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On-line and Off-line POD assisted projective
Integral for non-linear problems:

A case study with

Burgers’ equation

Montri Maleewong and Sirod Sirisup

Abstract—The POD-assisted projective integration method based
on the equation-free framework is presented in this paper. The method
is essentially based on the slow manifold governing of given system.
We have applied two variants which are the “on-line” and “off-line”
methods for solving the one-dimensional viscous Bergers’ equation.
For the on-line method, we have computed the slow manifold by
extracting the POD modes and used them on-the-fly along the
projective integration process without assuming knowledge of the
underlying slow manifold. In contrast, the underlying slow manifold
must be computed prior to the projective integration process for the
off-line method. The projective step is performed by the forward
Euler method. Numerical experiments show that for the case of non-
periodic system, the on-line method is more efficient than the off-line
method. Besides, the online approach is more realistic when apply
the POD-assisted projective integration method to solve any systems.
The critical value of the projective time step which directly limits the
efficiency of both methods is also shown.

Keywords—Projective integration, POD method, Equation-free.

. INTRODUCTION

Today, computer simulation via differential equation models
has become a very useful part of research areas such as
engineering, physics, chemistry, biology, social sciences, and
the economics of human systems. The results of computer sim-
ulation do not only allow researchers to gain insights into the
operation of those systems, but also provide a visualization of
fundamental behavior regarding problems of interest. Although
it can provide us with many good predictions of complex
phenomena, the computational time required to achieve this
is, in general, very large. Thus, most of the calculations are
usually performed on high-performance computers, parallel
or grid computing. Nevertheless, it remains impractical in
many practical problems from both computing and data-
handling viewpoints. It is necessary to employ a simpler
model that also embraces all key phenomena from the original
models. The benefits of inventing these reduced-order models
are twofold. First, there would be the ability to perform
simulations and accurately predict complex phenomena with
much lower computing needs. The second benefit would be the
ability to directly comprehend complex phenomena from these
reduced-order models without mining data sets obtained from
traditional simulations. There are many developments trying to
address this issue. Currently, many reduced-order models or

Montri Maleewong is with the Department of Mathematics, Kasetsart
University, Bangkok, 10900 Thailand e-mail: Montri.M@Xku.ac.th.

Sirod Sirisup is with the Large-Scale Simulation Research Laboratory,
National Electronics and Computer Technology Center, 12120 Thailand
e-mail:Sirod.Sirisup@nectec.or.th

low-dimensional models have been proposed by researchers
in many research fields; see [1], [13], [16]-[18], [24], for
example.

The proper orthogonal decomposition (POD) method is
one of the well-known methods used for creating a low-
dimensional model. It is a powerful tool based on statistical
analysis. It is able to identify low-dimensional descriptions
(both on a spatial/temporal dominant basis or structures) for
multidimensional systems (see [2]) and utilizes these structures
to build a robust low-dimensional model. Used with the
method of snapshots, first proposed in [23] for flow systems,
the POD method becomes particularly effective and easy to
implement. Moreover, the POD method has been successfully
implemented in conjunction with both experimental and nu-
merical studies for a wide range of applications.

In this paper, we explore both the on-line and the off-line
POD-assisted projective integration methodology that employs
“equation-free” projective integration frameworks, pioneered
by 1.G. Kevrekidis et al. [7]. This framework has been applied
to a variety of problems, ranging from the bifurcation analysis
of complex systems to the homogenization of random media
[8], [11], [12], [19], [20], [25]. The basic idea operates at two
levels:

(a) design and perform short-time numerical experiments
with “the best available” microscopic model, then

(b) use the numerical results of such microscopic compu-
tations to estimate quantities (residuals, action of Jacobians)
required in numerical computations of the macroscopic equa-
tions for the coarse-grained system behavior [6].

A similar POD-assisted projective integration approach has
been successfully applied to solve the Navier-Stokes equation
[22]. However, in this current work, we perform POD-assisted
projective integration without assuming knowledge of the
underlying slow manifold in the integration process. We need
to compute the underlying slow manifold for every large
projective integration step (see a full definition in the method-
ologies section). Thus the POD modes must be computed on-
the-fly while we are marching the numerical solution in time.
This is called the “on-line” method. Full details of the on-
line method are given in Section 11-B. Moreover, we have
presented the projective integral method based on [22], which
is called the “off-line” method since the POD modes are
known prior to integration process. From the application point
of view, the on-line method is more practical than the off-line
method. It can be applied to solve any complex systems with
some modifications of the existing computer code. Moreover,
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the approach can also be used to study the dynamics and
interactions of the underlying slow manifold of any given
systems as well.

In summary, in this current work, we focus on three aspects
of the POD-assisted projective integration approach:

« An examination of the effectiveness of the approach in
numerically solving a nonlinear PDE if the POD modes
are not available a priori for the projective integration
process.

« An investigation of solution dynamic represented by each
POD mode.

« A comparison of the on-line and off-line methods.

The paper is organized as follows. In Section 2, we present
the algorithms of the POD-assisted projective integration and
related methodologies. The analysis of the accuracy of the
projective forward Euler method is demonstrated in Section 3.
Numerical results from the on-line and the off-line methods
are presented in Section 4, where the one-dimensional viscous
Burgers’ equation is used as the illustrative prototype. We
provide a brief discussion and summary in Section 5.

