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One Some Effective Solutions of Stokes
Axisymmetric Equation for a Viscous Fluid

N. Khatiashvili, K. Pirumova, and D. Janjgava

Abstract—The Stokes equation connected with the fluid flow
over the axisymmetric bodies in a cylindrical area is considered. The
equation is studied in a moving coordinate system with the
appropriate boundary conditions. Effective formulas for the velocity
components are obtained. The graphs of the velocity components and
velocity profile are plotted.
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I. INTRODUCTION

HE stationary and non-stationary Newtonian fluids are

investigated by numerous of authors by means of Navier-
Stokes equation with the specific boundary conditions (see for
example [1]-[11]).

We consider the fluid flow over some axisymmetric bodies
which moves in the infinite cylindrical channel filled with a
viscous fluid. These bodies have the same axis of symmetry.
We admit that the pressure fall is a constant. In this case the
velocity of the fluid satisfies the linearized Navier-Stokes
equation with the appropriate initial-boundary conditions. The
solutions of this equation have been obtained. Hence, the
velocity components of the Stokes flow are found.

II. STATEMENT OF THE PROBLEM

Let fluid occupied some cylindrical channel of the diameter
d(d>0) and consider in this channel the motion of some

x

system of axisymmetric bodies at a speed ;O(VO,V;O,VZO) . For

low Reynolds number the Stokes equation with the equation of
continuity are valid [1]-[6]:
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where V (V_,V,, V) is the velocity vector , P is the pressure,

F EE L F. ) is the external force, p is a density of the fluid,

v -is a viscosity .
Equation (1) can be rewritten in terms of velocity
components in the form:
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Also the following boundary conditions are satisfied:
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where V'(2),V(2),V'(t),are the given functions, S is a
surface of the moving bodies, S, is a surface of the cylindrical
channel. The surface S and the width of a channel d will be
defined according to the solutions.

Let the axis of symmetry is ox and consider the moving
coordinate system. Suppose, that the bodies move parallel to

the axis of symmetry at a constant speed v, V..,V ,v') and

where C, is a definite constant, F_, F, are the components of

the force in the cylindrical coordinates.
In a cylindrical coordinates (2), (3), (4), (5), becomes

AV, L% 2C, ®)
Tor or
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where V',V ,are the components of the velocity,

C
yi+zt, G =2
2v

The boundary conditions will be given by:

Vv r:th:_on’ V‘c 1'20 (11)
Volpen=0, V,|r=0 (12)

where I is the contour of the bodies, A =d/2.

In the next chapter we will find the bounded solutions of the
system (8), (9), (10), (11), (12), and T'.

III. SOLUTION OF THE PROBLEM

The function:

1 1
q _
\/()c+c)2+r2 \/(x—c)2+r2
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where ¢ and c are the certain parameters, is the solution of (8)
for C, =0, [L1].

By direct verification we obtain, that the pair of functions:

6U
V. :a—U+Clr -4, V. =
ox or
where 4 (A >0) is the definite constant, is the solution of
the system (8), (9), (10), Also, the pair of functions:
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will be the solution of this system.
1. Forodd m,m=2n-1,n=12,..
system (8), (9), (10) are given by the formulas

the solutions of the
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where «,,a, , are the definite constants.
2. Foreven m,m=2n,n=12,.

(9), (10) are given by

the solutions of system (8),

Z 2k (x+0) BirF(x—c)
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where f3,, B, , are the definite constants.

For the different values of ¢,c, and 4 we obtain the

different fluid flow over some axisymmetric bodies, the shape
of which will be defined by the formulas
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In the following chapter some examples are given and the
graphics of velocity components and velocity profile are
plotted by using Maple.

Note. The Stokes equation has a real physical sense for low
velocities only. So not for each parametersg,c, and A4, the

solutions of (8), (9), (10), (11) ,(12), are suitable according to
the physical viewpoint.

IV.THE CASE OF m =1 AND m = 2 , EXAMPLES
1. Incaseof m=1, by (13), (14), we obtain

2q 29
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In Fig. 1, the lateral cross-section of the cylindrical area 2. In case of m=2 by (15), (16), we obtain
with the axisymmetric body is represented.

In Fig. 2 graphics of the corresponding velocity components y oo 6gxro)  6q(x=c)
are given (the black surface is ¥, the gray surface is V) in ” -+ (e + c)z)§ 0+ (- C)z)’%
case of c¢=1/5C =1;4=9;g=1/10. In Fig. 3 the _ lSqrz(x+c)7 N 15qr2(x—c)7+clr2_A’
corresponding  velocity profile [V],[V/|= Wl +v2 s A
plotted. 12gr 1297
Vo= B B
=0 P +(x+c)) P +(x—c))?
15¢7° _ 15¢r° i
25 (P +(x+e)) (P +(x—o))
r 00 In Fig. 4, the lateral cross-section of the cylindrical area
s with the axisymmetric body is represented.
) In Fig. 5 graphics of the corresponding velocity components
=0 are given (the black surface is V,, the gray surface is V) in

5.0 2.5 0.0 25 50 case of c¢=1C =14=9¢g=1/10. In Fig. 6 the

corresponding velocity profile |V|,|V|=ﬂVx22+V,22, is

Fig. 1 The lateral cross-section of the cylinder of width 1 <d <2 in

caseof c=1/5;C, =1;4=9;4=1/10 plotted.
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Fig. 4 The lateral cross-section of the cylinder of width 1< d < 3, in
caseof c=1,C, =1;4=9;9=1/10

Fig. 2 The graphics of V', (black surface), and V., (gray surface) in
caseof c=1/5;C, =1;4=9;9=1/10
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Fig. 5 The graphics of V, (black surface), and V,, (gray surface) in
caseof c=1/5;C, =1;A=9;,9=1/10

Fig. 3 The graphic of the velocity profile in case of
c=1/5C =14=99=1/10
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Fig. 6 The graphic of the velocity profile in case of
c=1C =14=9;,9=1/10

V. CONCLUSION

The effective solutions of the system (1), (2), with the
initial-boundary conditions (6), (7), in the axisymmetric case
are given by the formulas 1. (13), (14); or 2. (15), (16); and
these solutions represent fluid flow over the system of
axisymmetric bodies, contours of which are given by the
formulas (17), (18), respectively.
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