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Periodic solutions for a two-prey one-predator
system on time scales

Changjin Xu

Abstract—In this paper, using the Gaines and Mawhin’s contin-
uation theorem of coincidence degree theory on time scales, the
existence of periodic solutions for a two-prey one-predator system
is studied. Some sufficient conditions for the existence of positive
periodic solutions are obtained. The results provide unified existence
theorems of periodic solution for the continuous differential equations
and discrete difference equations.
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[. INTRODUCTION

The theory of calculus on time scales[1,2] was initiated
by Stefan Hilger in his PhD in 1998[3] in order to unify
continuous and discrete analysis, and it has a tremendous po-
tential applications and has recently considerable attention[4-
9] since his foundational work. In 2009, Baek[10] investigated
the species extinction and permanence of the following two-
prey one predator system with seasonal effects.
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where 1 (t), z2(t) denote the population densities of the two
prey and the predator at time t, respectively. The constant
a;(i = 1,2) is the intrinsic growth rates of the prey population,
bi(i = 1,2) are the coefficients of intra-specific competition,
¢i(i = 1,2) denote the parameters representing competitive ef-
fects between the two prey,o;(i = 1,2) are the per-capita rates
of the predation of the predator, d;(i = 1,2) and e;(: = 1,2)
represent the half-saturation constants, the constant as is the
death rate of the predator, the terms p;(¢ = 1,2) scale the
impact of the predator interference, o;(i = 3,4) are the rates
of the conversing prey into predator.

It is well known that any biological or environmental
parameters are naturally subject to fluctuation in time. It is
necessary and important to consider models with periodic
ecological parameters. Thus the assumption of periodicity of
the parameters is a way of incorporating the periodicity of
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the environment. Based on the viewpoint, we modify (1) as
follows
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The principle object of this article is to consider the model
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CQ(t) ua(t) 1+dgc“1(”%%26“2(”7%25“3(” ’
A (t)e*t
uz'(t) = —as(t) + 1+d19u1(t?ieleuz,(t)ﬂ“eus(r)
+ O‘4(t)€u2(t
1+doe 1) fesev2(t) fppeus(®)

(3)
Remark 1.1. Let z1(t) = ) ay(t) = e2® y(t) =
e"s® If T = R, then (1.3) reduces to the model (2). If T = Z,
then (3) is reformulated as
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In order to obtain the main results of our paper, throughout
this paper, we assume
(HI) ai(t)7 Uj(t)v bl(t)a cl(t)v ryl(t)(l = 1,2 37] = 1,2,3,4;
l = 1,2) are positive continuous w-periodic functions for
model (3).

The remainder of the paper is organized as follows: in
Section 2, we present some preliminary definitions, notations
and some basic knowledge for dynamic system on time scales.
In Section 3, a sufficient condition for the existence of positive
solutions of system (3) is obtained.

z1(t+1) = 21(t) exp {al(t) +71(t) sin(01(8)t) — b1 ()21 (2)

x2(t+1) = xo(t) exp {ag(t) + Y2(t) sin(O2(¢)t) — ba(t)x2(t)
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II. PRELIMINARY RESULTS ON TIME SCALES

In order to make an easy and convenient reading of this
paper, we present some definitions and notations on time scales
which can be found in the literatures[1,12].

Definition 2.1. A time scale is an arbitrary nonempty closed
subset T of R, the real numbers. The set T inherits the
standard topology of R.

Definition 2.2. The forward jump operator ¢ : T — T,
the backward jump operator o : T — T, and the graini-
ness @ T — RY = [0,00) are defined, respectively, by
o(t) ==inf{s € T : s > t}, p(t) == sup{s € T : s <
th, u(t) =o(t) —t fort € T. If o(t) = t, then ¢ is called
right-dense (otherwise: right-scattered), and if p(t) = ¢, then
t is called left-dense (otherwise: left-scattered).

Definition 2.3. A function f : T — R is said to be rd-
continuous if it is continuous at right-dense points in T and
its left-sides limits exists(finite) at left-dense points in T. The
set rd-continuous functions is shown by Cl, = Cp.q(T) =
Cra(T,R).

