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Abstract—In this paper, we study the existence, the boundedness
and the asymptotic behavior of the positive solutions of a fuzzy
nonlinear difference equations
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where (z,) is a sequence of positive fuzzy numbers, A, B; and the
initial values _k,_k+y1, -+, To are positive fuzzy numbers. k €
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[. INTRODUCTION

T is known that difference equation appears naturally as
discrete analogous and as numerical solutions of differ-
ential equations and delay differential equation having many
applications in economics, biology, computer science, control
engineering, etc.(see, for example, [1-5] and the references
therein). Recently there has been a lot of work concerning
the oscillatory behavior, the periodicity, and the boundedness
of nonlinear difference equations. Moreover similar results in
[6] have been derived for systems of two nonlinear difference
equations. A fuzzy difference equation is a difference equation
where constants and the initial values are fuzzy numbers, and
its’ solutions are sequences of fuzzy numbers. Recently there
is an increasing interest concerning with investigation of fuzzy
difference equation(see, for example, [7-13]).
In [10] G. Papaschinopoulos and B. K. Papadopoulos stud-
ied the following fuzzy difference equation
Tpp1 = A+ E,

Tn

n:0717“'7 (1)

where (x,,) is a sequence of fuzzy numbers and A, B, z( are
positive fuzzy numbers.

In this paper we study the following fuzzy nonlinear differ-
ence equation

B;
xn+1—A+Zx n=01, @
i=0 n—i
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where (z,) is a sequence of positive fuzzy numbers, A, B;
and the initial values z_j,T_g41, -, 2o are positive fuzzy
numbers. k € {0,1,2,---}.

We need the following definitions:
A is said to be a fuzzy number if A : R — [0, 1] satisfies the
below (i)-(iv)
(i) A is normal, i.e. there exists an x € R such that A(z) = 1;
(ii) A is fuzzy convex, i.e. for all t € [0,1] and 1,22 € R
such that

Aty + (1 — t)x2) > min{A(z1), A(z2) };

(iii) A is upper semi-continuous;
(iv) The support of A, suppA = U,cqldla =
{z : A(z) > 0} is compact.

The a—cuts of A are denoted by [A], = {x € R: A(z) >
a}, «a € [0,1], it is clear that the [A], are closed interval.
We say that a fuzzy number is positive if suppA C (0, 00).

It is obvious that if A is a positive real number then A is
a fuzzy number and [A], = [4, A],a € (0,1]. Then we say
that A is a trivial fuzzy number.

Let A,B be fuzzy numbers with [A], = [Aia,Aral,
[Bla = [Bl,as Bra),;a € (0,1] . We define a norm on fuzzy
numbers space as follows:

1Al = Sup]maX{IAza\ o[ Aral}:

ae(0
We take the following metric:

D(A,B) = sup max{|A4;, —

a€(0,1]

Bl,a|: ‘Ar,a - Br,a|}~

The fuzzy analog of the boundedness and persistence (see
[9,11]) as follows: we say that a sequence of positive fuzzy
numbers (x,) persists (resp. is bounded) if there exists a
positive real number M (resp. V) such that

suppz,, C [M, oco)(resp. suppz, C (0,N]), n=1,2---.

We say that x,, is bounded and persists if there exist positive
real numbers M, N > 0 such that

suppz,, C [M, N,

We say (z,,),n =1,2,--, is an unbounded sequence if the
norm ||2,|[,n =1,2, -, is an unbounded sequence.

We say that z,, is a positive solution of (2) if (z,) is a
sequence of positive fuzzy numbers which satisfies (2). We
say a positive fuzzy number z is a positive equilibrium for (2)

if .
B.
=A “i

n=12-
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Let (z,,) be a sequence of positive fuzzy numbers and z is
a positive fuzzy number, Suppose that

[l’n}a = [Ln,ou Rn,a]’ o c (07 ]-L

and

n:0a1727"'7 (3)

[z]a = [La, Ra], «€ (0,1] ()]

We say that the sequence (z,,) converges to = with respect
to D as n — oo if lim, o D(zy,2) = 0.

Suppose that (2) has a unique positive equilibrium z. We say
that the positive equilibrium z of (2) is stable if for every ¢ > 0
there exists a 0 = d(g) > 0 such that for every positive solution
x, of (2), which satisfies D(z_;,z) < 0,4 = 0,1,---,k we
have D(x,,z) < ¢ for all n > 0.

