zl (d( X) QI (d;:lxj)zqn;(kj}:la(xj))-

This theorem can be proven according to theorem 4 and
theorem 7. Here the proof is omitted for saving space.

Example 1. Table I shows an IIS, in which Price, Mileage,
Size, Max-Speed are all condition attributes, d =D is a decision
attribute. Use P, M, S, X to denote Price, Mileage, Size,
Max-Speed respectively in Table I [4].

Let B={P,M,S,X}. O(B)={{1},{2,6},{3},{4,5},{5,6}}}.
Os(D)={{1}}, Os(2)={{2,6}}, Os(3)={{3}}, Oe(4)={{4.5}},
()B(S)= {{49 5}’{5>6}}3 05(6)={{2a6}5 {596}} X:dgood: {15254,

6}. We obtain: B(X) ={1,2,6}, B(X)={1,2,4,5,6} .

ag(X) = B(X)|/| B(X)|=3/5-05.

Example 2. In Table I, let B,={P,M}, B,={S,X}, B;={M,X}.
Then O(B,)={{1,3,4,5},{2,3,5,6}}, O(B,)={{1,2,6},{3},{4.5,

611, O(Bs)={{123}.{2.3.6},14,56}1. . B(X)=UB(X)

=126}, > B(X)=U[,B/(X) ={1234,56}.

The optimistic approximation precision in MGRSM is

13" B(X) /1D Bi(X)|=3/6=05.

IV. APPROXIMATION DISTRIBUTION REDUCTION

Now we discuss approximation distribution reduction in
MGRSM based on our granules--maximal compatible classes
and suggest upper and lower approximation distribution
reductions and then solve simplest certain and possible decision
rules in incomplete decision table.

Definition 4. Let [IS=(U,Au{d},V, ) be an incomplete
decision table, B={by,b,,...,b,} <A. Then

B({d}) = 0 BOX), 20 B, 20 BX)S
B({dH={>" b(X). X B(X,).... > b(X)}

are called forming the lower and upper approximations of
decision class family referring to B in MGRSM respectively. If

B={ci, Cy,...,Cn}, then:
B(d}) = X 6(X) Xp 6K, 2 GO
B({d)={> c(X). ) (XD C(X)}

The lower and upper approximation distribution reductions
in MGRSM are defined in the following definitions,
respectively.

Definition 5. Let IIS=(U,Au{d},V,f) be an incomplete
decision table, B ={b,b,,...,b,} = A, then B is called a
lower approximation distribution reduction in MGRSM if, and
only if B({d})=A({d}), VC < B, C({d}) »A({d}). B is
called a upper approximation distribution reduction if, and only

if B({d})=A({d}), YC c B, C({d}) = A({d}).
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Definition 6. Let 1IS=(U, Au{d}V f) be an incomplete
decision table, B = {b,,b } < A, xeU. Then

2”m

b.(X)},and
b (XD}

B(x)={X €U/IND({d}): xe > "
B(x)={X eU/IND({d}): XEZ

Theorem 10. Let [IS=(U,Au{d},V,f) be an incomplete
decision table, BCA. Then

(1) B({d}) = A({d}) iff ¥xeU(B(x)=A(x));

(2) B({d}) = A({d}) iff ¥xeU(B(X)=A(X)).

Proof.

(1) “=": Since B({d}) = A({d}), ¥X, eU/IND({d}),

Z_”:]tq(xk)=2 G (X,). thatis, Vx U ,
XEZ

XEEZJ] b (X,) < x¢z 22 Gi(X,) - Thus

B(x) = A(x) for VX eU . “<=": Since B(x)= A(x) for
vxeU, Z b(X,) = i"
VX, eU/IND({d}), thus B({d})=A({d}).

b(X, )@Xez ¢ (X,) and

c,(X,) for

The proof of (2) is similar to that of (1).

Theorem 10 is useful for finding the lower and upper
distribution reduction of X. But it is not so easy. Now we give an
easier method.