Definition 2.4. For f : T — R and t € R, we define f2(t),
the delta-derivative of f at t, to be the number(provided it
exists) with the property that, given any ¢ > 0, there is a
neighborhood U of t in T such that

/(o) F($)] 2 Olo(t)=s]| < elo(t)—s| for all s € U.

Thus f is said to be delta-differentiable if its delta-derivative
exists. The set of functions f : T — R that are delta-

differentiable and whose delta-derivative are rd-continuous
functions is denoted by Cyq = C},(T) = C,(T,R).

Definition 2.5. A function F : T — R is called a delta-
antiderivative of f : T — R provided FA(t) = f(t), for all
t € T. Then we write [ f(t)At := F(s)—F(r) for all s,t €
T.

For the usual time scales T = R, rd-continuous coincides
with the usual continuity in calculus. Moreover, every rd-
continuous function on T has a delta-antiderivative[9]. For
more information about the above definitions and their related
concepts, one can see [1,11-12].

III. EXISTENCE OF PERIODIC SOLUTIONS

For convenience and simplicity in the following discussion,
we always use the notations below throughout the paper.
Let T be w-periodic, that is, ¢ € T implies ¢t + w € T,
k =min{RTNT}, I, = [k, s +w]NT, §= %flw g(s)As =
%f:ﬂj g(s)As, where g € Cpq(T) is an w-periodic real
function, i.e., g(t +w) = g(t) for all ¢ € T.

In order to explore the existence of positive periodic solu-
tions of (3) and for the reader’s convenience, we shall first
summarize below a few concepts and results without proof,
borrowing from [13].

Let X,Y be normed vector spaces, L : DomL C X — Y
is a linear mapping, N : X — Y is a continuous mapping.
The mapping L will be called a Fredholm mapping of index

zero if dimKerL = codimImL < 400 and ImL is closed in
Y. If L is a Fredholm mapping of index zero and there exist
continuous projectors P : X — X and @ : Y — Y such
that ImP = KerL,ImL = KerQ = Im(I — @), It follows
that L | DomL NKerP : (I — P)X — ImL is invertible. We
denote the inverse of that map by K p. If {2 is an open bounded
subset of X, the mapping N will be called L—compact on ()
if QN () is bounded and Kp(I —Q)N : Q — X is compact.
Since Im() is isomorphic to KerL, there exist isomorphisms
J : Im@Q — KerL.

Lemma 3.1. ([13]Continuation Theorem ) Let L be a
Fredholm mapping of index zero and let N be L—compact
on §). Suppose

(a) For each \ € (0,1), every solution x of Lx = ANz is
such that x ¢ 0Q;

(b)) QNz # 0 for each z €
deg{JQN,Q(KerL,0} #0;

Then the equation Lx = Nx has at least one solution lying
in DomL N Q.

Lemma 3.2. [3] Let t1,to € I, and t € T. If g: T — R is
w-periodic, then

KerL( 09, and

Ktw

ot) < gltr) + / 19 () A,

K

and
K4w

g(t) > g(ta) —/ lg2 (5)|As.

K

Lemma 3.3. [f the condition (HI) holds, then the following
equations

a; — §16“1 =
ag — bae"? =0, %)
—a3 + gge ] =0

1+dye*l +eje24pyevs(®)
. . * * *\T'
has a unique solution (uf,us,u%)".

The proofs of Lemma 3.3 are trivial, so we omitted the details
here.

Theorem 3.1. Let Si,Si,So and S, be defined by
(15),(28),(19) and (32), respectively. In addition to (HI),
suppose that

— ~ S = S|l = 52 ~ Sa S1
) )
(H2) as > max {0’36 04€ } g3e”? > as (1 + d1e”? + eje )

hold, then (3) has at least one w-periodic solution.

Proof. Define X = Z = {(u1,us,u3)T € C(T,R®)|u; €
Cra, wi(t +w) = u;(t),i=1,2,3},

3

(w1, u2,us) || = max u; (t)], (u1, uz, us)” € X (or Z).
tel
i=1 “

DomL = {x = (uy,us,u3)’ € X|u; € Crg,i = 1,2,3}.