Moreover, we say that the positive equilibrium z of (2) is
asymptotically stable, if it is stable and every positive solution
of (2) tends to the positive equilibrium of (2) with respect to
D as n — oo.

The purpose of this paper is to study the existence of posi-
tive solutions of (2). Furthermore, we give some conditions
so that every positive solution of (2) is boundedness and
persistence. Finally, under some conditions we prove that (2)
has a unique positive equilibrium x which is asymptotic stable.

II. MAIN RESULTS

Firstly we study the existence of the positive solutions
of (1). We need the following lemma which is a slight
generalization of Lemma 2.1 of [11].

Lemma 2.1. Ler f : R, **™ — R, be continuous , A;,i =
0,1,---,2k + 3, are fuzzy numbers, Then

[f(A07 Tty A2/€+3)}a = f([AO]Ou i [A2k+3]0t)7 a € (07 1]'

Theorem 2.1. Consider equation (2) where A, B; are positive
fuzzy numbers. Then for any positive fuzzy numbers r_;, 1 =
0,1,-- -, k, there exists a unique positive solution x,, of (2).

Proof. Suppose that there exists a sequence of fuzzy numbers
(z,) satisfying (2) with the initial values z_j, x_g41, -, To-
Consider the a—cuts, a € (0,1],n = =k, —k+1,---,

[xn}u = [Ln,a7Rn,aL [A]a = [Al,ouAr,u]:
6)
[Bl]u = [Bi,l,OH Bi,T,a]ai = 07 1, Tty k
Then from (2), (5) and Lemma 2.1 it follows that
ontle = [Ensro Rusnal = |44 3 2 }
i—o ‘n—i
k
Bv‘ @
= [Ala+ [JE ']_]
i=0 n—ijo
- ]
= [Alua T, _"_Zzla;—ma}
Bz e z T,a
- Ala—’_ZR 'ra""Z n’LOé

from which we have that for n = 0,1,---,« € (0,1]

i
Ln+1 a — Al «@ + Zz 0 R"L laa

©)
Rn+101 — Ara"'zz 0 n“lo;
Then it is obvious that for any (Ljq, Rja),j = —k,—k +
1,---,0, there exists a unique solution (Ly, «, R, u) with the
initial conditions (Lj o, Rja),j = —k,—k+1,---,0, €
(0,1].

Conversely we prove that [Ly, o, Ry o], Where (Ly, o, Rn,a)
is the solution of the system (6) with the initial values
(L—ia,R_i),i=0,1,---,k, determines the solution x,, of
(2) with the initial values x_j,x_fy1,- -, 2o such that (3)

holds.
From Theorem 2.1 of [14] and since A, B;,x_;,i =
0,1,---,k, are positive fuzzy numbers for any o € (0,1],

a1 < ag, we have

0< Al,oq < Al,ozz < Ar,ag < Ar,ozl
0< Bl,a1 S Bl,az S Br,a2 S Br,al (7)

0< Lfi,al < Lfi.,az < Rfi,ozg < Rfi,al
We claim that
Ln,al < Ln,ag < Rn,a2 < Rn,ap n = 07 11 27 Tt (8)

We prove it by induction. It is obvious from (7) that (8)
holds true for n = 0. Suppose that (8) are true for n = m.
Then from (6) and (7) it follows that

= Ao + Z R Z’l’al

lm—1,01

Lerl,ozl

z I,
S Al L, + Z —2 = Lm+1,ag

mzag

IN

Aoy + Z L”’“?

= Rm+1,a2
0 Ly, - i,a0

=

7,,l,oc2
= 7‘ Qo + § R

m—i,a
z Pirar
S r ,Q1 + - Rm+1 a1
L )
m—i,aq

Therefore (8) are satisfied. Moreover from (6) we have, for
a € (0,1],

Ll a — Al,oz + Z Rl,l,a 3 Rl,a = Ar,oz + Z 1,7‘,0(7 (9)
=0 =0

—i, Lfi,a

Since A,B,z_;,i = 0,1,---,k are positive fuzzy numbers,
then we have that A; o, A, o, Bi.as Bra, L—ia, R—i o are left
continuous. So from (9) we have that L, o, R; o are also left
continuous. By induction we can get that L, o, Ry o,n =
1,2,---, are left continuous.
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We prove now that the support of x,,suppxr, =
UaG(O,l] [Li,o; R, is compact. It is sufficient to prove