Theorem 11. Let 1IS=(U,Au{d},V,f) be an incomplete

decision table, BCA. Then
(1) vxeU(B(x)=A(x) )=>TaeB(A(x) 2 A(y)
—3C <O fa}),xeC X eAC €O((eh),y €C,CaC)
(2) VxeU(B(x)= AX)=TacB( AY)zA(X) —
3C eO({a}),xeC,3ce AC' €0({c}),y eC,C'¢C ),

VX, e B(x)vae AVC eO({a})(xeC »Cn X, D)

Proof.
1« = From  A(x)z A(Y)

X, €U /IND({d}) such that X, € A(X) and X, & A(Y) .

there  exists

Because B(x) = A(X) for vxeU, then
X, €B() ={X eU/IND({d}): xe ¥ b(X)} and
X, 2B(y) = (X U/IND((d}):y X" (X)} . Therefore

JaeB, Xea(X,) and VceB,y¢c(X,) = JaeB,
3C e0O({a}),xeC, JceB, 3C'e O({c}),yeC',CzC'.

“ & 7 Since B={b,b,--,b }cA={a,a,,--,a,} .

VX, €U/IND({d}) , we have z b,(X,) =
{xeU:3je{l2,.,m},CeO({b},xeC,C = X,},
Z.nl c.(X,)={xeU:3je{l2,..,n},CeO({c,},
xeC,Cc X,}. Because B={b,b,, b
al=A, Z“ (X, )CZ ¢,(X,). Therefore, we

have B(x) < A(x) for VX < U . So in the following we only
have to prove that B(x) o A(x) for VX c U .
Due to the given condition, we have

S 18,2,

JaeB,3C €0({a}),xeC,
yeC,CgC’
=3JaeB,3C e0O({a}),xeC,3c € AIC' €0({c}),
yeC',Cg C’.

Jc e B,3C' € O({c}),

—(JaeB,3C 0({a}),xeC,Ic e AIC € O({c}),
yeC,CgC) & VaeB,vCeO({a}), xeC,
vee AVC e0({c}), yeC.CcC =ANCAY).

For VX €A ={X €U/IND({d}): xe 3 6(X)}

=X eAY)=3c'e A3C"0({c"}),y eC",C" = X,
+VaeB,VvCeO({a}),xeC,Vce A VC' eO({C}),.
yeC',.CcC’

- VaeB,VCeO({a}),xeC,3c'e AIC" cO({c'}),
yeC".CcC'c ijXeﬂ(Xk)zxk eﬂ(x).
(2) “=": Suppose K(y)g_z(x) . Then there must exist
an X, €U /IND({d}) such that X, e A(y) and X, ¢ A(x) -
Because E(X)zﬂ(x) for VxeU,
X, B(x)-

thus Xkeg(y) and

X, €B(y)={X eU/IND({d}): y e B(X)}

_{X eU/IND({d}):yen, a(X)}

— VaeBVC' eO({a})(yeC' ->C'nX, #D)
X, B(X)={X eU/IND({d}): x e B(X)}
—=3JaeB3ICeO({a})(xeCACNX, =D).

So, summing up the above two results, we have

JaeB3IC e0O({a})aC' €O({a})(xeC Ay eC' AC'ZC).
For VX, € B(X) = A(X)

— Vae AvC eO({a})(xeC >C N X, D)
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“ < " For B AB(X)={X, eU/IND({d}): xe B(X,)}
= {X, eU/IND({d}): xe M, .,a(X, )},

A(X)={X, eU/IND({d}): x e A(X,)}

Muea(X,)
cn,ga(X,)s therefore,NX)gE(X) for VxcU .

={X, eU/IND({d}): x e, ,a(X, )},

In the following we are going to prove E(x) c K(x) for
VX < U under given condition. From given condition, we
have:

—JaeB3C e0({a})3C' eO({a})(xeC Ay eC' AC'¢C)
=AYy cAX) , ie VaeBVCeO({a})vC eO({a})
(xeCayeC' »C'cC)= A(Yy) = A(X)

O({a}) is a complete cover, so Vae B VvCeO({a})
vC'eO({a})(xeCAayeC'->C'cC) equals to
VaeBVC eO({a})vC' eO({a})(xeCAyeC' »c'=c).
Thus, B(X) = B(Y).

If X, € B(X),then X, ¢ A(X).

