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Physical conserved quantities for the axisymmetric
liquid, free and wall jets
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Abstract—A systematic way to derive the conserved quantities for
the axisymmetric liquid jet, free jet and wall jet using conservation
laws is presented. The flow in axisymmetric jets is governed by
Prandtl’s momentum boundary layer equation and the continuity
equation. The multiplier approach is used to construct a basis of
conserved vectors for the system of two partial differential equations
for the two velocity components. The basis consists of two conserved
vectors. By integrating the corresponding conservation laws across
the jet and imposing the boundary conditions, conserved quantities
are derived for the axisymmetric liquid and free jet. The multiplier
approach applied to the third-order partial differential equation for
the stream function yields two local conserved vectors one of which
is a non-local conserved vector for the system. One of the conserved
vectors gives the conserved quantity for the axisymmetric free jet but
the conserved quantity for the wall jet is not obtained from the second
conserved vector. The conserved quantity for the axisymmetric wall
jet is derived from a non-local conserved vector of the third-order
partial differential equation for the stream function. This non-local
conserved vector for the third-order partial differential equation for
the stream function is obtained by using the stream function as
multiplier.

Keywords—Axisymmetric jet,liquid jet, free jet, wall jet, conser-
vation laws, conserved quantity

[. INTRODUCTION

Conserved quantities are required when solving boundary
value problems for jets. The conserved quantities have been
established by integrating the momentum boundary layer equa-
tion across the jet. The boundary conditions and continuity
equation are used in the derivation of the conserved quantity.
Recently, a new method of deriving conserved quantities was
introduced by Naz, Mason and Mahomed [1] by which con-
served quantities are constructed with the help of conservation
laws. Goldstein [2] established the conserved quantity for an
axisymmetric free jet by integrating the momentum equation
across the jet. Later, Duck and Bodoyni [3] established the
conserved quantity for the axisymmetric wall jet by the
same procedure. The conserved quantity for the axisymmetric
liquid jets was obtained from a physical argument based on
conservation of volume flux in an incompressible fluid.

The conserved quantity not only determines the unknown
exponent in the similarity solution for the homogeneous
boundary value problems of jets but also it is a measure of the
strength of the jet. The conserved quantity for an axisymmetric
liquid jet is the volume flux. Goldstein [2] showed that the
conserved quantity for the axisymmetric free jet is the total
momentum flux in the downstream direction. This flux is
constant along the jet. For the wall jet on an axisymmetric
body, the conservation integral involves a balance between
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the viscous and inertial forces of the jet (see [3]). There is
no physical interpretation of this conservation integral.

In this paper, we construct the conserved quantities for the
axisymmetric liquid, free and wall jets using the approach in-
troduced in [1]. The conserved quantities for the axisymmetric
liquid, free and wall jets are derived using conservation laws.
Mason and Ruscic [4] discussed the elementary conservation
law for the third-order partial differential equation for the
stream function for an axisymmetric free jet. These authors
wrote that conservation law from inspection of the momentum
equation. To the best of our knowledge the conservation laws
for the system of equations for the velocity components and
the third-order partial differential equation for the stream
function have not been computed. We will construct the
conservation laws for the system of two partial differential
equations for the velocity components as well as for the third-
order partial differential equation for the stream function for
the axisymmetric jets using the multiplier approach (see for
example [5], [6], [7], [8]).

II. CONSERVATION LAWS FOR SYSTEM OF EQUATIONS FOR
AXISYMMETRIC JET FLOWS

We consider the axisymmetric liquid jet, free jet and wall
jet. An axisymmetric free jet is formed when fluid emerges
from a small circular orifice in a wall into the surrounding
fluid which is the same fluid as the jet ([2]). An axisymmetric
wall jet and liquid jet on an axisymmetric body is formed
when an axisymmetric jet is incident on the surface of the
body along the axis of symmetry and spreads out over the
surface. For the wall jet the surrounding fluid is the same as
the jet ([3]) but for the liquid jet the surrounding fluid is a
gas.