It is easy to see that X and Z are both Banach spaces if they
are endowed with the above norm ||.||. For (uy, ug,u3)” € X,
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we define
u f1(t) U uf (t)
N u @)= L@ [.L| v |®= uw® |,
us f3 (t) us u§ (t)
Uy U1 5 f:er 1(t)At
Plu |0)=Q| uv |®&)=[ L[ uw@at |,
us3 us3 L sty At
where
filt) = ar(t) + i (t) sin(0y()t) — by ()er® — ¢ (t)e=®
o1 (t)euz(t)
1+ dleu1(t) + eleug(t) + N16u3(t) ’
f2(t) = ag(t) + () sin(0z()t) — ba(t)e™2® — cy(t)e™r®
oo (t)es®)
1 + d26u1 (t) + ezeUQ(t) —+ ‘u2eu3(t)
_ a3(t)e1®
f3(t) = —as(t)+ 1+ dienr® + eqeu2(®) 4 g eua(®)
O’4(t)6u2(t>
1+ daenr () + egeu2(t) 4 poeus(®)”
Then
KerL = {(’U,l,UQ,Ug)T S X|(U1(t),UQ(t),U3(t))T
= (hy1,ho, h3)? € R3 for t € T},
Ktw
ML = {(u1,us,us)" € X|/ wi(t)At = 0,

(i=1,2,3) for t € T}.

Then dim KerL = 3 = codim ImL. Since ImL is closed in Z,
L is a Fredholm mapping of index zero, it is easy to show that
P and @ are continuous projections and ImP = KerL,ImL =
KerQ = Im(I — @). Clearly, QN and K,(I — Q)N are
continuous. It can be shown that N is L-compact on ) for
every open bounded set, (2 C X.

Now we are at the point to search for an appropriate open,
bounded subset € for the application of the continuation theo-
rem. Corresponding to the operator equation L(u1, us, U3)T =
AN (uq,u2,u3)T, X € (0,1), we have

uf(t) = Ma(t),
ug (t) = Afa(t), (6)
ug (t) = Afa(t)

Suppose that z:(t) = (w1 (t), u2(t), u3(t))T € X is an arbitrary
solution of system (6) for a certain A € (0, 1), Integrating (6)

Since (uy,u9,u3)? € X, there exists &,m; € [K,k + w],i =
1,2, 3 such that

u;(§;) = min ]{Ui(t)}auz‘(m) =

max  {u;(t)}.

te(k,ktw te[k,ktw]
It follows from (6) and (7) that
K4w
[ b wlar <@+ e, ®)
Rn+w
[ pdaw <2+ we, ©
Rn-&-w
/ [ug't| A(t) < 2d3w. (10)
From the first equation of (7), it follows that
K+tw
(dl + ’}71)(.4) > / b1 (t)eul(t)At
Hn-ﬁu B
> / bl(t)eul(él)At — blweul(il)
and
Ktw
(@ +7)w > / ey (t)et2 At
Nner
> / 1 (t)e"2 € AL = g wet2(€1),
Then
u(6) <In {“1”} = maup(€2) < In {ﬂ} — ma.
1
(1D

In the sequel, we consider two cases.
(1) If uy (1) > ua(n2), then it follows from the third equation

of (7) that
Ktw rtw
azw < / Ug(t)@ul(t)At+/ ou(t)e"2® At
KK-}—W " K+w
< / ag(t)eul(nl)At—i—/ (74(15)6”2("2)At
Kﬁ-}—w Kn+w
< / og(t)eul(m)At—i—/ 04(75)6”1(’71)At

= (53 + Gq)we™ (M)

which leads to

ul(n1)>ln[7 8 } = M. (12)