X, €B(X) =VaeBVC eO({a})(xeC —>CX, D).
X, £AX) = X, ¢{X eU/IND({d}): x e A(X)}
=3Jae AIC eO({a})(xeCACN X, =)

From Va e BYC e0({a})vC’ e O({a})
(xeCAyeC' —»C'=C) , we obtain B(x)=B(y) . So,
VaeBVCeO({a})(xeC—>Cn X, #J) implies that
we do not have 3a € B3C € O({a}) (XeCACNX, =9,
but only have Jae A-B
3C'eO({a})(yeC'AC'n X, =9).

From VX, eB(x)Vae AVC eO({a})(xeC—>CnX, #Q) .
we get a contradiction. This means X, ¢Z(x). Therefore,
X, EZ(X) . So E(X) g:_A(X). Conclusively, we obtain

E(x) =,_A(x).

V.FINDING APPROXIMATION REDUCTIONS

So as to solve the lower or upper distribution approximation
reductions from MGRSM with granules maximal compatible
classes, we build discernibility matrices first and then choose
discernible attributes.

Definition 7. Let 1IS=(U,AV, f) be an incomplete decision

table. We define

Ruww = {(X,¥) €U : ACOZA(Y)}
{ae A:3C,C'eO({a})(xeC
Dy (X, ¥)=1 Ay eC'ACZC)A(X.Y) € Ry}
a, otherwise

Myw =Dy (X, Y): X,y eU}

Ruoe = {(X,y) €Ut A(Y)Z A(X)}
fae A:3C,C'eO({a})(xeC
AyeC'AC'gC), VX, e A(X)
Vae AVC eV ({a})(xeC

> Cn X, #9), (X,¥)e Ryyp}

g, otherwise

Myue = {Dyup (X, Y) 1 X,y €U}

Dyur(X,y) =

Dyw (X, Y) is called the lower discernible attribute subset
and Dy, (X, Y) is the upper one; M, ,, is called the lower

approximation distribution discernible matrix and M, is the

upper one.
Theorem 12. Let 11S=(U,Au{d},V, f) be an IIS, BSA. Then

() B({d)=A{d}) < if Dy (X,y)#=d, then
B Dy (X, Y) =D

(i) B({d})=A({d}) < if Dy,p(Xy)#d, then
BNDyp (X, y) =D

Proof. .

(i) Since B({d})=A({d}), we have VX eU ,B(x)= A(X).

Since (X,y)eRyw - Wwe have A(X)gA(y) and
Ja e B3C €O({a}),
xeC,3ceB,C' e0O({c}),y eC,CeC’

ae Dy, (X, y)# D meansthat BND,,,,(X,y)#J.

Therefore

If VD, (X, ¥) 2, then we have A(x)g A(y) . It
follows that JaeB , 3C,
C' eO(fa})(xeCAyeC ACgC) Thus, VXxeU
B(x) = A(x)- So B({d})=A({d})-

The proof of (ii) is the same as that of (i).

Definition 8. Let S=(U,AT,V,f) be an incomplete decision table.
We respectively define

Aww = AV DMLW (X, Y);
(X%,Y)eRuLw
A,p= A vD X, ¥).
MUP (X,Y)eRyup MUP( ’ y)

Ay is called the lower approximation distribution
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discernibility function, A, is the upper one in MGRSM,
where A is the conjunction, and v is the disjunction.

Theorem 13. Let 1IS=(U,Au{d},V,f) be an incomplete
decision table, BCA. Then

(1) if, and only if A B is a necessity term of A, ., Bis a

lower approximation distribution reduction of the
incomplete decision table;

(2) if, and only if A B is a necessity term of A B is an

MUP >
upper approximation distribution reduction of the
incomplete decision table.

The proof of it is similar to that of Theorem 15 in [14].
Theorem 14. Let IIS be a consistent incomplete decision
table. t=A(&;,V, ), S= (d,]),j €V, . Then
(1) If B is a lower approximation distribution reduction, then

for any xe U, r,: t—s is a certain decision rule;

(2) IfB is an upper approximation distribution reduction, then
for any Xxe U, ry: t—s is a possible decision rule.