The fluid of the jet is viscous and incompressible. There
is no slip or suction or blowing at the solid boundary for the
axisymmetric liquid and wall jets. Cylindrical polar coordi-
nates (z,r,6) are used. The z—axis is along the axis of the jet
and all the fluid variables are independent of 6. For the free
jet the origin of the coordinate system is at the orifice. For
the wall and liquid jet on a circular cylinder the origin of the
coordinate system is at an arbitrary point.

Prandtl’s boundary layer equations governing the steady
flow in the axisymmetric liquid, free and wall jets, in the
absence of a pressure gradient, are

Ul + VU = V(urr + &)7 (1)
T

(ru), + (rv), =0, @
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where u(z,r) and v(z, ) are the velocity components in the z
and r directions, respectively and v is the kinematic viscosity
of the fluid.

A. Stream function

The stream function for a flow with an axis of symmetry is
described by Batchelor [9]. From (2), rudr —rvdz is a perfect
differential, da):

dy = ru(z,r)dr — rv(z,r)dz. 3)

Choose any point O(z,,0,,7,) as the reference point on the
line » = 7, in the axial plane 6 = 6,. For the free jet r, = 0
and the line is the axis of symmetry. For the wall and liquid
jet o, = a where a is the radius of the cylinder and the line is
a generator of the cylinder on the surface. The stream function
1 (z,r) at any point P(z,6,,r) in the axial plane is obtained
by integrating diy along any curve in the axial plane joining
O and P:

P
P(z, 1) — P(20,70) = / r(u(z,r)dr —v(z,r)dz). (4)

o

Equation (3) yields

1 1
U= —tYp, v=——1.. &)
r r

The axisymmetric free jet is symmetrical about the plane
r =1, and for the liquid jet and wall jet there is no suction
or blowing of fluid at the solid boundary of the cylinder r =
7o = a. Thus for all three jets, v(z,7,) = 0 and therefore
¥.(2,7,) = 0. Thus ¢(z,r,) = 1, where 1, is a constant
which we choose to be zero and (4) reduces to

P

Y(z,r) = / r(u(z,r)dr —v(z,r)dz), (6)
o

where r, = 0 for free jet and r, = a for liquid and wall jets.

Integrating (6) with respect to r with z kept fixed from r = r,

to 7 = oo gives

P(z,00) = / ru(z,r)dr. (7)
We assume that u(z,r) — 0 sufficiently rapidly as r — oo to
ensure that the integral in (7) exists. Thus v (z, c0) is finite.

We substitute (5) into (1)-(2). Equation (2) is identically
satisfied while (1) gives rise to a third-order partial differential
equation for the stream function :

L e + by — st
T T T

1 1
_V(’L/}T'r"r - ;1/)7‘7‘ + 7"721/)7) =0. (8)

We derive a basis of conservation laws for the system (1)-(2)
as well as for the third-order partial differential equation (8),
using the multiplier approach ([5], [6], [7], [8]).

B. Conservation laws for system of equations for velocity
components

Multipliers A; and As, for all functions u(z,r) and v(z,r),
not only for the solutions of (1)-(2), satisty

U
Ay [uuz + vup — v(Up + TT) + As [ru, + o, + 0]

=D.T" + D,T?, ©)
where D, and D,, defined by
ad 0 0
Dz = 5 z o z .
0z u Ju tv v
0 0 0 0
2z2 2z 2T o 2T o B 10
tu ou, tv v, tu ou, v ov, + (10)
0 0 0
Dr = . Ty T .
or tu ou tv v
0 0 0 0
+urr7+U7‘7>7+ur27+v7>27+"'7 (11)

Ou,. v, ou, v,

are the total derivative operators. The two determining equa-
tions for the multipliers are obtained by applying standard
Euler operators E,, and E, on (9). The Euler operators E,,
and E, are defined by

ad ad 0
EF,=—-D,— —D,—
ou 3uz 8u7.
0 0 ad
2_v S — 2 7 e
+D: Bu. + D,D, R + D; D , (12)
and
0 0 0
EFn=—-D,— —-D,—
ov v, ov,.
ad 0 0
2_7 S— 2_ 7 e
+D: B + D.,D, Ju + D; o . (13)

Thus the determining equations for multipliers of the form
Ay = Aq(z,7,u,v) and Ay = Aa(z, 7, u,v) are

E,[A1(vu, + vuy — v, — %)