2 (0,1] n,a, Bn,o] is bounded. Let n = 1. Since A, B;,
x_;,t = 0,1,---,k, are positive fuzzy numbers there exist
positive real numbers K, L, M;, N;, P_;, Q_;,i = 0,1,---  k
such that for all « € (0,1]

[Al,ou Ar,a} - [K7 L]7
[Bi,l,ou Bi,r,a] - [Mw NZL (10)
[Loia,R_io] C [P-i, Qi
Therefore from (9) and (10) it can follows easily that
Eon
(Lo, Ria) C L+ ZO P_: , ac(0,1]
from which it is obvious that, o € (0, 1],
k k
M; N;
U [L1a Rial C K+Z Q,Z-’LJ’ZP,,- (11)
ae(0,1] =0 i=0

Relation (11) implies that UaE 0.1] [L1,q, R1,q] is compact and

UQE(O,I] [Ll,ou Rl,a]
easily prove that |J,¢ o 17[Ln,a; Bnq] is compact and

(0, 00). Working inductively we can

ae(0,1]

Therefore from Theorem 2.1 of [14], relations (8), (12) and
since Ly, o, Ry, are left continuous we have that [L,, o, Ry,q]
determines a sequence of positive fuzzy numbers (z,,) such
that (3) holds.

We prove now that x,, is the solution of (2) with the initial
conditions z_;,4 =0, 1,---, k. Since for all « € (0,1]

(0,00), m=1,2,---. (12)

[xTH»l}a = [LnJrl aaRn+1 a]

= Ala

M+Z

It follows that x, is the solution of (2) with the initial
conditions x_;,i = 0,1,---, k.

Suppose that there exists another solution Z,, of (2) with the
initial conditions x_;,7 = 0,1,---, k. Then arguing as above
we can easily prove that

[fn]a = [Ln,ou Rn,a]7 a € (07 1]7

Then from (3) and (13) we have [z,]o = [Tnla, @ €
(0,1], n=0,1,--- from which it follows that =, = Z,,n =
0,1,---. Therefore the proof of theorem 2.1 is completed.

In the following theorem we study the boundedness and
persistence of the positive solution of (2). We first give a
lemma of [10].

Lemma 2.2 Let X,Y be fuzzy numbers and [X], =
X0, Xral, Yo = Yia Yral,o € (0,1] be the a—cuts
of X,Y respectively. Let Z be a fuzzy number such that
[Z]a = [Zl,oer,aLG € (O, l]Then

n=0,1,---. (13)

MIN{X,Y} = Z, (resp.MAX{X,Y } = Z)

if and only if
min{Xl,a7 )/l,a} = Zl,ou min{Xr,a7 Ytr,a} =2

(7”68]). max{Xl,a7 Yl,a} = Zl,om max{Xr,ou 1/7‘,04} = Zr,oz)-

Theorem 2.2. Every positive solution of (2) is bounded
and persists, where A, B;,i = 0,1,---,k are positive fuzzy
numbers.

Proof. Let x,, be a positive solution of (2). Suppose (5) is
satisfied. From (6) it is clear that n =k + 2,k +3,-- -,

Al,a S Ln,a7 Ar,a S Rn,a7 Q€ (07 1}7 (14)
Then from (14) we get
[min{Ln,ou Al,a}v min{Rn,aa A'r,a}] =

So from (15) and Lemma 2.2 it follows that

[Al,OHAT,Ot] (15)

MIN{z,, A} = A, n>k+2. (16)

Moreover relations (6) and (14) imply that n = k+2, k43, - - -,

Ln,a < Dl,a7 Rn,a < Dr,om (OBS] (07 1}7 (17)
where
Ala+A Zz Oleou
(18)
D a — Ar,a + ﬁ Zf:() Bi,r,a
Using relation (7) for 0 < a3 < as we get
0< Dl,a1 < Dl,a2 < D'r’,ozg < Dr,al (19)

From Theorem 2.1 of [14] and (18) we have D; , D, , are
left continuous. Moreover from (18) and (7) we have

ZN

from which it is obvious that Uae 0.1] [D1,a, Dr.o] is compact.
Hence from Theorem 2.1 of [14], (19) and since Dj o, Dy o
are left continuous there exists a fuzzy number D such that
[D]a = [Di,as Dy o). Using (17) and Lemma 2.2 it follows
that

[Dias Dral C | K + + ZMZ,L + =

MAX{z,,D} =D, n>k+2. (20)

Hence from (16) and (20) it follows that every positive solution
xy of (2) is bounded and persists. The proof is complete.