TABLEII
Dyiw (X, y) witt (X, y) & SIM (A)
1 2 3 4 5 6

1 S X X

2 X X

3 S S SX SX S
6 S

VI. AN EXAMPLE REDUCTION IN MGRSM

In order to illustrate how to solve a reduction in MGRSM in
incomplete decision table with our suggested method, here we
give an example.

Example 3. Use the incomplete decision table shown in Table

I. We can easily obtain U/IND({d} ={X,X,X}, where
X =246, X=8, X,={5}. AX) =26}
AX)=8l AU} = {ACX,), ACX,), ACX,)} =
{A({1,2,4,6}), A({3}), A({5})} = {{1,2,6}, {3},}.
OA={{}, 26,3, 145.561.  O\(D=1{{l}},  0.(2)=
{{2,6;1,0,3)={{3}}, O@={&45} OO={56,
0.(6) = {{2,6},15,6}}.

A = {XeU/IND({d}):1e AX)} ={X},
A2 ={X},AB)={X,}, AD=A)=T N6)={X,}.
U/IND({P} ={{1,3,4,5},{2,3,4,6} },
U/IND({M}={{1,2,3,4,5},{2,3,4,5,6} },

U /IND({S} = {{1,3,4,5,6},{3}},
U/IND({X}=1{{1,2,3,6},{4,5}}.

Ruw =106, Y) s A(X)ZA(Y)}
=1(1,3),(1,4),(1,5),(1,6),(2,3),(2,4),(2,5),(3,1),
(3,2),(3,4),(3,5),(3,6),(6,3),(6,4),(6,5)}.

Dyiw (X, Y) ((X, y) & SIM (A)) with different pairs of x

and y are shown in Table II. A blank means an empty.

TABLE III
Dyue (X, Y) wih (X, y) & SIM (A)
1 2 3 4 5 6

1 S X

2 X

3 S S SX SX S
4 SX

5 SX

6 S

Ayw =SAXAXAPVX)AXASAS
ASVX)IA(SVX)IASAS =S AX.

So, {S,X} is the lower approximation distribution reduct of
11S. SAX({dY) = {{1,2,6},{3},@} = A({d}). This result
is identical to that in [4].

AX)=A{1,2,4,6}) =~ A~ {1,2,4,6}) =~ A{3.5})
=~ 31={12,4,56}, AX,) =3}, AX)={45,. A({d})
={A(X)), A(X,), A(X,)} =1{{1,2,4,56},{3},{4,5}} .
A ={X eU/IND({d}): 1€ A(X)} = {X,},
AQ2)={XLAB) = {X,}, A4 ={X}, AB)=1{X,},
A6) = {X,}.

Rue = {06 1) 1 A(Y)ZAX)} ={(1,3),(1,5),(2,3),
(2,5).(3.1),(3,2).(3,4), (3.5).(3,6),(4,3),(4,5).(5.1),
(5,2),(5,3), (5,4),(5,6),(6,3),(6,5)}.

Dyue (X, Y) with different pair (X,Y) e SIM(A) are

shown in Table IIL. Ay, p = S A X A(S Vv X) =S A X.So,
{S, X} is the upper approximation distribution reduct of IIS.

SAX{d}) ={S A X(X)),S A X(X,),
SAX(X,)}={{,2,4,56},{3},{4,5} =S A X ({d}).

This result is also identical to the one in [4].

VII. CONCLUSIONS
Using the knowledge representing system O(B) (B is any

subset of attribute set), a maximal compatible class set, as a
primitive granule, the present paper defines the lower
approximation distribution reduction and the upper one. It
extends definitions of them from single granulation RSM to
MGRSM. It discusses properties of the lower and upper
approximations and reductions in single and multiple
granulation models, and the relationships between both models.
Disjunction and conjunction operations of subsets are also
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explored. Under certain conditions, the lower and upper
approximation in multi-granulation model is related to the
lower and upper approximation distribution reductions in single
models (see Theorems 10 and 11). It designs discernibility
matrices and Boolean functions to find upper and lower
approximation distribution reductions. It verifies the
correctness of them through examples. This granular approach
supplies us a view to study MGRSM in processing IIS.
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