+As(ru, + ru,. +v)] =0, (14)
E,[A (uus + vu, — vy, — V:fr)

+As(ru, + rv,. +v)] = 0. (15)

After expansion, (14) and (15) become

v
TT ) +Aoy(ruy + 1o, +v)+Au,

Ay (uuz + VUp — VUpp —

—D. [uA; +rAs] — D, [Al(v - ;)} —uD?(Ay) =0, (16)

A1y (uuz + vUp — VU — zxur> + Aoy (ru, + v, +v)
r
—DT (TAQ) + Alur + Ag = 0, (17)

which must be satisfied for all functions u(z,r) and v(z,r).
Equating the coefficients of derivatives of v and v in (16) and
(17) to zero yields an overdetemined system of equations for
multipliers which finally gives

A =cor, Ao =c1 + cu, (18)
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where c; and ¢ are constants.
Equation (9) together with (18) gives

vy

. >+(c1 + cou) (ruy + rvp +v)

Ccor (uuz —+ VUyp — VUpyp —

=D, [clru + czruz] + D, [e1rv + car(uv — vu,)], (19)

for arbitrary u(z,r) and v(z,r). When u(z,7) and v(z,r) are
the solutions of the system of differential equations (1)-(2),
then

D.[eiru 4 coru?] + Dy[eyrv 4 cor(uv — vu,)] = 0. (20)

Thus

T =ru, T?=ro, 1)

T =ru?, T? =r(w —vu,), (22)

form a basis of conserved vectors for the system (1)-(2) with
multipliers of the form A;(z,r,u,v) and As(z, 7, u,v).

C. Conservation laws for axisymmetric laminar jet flow in
terms of stream function

A multiplier for the third-order partial differential equation
(8) is a function A satisfying

1 1 1 1 1
A 7#}7'1[}7',2 + 7¢z¢7' - 7¢zw7'7' - V(wrr'r - 71/)7'7' + 7¢7>
T T T T T
=D.T' + D,T?, (23)

for all functions ¥(z,7). In (23), D, and D, are total
derivative operators defined by

0 0 0 0
Dz—a+¢zafw+¢zzaiwz+1/)z7-aiwr+“', 24)

0 0 0 0
DT—E-F(/JT%‘Fww%‘F’(/)mTwZ—F“'. (25)

The determining equation for a multiplier of the form A =

A(me,?ﬁz,%-) is

1 1 1
E’AU [A(;d)’l‘d)’l‘z + ﬁ’lz}zwr - ;¢Z17[}TT

Uy + oy — )] = 0, 26)
T T
where - i . P . P
Yo TFow. o,
0 0 0
2 — 2 [
gy, TPy TPy o @D

is the standard Euler operator. Expanding equation (26) and
separating according to derivatives of 1, we finally obtain

A=c3+cy(b—vz2), (28)

where c3 and ¢4 are constants.
The substitution of the multiplier A from (28) in (23) gives

D, [CS Gwi) ey (- uz)}

+Dr |:CS (_%wzwr - Vwrr + ;¢r>

v v 1
+C4(§1ﬂ3 + (?wr — vy — ;wzwr)('(/) - VZ)) =0, (29
whenever ¢(z, ') is a solution of third-order partial differential
equation (8). For each arbitrary constant in (29) we obtain a
conserved vector. Thus
1

1
T = g2 T2 = — 4ty — v + 1y, (30)
T T T

T = g2 - va)

T? = §¢E + (;zp — Vihyy — %wmr) (v —vz), (G

are the conserved vectors for third-order partial differ-
ential equation (8) with multipliers of the form A =
A(z, 7,9, 1,,1,). We obtained two local conservation laws
for the third-order partial differential equation (8). The con-
served vector (31) is a local conservation law for the third-
order partial differential equation (8) but it is a non-local
conservation law for the system (1)-(2).