In the following we study the existence of a unique positive
equilibrium z of (2) which is asymptotically stable. We need
the following lemma.

Lemma 2.3. Consider the following system of difference
equations n =0,1,2,-- -

k
Pi
Ynt+1 = a+z z : .
i=0 "t

where k € {0’ 1,2, '}7y7k7y71€+17' Y0y B—ky Z—k+15 "5 20
are positive constants and a,b,p;,q;,1 = 0,1,---,k are

k
Cm=b+ Y T @
= Yn—i

233



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:3, 2011

positive real numbers. Then the following statements are true:
(i) Every positive solution (yn, zn) of (21) satisfies n > k+2,
k k

1 — 1
aéyn§a+g;pi, béznélﬂrggw (22)

(ii) System (21) has a unique positive equilibrium (y, z) given
by

ab— k, (gi—pi)
y = P2ua@or)
\/[Zf:(, (‘Iifpi)fab} 2+4ab ZTZO @
* 2b
23)
§
z = w

2a
(iii) Every positive solution of system (21) converges the
positive equilibrium (y, z) of (21) as n — oo.

Proof. (i) Let (y,, z,) be a positive solution of (21), from (21)
it is obvious that

a<yn, b<zn, n>k+2 (24)

Moreover from (25) and using (21) we have n > k + 1,

Z?:O pi <

k
Yn+1 = a + _a+%zi:0pi»

Zn—i

(25)
k
Zng1 = b+ 7%":7"% <b+1 Zfzo qi-
From (24) and (25) it follows that (22) holds.
(i1) Let y, 2z be positive real numbers such that
k k
y=a+ Zz‘:opl7 JR dico i
Y

(26)

Then from (26) we have that the positive real numbers y, z
are given by (23).
(iii) From (22) we have

lim,, oo supy, = L1 < oo, lim, . infy, =1; >0,

lim,, oo sUp z, = Lo < 00, lim,,_, inf 2z, = L1 > 0.
27
from (21) and (27) we have

k k
1 1
L1§a+ggpi7l12a+f2§pi»
=0 1=0

k k
1 1
Lo <b+ — i, lo>b+ — i
2 < +l1;q 2 2 +L1;q
From which it follows that

k k k k
bLi+» ¢i < aly+y pi, alo+y pi <bi+Y  qi (28)
=0 =0 =0 i=0

Then relation (28) implies that bL1 + aLs < aly + bly, from
which it follows that

bLi + aLy = aly + bl;. (29)

We claim that
Li=1;, Ly=Is. (30)

Suppose on contrary that [; < L;. Then from (29) it follows
that bL1 +als = alo+bl; < alo+bL1 and so Lo < Iy which
is a contradiction. Hence L; = [;. Similarly we can prove that
Lo = I5. Therefore (30) are true. Hence from (21) and (30)
there exist the lim y,, and lim z,, as n — oo such that

lim y, =y, lim 2,==2
n—oo n—oo

where (y, z) is the unique positive equilibrium of (21). The
proof is completed.

Theorem 2.3 Consider Eq.(2) where A, B;,i =0,1,---k are
positive fuzzy numbers. Suppose that

2 k M,
L JrZi:o (Ni— M)
2K

\/[Zf:n(M"iN’)iLz] 2+4L2 Zf:o N;

+ 2K

[

< (Zf:o Ml)
(€20)

Then the following statements are true

(i) Eq.(2) has a unique positive equilibrium x.

(ii) The unique equilibrium x is asymptotically stable.