03 + 04

Based on (8), (11) and (12), using the Lemma 3.2, we get

. Ktw
over the set I, we obtain w(t) < w() +/ |u1A(t)\At
— -+ . —+ K
a1+ [ (1) sin(6r ()AL = [T by (e O At < mt2m o= B, (13
K+w K+w t)e*3t
+ ci(t)euQ(t)At + [ dleulfiil)zum At .
— KT+Ww . KT+Ww KRTW
Gow + [ o (t) sin(B2()1) A = [T ba(t)e=() At ur(t) > ui(n) — luf ()| At
+ [ (e DAL 4 [ o2(t)ers At - o
K 2 K 1Fdze 1 feyev2(®) 4 ,eus(®) ) _ _
_ _ rRtw US(t)eM(t) At > M1 — 2(&1 + ”yl)w =: B2. (14)
azw = fn T+ d1 e 1 te,eu2(® 4y ev(®
Jrfn-'rw oa(t)er2® At Thus
K 14+doe®1(®) fegeu2(®) 4 pypeua(®) 7 ?131‘}( |$1 (t)| < max{\Bl ‘, |B2|} = Sl» (15)
€L,
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From the third equation of (7), it follows that It follows from (22) and (23) that
K+w K+tw L
dsw < / a3(t)e™ (O AL +/ aa(t)er2® At ?gi{|u3(t)| < max{|Bs|,|Bg|} := Ss. (24)
et i kot (ii) If 1 (1) < uz(12). then it follows from the third equation
< / o3(t)eS At + / oa(t)e"> (") At of (7) that
® k4w " Ktw rtw
< Gawes +/ oa(t)e® ) At asw < / os(t)er DAt +/ ou(t)er2 At
— —R ua (N KK+UJ " rtw
= Gywedt + guwe2 (1), < / O-S(t)eul("ll)At +/ 04(t)e”2("2)At
Then s K,.H.w Kh‘—!—w
a1 7 1
uy(n) > In {%} = M. (16) < / ag(t)e"2("2)At +/ 04(t)e“2("2)At

From (9),(11) and (16) and using the Lemma 3.2, we obtain (3 + Gg)wet=2)

ktw A which leads to
wlt) < w)+ [ A .
“ U > In = M. 25
< mg+2(az + 30w = By, (17) () > I [63 +6J ' @
Based on (9), (11) and (25), using the Lemma 3.2, we get
K+w A
wl®) = wie) - [ SOl s
. () < wle)+ [ WdOlar
Z M2 - 2(@2 + ’72)0.} = B4. (18) K o
< mg+2(as +2)w =: By, (26)
It follows from (17) and (18) that 2+ 2(32 + %) '
K+w
< Bsl,|By4|} := Ss. 1
mapcfuz(t)] < mas{|Bal, [Bal} = S (19) wl®) = wim) - [ SOl
In view of the third equation of (7), we get WL Z(d;Jr oo =By, o
Ktw uq (t)
S (t
dsw > / _ (t)m( )euQ(t) — At Thus o -
" 1+ dyent® + €1€S T et ine}xx|u2(t)| < max{|Bi]|, |B2|} := S1. (28)
e os(t)e™1 €lo
>
- L 14 diedt + ejed2 + pyevs(ne) At From the third equation of (7), it follows that
= —S1 X
o gzwe Ktw K
14 dieSt 4 e1e52 + pyevs(n) azw < / os(t)e WAL+ / aa(t)e> At
Then P t)eur (m) At o )eS1 At
G3e™5t —ag(1 +die™ + e1e™?) N /n 7a(t)e +/;; 7alt)e
uz(n3) > In 2ol = Ms. e B
o (20) < / Ug(t)@ul(m)At + 6’40)@31
According to the third equation of (7), we also have ® -
: + : ) v + ©0) = Gawe" M) + GyweSr.
frw t)e" frw t)ev2
K /’Lleus . K /’LQGUS . Qo — & egl o
F3eStw N 7452w uy(m) > In 34} := M. (29)
ppeva(€s)  poeus(€s)” 73