The multiplier approach gives only those multipliers which
yield local conservation laws. We cannot obtain the multipliers
for non-local conservation laws using the multiplier approach.
It is of interest to observe that we can derive a non-local con-
servation law for the third-order partial differential equation
(8) by multiplying with . If we multiply equation (8) by 1,
we obtain

1/1 |:11/"7‘1/)7‘z + %wzwr - lwzwrr - v (wrrr - lwrr + %wr):|
r r T T T

—p.[Lvuz v [ Luta:]

+D, [gwf + (% — vty — %wm) w} (32)

for arbitrary functions v (z,r). When 9(z,r) is solution of
partial differential equation (8), we have

o lsr-e 1]

+D, {fywz + <K¢T — Vpy — 71 ¢z¢r> 74 =0, (33)
2 r r
which yields

1 1
T
T T

v v 1

T = Sy + <7wr — Vi — —wzw-) ¥ (34
r r

Thus we have obtained two local conserved vectors (30), (31)

and one non-local conserved vector (34) for the third-order

partial differential equation (8).
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III. CONSERVED QUANTITIES FOR AXISYMMETRIC
LIQUID, FREE AND WALL JETS

In this section we derive the conserved quantities for the
axisymmetric liquid jet, free jet and wall jet by a new method.
The conserved vectors (21) and (22) for the system (1)-(2)
give the conserved quantities for the axisymmetric liquid and
free jets. The conserved vectors for the partial differential
equation (8) for the stream function equation are (30), (31) and
(34). The conserved vector (30) is used to give an alternative
derivation of the conserved quantity for the axisymmetric free
jet and the conserved vector (34) gives a new derivation of the
conserved quantity for the wall jet. The conserved vector (31)
may give the conserved quantity for some other flow.

The conserved vectors (T, T2) depend on u(z,7), v(z,yr)
or ¥(z,r) and can therefore be expressed in terms of z and r
as follows:

T (z,7)  9T?(z,7)
0z ar

But for a conserved vector, D,T' + D, T? = 0 and (35)
becomes

D.T' + D,T? =

(35)

T (z,7) N oT?(z,r)
0z or

Expression (36) is the basis of the derivation of conserved
quantities for the axisymmetric liquid jet, free jet and wall jet.

=0. (36)

A. Conserved quantity for an axisymmetric liquid jet

The surface of the cylinder is » = a. There is no slip or
suction and blowing on the surface » = a. The boundary
conditions for the axisymmetric liquid jet therefore are

r=a: wu(z,a)=0,v(z,a)=0, 37
r=¢(z): ur(z,¢0(z)) =0. (38)

The r-component of the fluid velocity on the free surface r =

o(z) is

D d
0z 0(2)) = o [9(2)] = u(z () 2, 9

where . 9 9 9
Dt o T U(Zﬂ’)a + U(Zﬂ’)g (40)

is the material time derivative. The conserved vector (21)
gives the conserved quantity for the axisymmetric liquid jet.
Integrating (36) with respect to r from r = a to r = ¢(2),
keeping z fixed during the integration, gives for the conserved
vector (21)

(=) T 9 9
/a {@ (ru(z,r)) + 5(7“11(2, r))} dr = 0. 41)
Applying the result for differentiating under an integration sign
[10] to the first term in (41), we obtain
d 93
dz J,

~o(z)u(z, 6(2) 200

ru(z,r)dr

+lro(z,m)0% =0, (42

Using (39) and the boundary condition (37) for v(z,0), we
have

#(2)
/ ru(z,r)dr = constant, independent of z. (43)

Therefore ()
F:/ ru(z,r)dr 44

is the conserved quantity for the axisymmetric liquid jet which
gives the total volume flux as constant along the jet.

B. Conserved quantity for axisymmetric free jet

The boundary conditions for the axisymmetric free jet are
r=0:v(z2,0)=0, u.(z0) =0, (45)
r— 00 :u(z,00) =0, ur(z,00) = 0. (46)

The conserved vector (22) gives the conserved quantity for the
axisymmetric free jet. Integrating (36) with respect to r from
r =0 to r = oo keeping z fixed, we have for the conserved
vector (22),

d >~ ,
e ru”(z,r)dr
+ [r(u(z,m)v(z,7) — vu.(z,7))]y = 0. 47)

The boundary conditions (45) and (46) and the fact that
v(z,00) is finite yield

o0
/ ru?(z,r)dr = constant, independent of z. (48)
0
Thus the conserved quantity is
F = / ru’(z,r)dr. (49)
0

Goldstein [2] used 2mpF as the conserved quantity for the
axisymmetric free jet where p is the constant density of the
fluid.