Proof. (i) Consider the following system, for a € (0, 1],
La = Al,a + %ﬂ Zf:() Bi,l,a:
(32)
Ra = Ar,a + i Z?:O Bi,r,ou
Then the positive solution (L, R,) of (32) is given by

k
Al,,aAr.a7Zi:U(Bi,r,(\7B1ﬂ,l,rv)

Lo = 24, o

\/[Z;“ZO(Bi,,.,,,fB,,,z,wal,aA,.,a} 14410 Ara SN B
+ 2A, o

k
R AaAra=d . (Bita=Bira)
@ 245 o

Zf:o Bl

(33)
Let z, be a positive solution of (2) such that [z,], =
[Ln,a,Rnal, @ € (0,1],n = 0,1,---. Then using Lemma
2.3 to the system (6) we have

Wm Ly =La, lim Ry = Ra. (34)
n—oo n—oo

k 2
\/[ZI:U(Bi,z,u—Bi.r,a)—Az,aAr.a} +4A;, 0 Ar o
+ 24 o

Hence relations (7) and (34), for 0 < a3 < @y < 1, imply
that
0< Lal S Laz S R(m S Rul (35)

Since Aj o, Ara, Bitas Bira, it =0,1,---, k are left contin-
uous from (33) it follows that L, R, are also left continuous.
Moreover from (33) and (10) we get

d= AL2+Z%O<NW=M0

Ry < %

36
\/[Z’“ (Mi—N)-12] 4422 3 N G0
+ =0 N 1=0 )

2K
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Then from (10), (32) and (36) we have
k
LM,
LQZC:J(+2;%L—. (37)

Hence relations (36) and (37) imply that [L,, R, C [c,d] and
0 Une(0,1[Las Ral C [e, d]. From which it is clear that

U [La: Rl C (0,00)
a€(0,1]

U Lo, Ro] is compact and
a€(0,1]
(38)
So from Theorem 2.1 of [14], relations (35), (38), (5), (32) and
since L, R, are left continuous we have that [L, R,], o €
(0, 1] determines a fuzzy number x such that

K
1
=A - Bi7 'a:La7Ra> € 071
v =A% 7Y B oo = (Lo Rola € (0.1
and so x is a positive equilibrium of (2).
Suppose there exists another positive equilibrium T of (2).
Then there exist functions L, : (0,1] — (0,00), Ry : (0,1] —
(0, 00) such that

k
1
T=A+ — B;, |[T]a = |La, Ral, € (0,1]. 39
Fo Atz B = [oR) ac© @9
From (39) it follows that

Lu = Al,a + R: Z Bi,l,aa Ra = Ar,a + L:a Z Bi,r,a

=0 (40)
and so L, = Ly, Ry = Ra, a € (0,1]. Therefore x = 7. This
completes part (i).

(i1) From (34) we have

lim D(zy,,z) = lim sup {max{|L,o—Lal,|Rnoe—Ral}}
41)

Let € be a positive real number, we consider the positive
real number § as follows

0 < min{e,c,c+ K — d} (42)

where ¢, d are defined in (36) and (37).
Let z,, be a positive solution of (2) such that
D(z_;,z)<d<e, i=0,1,2,-- k. (43)
From (43) it follows that ¢ = 0,1,-- -, k,
|L_ia— Lol <6,

|[R_io — Ra| <6, a€(0,1] (44)

From (6), (7), ( 32) and (44) we have

A+ 5%~ La
i=0 = b

»

Ll,a - Loz

k
1

< Aa o < B’L aiLoc
< 1, +Ra_5; 1

LozfAla RafAloc
< 4 = <6 : 4
= “"Ro-0 " R.-0 @)
< 6RQ—K

Ry —9

No:3, 2011

from (42) and (45) we get
|Li,o — Lol <d<e, a€(0,1]. (46)
Moreover from (6), (7), (32) and (44) we have

B’Lr
Rl,a_Ra = Ar,a"’;ﬁ_Ra
Ry, — A d—K
< == <SS 47
- Lo—6 — c¢—9§6 “7)
From (31), (42) and (47) we get
|Ri,0 — Ra| <&, ae€(0,1] (48)

From (47) and (48), working inductively we can easily prove
that

[Ln,o — Lol <€, |Rn,a—Ral <e, a€(0,1] (49)

and so D(z,,x) < €,n > 0. Therefore the positive equilib-
rium z is stable, and noting (41). So the positive equilibrium
x is asymptotically stable. The proof is complete.

III. CONCLUSION

In this paper, we study the existence of gositive solution

to fuzzy difference equation z,11 = A+ >, ZB:, n =
0,1,---. Under certain conditions, we prove that the positive

solutions are bounded and persists. Furthermore, we prove
that the equation has a unique positive equilibrium which is
asymptotically stable.
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