From (8),(11) and (29) and using the Lemma 3.2, we obtain

Hence
T30St + Gapre°? e
us(€s) < m{ ap2et + T } —ms QD) n®) < w)s [ Wbl
agply 2 P -
From (10),(20) and (21) and using the Lemma 3.2, we obtain < a4 2(a +J)w =: B (30)
Kt+w A obw
wlt) < i)+ [ Ol w® = wim) - [ ol
< m3+ 2azw=: B 22 _ K _
< mg + 2a3w 55 (22) > Wy — 2 + 51)w = Ba. a1
K+w
us(t) > ug(ns) — / |u3A(t)|At It follows from (30) and (31) that
> M, — 2dsw —: Be. (23) max |uy (¢)] < max{|Bs], [Bal} := S2. (32)

1912



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:12, 2011

In view of the third equation of (7), we get

Ktw wy (t)
i os(t)e
azw > /’{ 1+ dleul(t 1 oeqeuz ® + M1€u3(t) At
Krtw S
> / _ Jg(t)@i At
K 1+ d1632 + 61631 + ﬂ1€u3("3)
_ 63we*52
1 + d1€§2 -+ @1e§1 =+ Iule“3(773) '
Then
—~ S, —aa(l d So S, L
ua(n) > In | UG Y acT)| 5,

asp

According to the third equation of (7), we also have

rtw t)evr(®) rtw Hetz(t)
dsw < / %At—ﬁ—/ %At

meua(t) H26u3(t)
(736§2w 64e§1w
uleug (53) M2eu3(53) '
Hence
5alineS? 1 & S,
’LL3(€3) < In 0'31126_ + o4p1€ . (34)

azpi1p2

From (10),(33) and (34) and using the Lemma 3.2, we obtain

Ktw
uz(t) < wug(é3)+ / |ug (t)| At
< m3+ 2azw =: §5, (35)
Kt+w
uz(t) > wuz(nz) — / |ug (t)| At
> Mg - 2&3&) = EG- (36)

It follows from (35) and (36) that

max |us(t)| < max{|Bs|, |Bg|} := 3. 37

Obviously, S;, S;(i = 1,2,3) are independent of the choice
of A € (0,1). Take M = max{Si, S2} + max{S2, 51} +
max{Ss, S3} + Sy, where S; is taken sufficiently large
such that Sy > |ma| + |ma| + |ms| + max{| M|, M|} +
max{|Mal, [V, [} + max{| M|, |75}

Now we define Q := {(u1,us,u3)T € X : ||ul| < M}. It
is clear that Q) verifies the requirement (a) of Lemma 3.1. If
(U17UQ,U3)T S 8QﬂKerL = 8QﬂR3, then (Ul,’U,z,u;;)T is

a constant vector in R3 with ||(uy, us, u3)T|| = |us| + |uz| +
|uz| = M. Then
(51 P1 0
QN Ug = Pg 75 0 5
us P3 0

where
- Giets
Pl = C_ll — bleul — 51€u2 — aie
1+ die"r +ejev2 4+ pjevs
1 K+w
1 / 1 () sin(8: () At
w K
- Gocl3
PQ = ag — b26 2 — 626“1 — 92¢
14 doett + ege¥2 + poevs
1 K+w
— —/ 2 (t) sin(02(t)t) At,
w K
_ 5’36”1
P = — (=
’ B T dre teren + paeus®
5’46“’2

1 + dyett 4 egetz + pgets’

Now let us consider homotopic ¢(u1,ug,us, ) = pQNz +

(1 — )Gz, p € [0,1],u = (ug,ug, uz)T, where
a; — éleul
Gx = as — boe™?
—asz + __ose!

1+d16“1+ele“’2+;l,1€“’3(f‘>

Letting J be the identity mapping. By direct calculation, we
derive

deg [JQN Uy, Uz, U3) ;QﬂKerL;O]
= deg [QN Uy, U, U3) 7.0 ﬂ KerL; O]
= deg [qﬁ U, ug, uz, 1); Q ﬂ KerL; 0}
eg [¢ U, U2, usz, 0 ;QﬂKerL;O}
= sign [ 5152,“103 (2uf+u;+u§)} =-1#0,

I
o

where deg(., ., ., ) is the Brower degree. Thus we have proved
that Q verifies all requirements of Lemma 3.1, then it follows
that Lz = Nz has at least one solution in DomZL N . The
proof is complete.
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