The conserved quantity (49) can also be constructed for the
stream function formulation using the conserved vector (30).
In terms of the stream function the boundary conditions (45)
and (46) take the following form:

0

r=0: () =0, o (%w7-<z7r)) —0, (50

or

The conserved quantity for the axisymmetric free jet is
obtained by integrating (36) with respect to r from r = 0
to r = oo keeping z fixed. Thus

d 1
i A ;w?(z,r)dr

r=oo: (s =0, r S (%wr(z,r)) —0. 6D

—I—[—%wz(z,r)w,«(z,r)—ui/)w(z,7‘)—0—%1/»(@r) o =0. (52

We assume that v, (z,00) is finite. The boundary conditions
(50) and (51) finally yield

1
/ —4%(z,7)dr = constant, independent of z, (53)
0 T
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which is equivalent to (48) and hence we obtain the conserved
quantity (49). Thus the conserved quantity is the same if we
use the stream function formulation or the system of equations
for the velocity components.

‘We observe that the conserved vector (30) which establishes
the conserved quantity for the stream function formulation
is equivalent to the conserved vector (22) for the system of
equations.

C. Conserved quantity for axisymmetric wall jet

For an axisymmetric wall jet the boundary conditions are

r=a:u(z,a) =0, v(z,a) =0, (54)
1
r:oo:u:O(T—z). (55)

In terms of the stream function, we obtain

r=a: 1/)2(270‘) =0, 1/%-(270) =0, (56)

r=o0:4,=0(}) 57)

and the stream function is zero at r = a, that is ¥(z,a) = 0.
The local conserved vector (31) obtained by the multiplier
approach cannot give a conserved quantity for the axisym-
metric wall jet because it is not compatible with the boundary
conditions. The non-local conserved vector (34) gives the
conserved quantity for the axisymmetric wall jet. Integrating
(36) with respect to r from r = a to r = oo keeping z as
fixed and by considering the conserved vector (34), we have

91 1
| petenvien - [ e

n |:gw$(z, r)+ (;wr(@ )=y (2, r)—%wz(% (2, 7"))

,7')dz*} dr

oo

Xw(z,r)} =0. (58)

a

However ¢(z,a) = 0, ¢(z,00) and 9.(z,00) are assumed
to be finite. The second term in (58) vanishes due the to the
boundary conditions (56) and (57) and we obtain

/a Ew(z,rw%(z,r)—y /0 %wf(z*,r)dz*}dr

= constant, independent of z. 59)

We obtain the conserved quantity for the axisymmetric wall
jet

A

Duck and Bodoyni [3] established the conserved quantity
(60) by integrating the momentum equation and using the
continuity equation and boundary conditions.

(z,71) 227"—1// —2(2*,r)dz*]dr. (60)

IV. CoNCLUSION

The conserved quantities for the axisymmetric liquid, free
and wall jets can be constructed with the help of conservation
laws. This is more systematic than integrating the momentum
equation. The liquid jet, the free jet and the wall jet satisfy the
same partial differential equations but the boundary conditions
for each jet are different. The derivation of the conserved
quantity depends on the boundary conditions as well as on
the differential equations. The boundary conditions therefore
determine which conserved vector is associated with which
jet. The multiplier approach gave two local conservation laws
for the system of equations for the velocity components. One
of the conserved vectors gave the conserved quantity for the
axisymmetric liquid jet and the second conserved vector gave
the conserved quantity for the axisymmetric free jet.

For the third-order partial differential equation for the
stream function two local conserved vectors were obtained,
one of which was the non-local conserved vector for the
system of equations for the velocity components. One of the
local conserved vectors for the third-order partial differential
equation for the stream function was used to give an alternative
derivation of the conserved quantity for the axisymmetric free
jet but the other local conserved vector cannot be used to
derive the conserved quantity for the axisymmetric wall jet.
The conserved quantity for the axisymmetric wall jet was
established with the help of a non-local conserved vector for
the third-order partial differential equation for the stream func-
tion. That non-local conservation law for the third-order partial
differential equation for the stream function was not obtained
by the multiplier approach. The reason is that the multiplier
approach only gives multipliers for local conservation laws.
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