Il. METHODOLOGIES
A. Proper orthogonal decomposition

The Proper Orthogonal Decomposition (POD) procedure
extracts empirical orthogonal features from any ensemble of
data. This linear procedure produces a useful reduced basis
set that is optimal in the L2 sense. In the POD framework for
continuous problems [2], we can represent a flow field u(t, x)
as follows:

u(t,x) = Y ar(t)dy(x), 1)
k=0

where {¢,(x)} is the set of POD bases determined by first
determining the {ax(¢)} from the eigenvalue problem

/ Ct,tap()dt' = Ipap(t), teA, )
A

where {ay(t)} is the set of temporal modes, A is a specified
time interval, and C(¢,¢’) is the correlation function defined
by

C(t,t) = /u(t,x)~u(t'7x)dx. (3)
Q
The POD basis is thus defined by
B = [ atuiexar v, @
A

The non-negative definiteness of the correlation function (3)
allows us to order the eigenvalues and the corresponding POD
modes by e > S\kﬂ. The POD expansion coefficients for
(1) can be found from a; =< u(t,x), ¢, (x) >. Here <,>
denotes the inner product operator in the L? sense.

B. POD-assisted projective integration

The projective integration technique allows us to integrate
numerical solutions forward in time using only two processes:
restriction and lifting. We introduce the definitions of these

processes by using two operators: a restriction operator R
and a lifting operator £ such that

a(t) = Ru(t,x) = {<u(t,x),d;(x) >, t € A,Vk}, (5)

and

u(t,x) = La(t) = Y ar(t)gp(x). (6)
k=0
In a discrete computation, we can approximate (1) using K

terms of POD expansion. The representation can be expressed
as

K
k(%) =Y ar(t)dy,(x), @)
k=1

and the truncated restriction and truncated lifting operators
are defined as R x and L, respectively. The convergence of
the K-terms POD expansion is assumed to be in the form of

lu—ug|| — K77, as K — oo, (8)

where the convergence rate, v > 0, is sufficiently large.
In general, we can write the evolution of the POD coefficient
a(t) using

<= = glaw), ©

where the explicit form of g may remain unknown. Thus, the
derivative of the POD coefficients must be approximated rather
than explicitly evaluated, in order to march forward in time.
Note that we can find an explicit form of g by projecting the
governing PDEs onto the POD modes [3], [4], [9]. [10], [15],
[21].

In this study, the “fine-scale” simulator gives a fully resolved
solution of Burgers’ equation using the standard Fourier spec-
tral method. The “coarse-grained” model is that of solution
dynamics (from initial conditions) on the slow manifold; the
dynamics are observed on only the first few POD modes that
parametrize this manifold.

In general, one large POD-assisted projective integration
step to march the system from ¢t = t™ to ¢ = ¢t"*+! consists of
the following substeps:

1) Fine-scale computation: Solve Burgers’ equation for a
short period of time for ¢t < ¢t < ¢ = " 4 nsdt.
The computation is conducted via the standard Fourier
spectral method with a small time step d¢. Here, the
local relaxation time (nydt) is assumed to be shorter
than the typical coarse-grained flow time scale (substep
3, below).

2) Restriction: Derive the POD coefficients using the pre-
viously saved solutions from the previous step, i.e.,
solve the eigenvalue problem (2) and estimate the time
derivatives da/dt at t = t".

3) Projective integration: March a(t) from ¢™ to t"** using
any standard ODE technique to obtain a(¢"*1). The time
step here is At, = n.0t = t"+1 — 7, where n. > ny >

1.

4) Lifting: At ¢t = "+, reconstruct the solution
uk (t",x) = Lka(t™) for a specific number of POD
modes, K.
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5) Return to substep 1. Note that the solution from substep
4 is set to an initial condition for the next fine-scale
computation. Repeat the computation until the final time
is reached.

Further details of substeps 2, 3, and 4 are given below.

1) Restriction and lifting: We employ the snapshot method
to extract the set of POD bases {¢,,(x)} from the ensemble of
previously saved solutions [23]. In the fine-scale time interval,
the solution snapshots u(¢;,x) at time ¢; are obtained by
solving Burgers’ equation using an accurate spectral method
where t" < t; < 7, i = 1,..,ny. From (4), the POD bases

c

are then determined discretely by

nf

br(x) = > ax(t)ult,x)dt, Vk. (10)

i=1

where {a;} are obtained by solving the correlation matrix (2).
Once the POD basis functions are determined from (10), we
can restrict any solution u(t, x) for any given ¢ to obtain the
corresponding POD coefficients a; from (5). The derivative
of POD coefficients can then be approximated and used to
march forward in time via the projective integration technique
(see below). The lifting procedure is the reverse process of
restriction, i.e., for a given set of computed POD coefficients
at time t, we can reconstruct the corresponding solution by
using (6).

2) Projective integration: The projective integration proce-
dure is described as follows:

« Approximate the RHS of (9) at ¢t =t via

Ne

B(2) =Y agalty) = 2+ 0 (%), D)
§=0

where 1 < n. < ny, t; =t} — jot, and Jy denotes
the order of the approximation. Here, {a;}7c, is a
set of consistent coefficients such that > «;f(t;) =
df /dt(t?) + O(6t71).

o Once the RHS of the typical reduced-order model (9)
is estimated numerically, we can effectively integrate it
via standard ODE solvers. For instance, given a coarse
time step At. = n.6t where n, > 1, such that "1 =
tr + At = t" + (ny + nc)dt, the single-step forward
Euler projective integrator takes the form

a(t"™t) = a(tf) + At -g(t) + O(AL).  (12)

It should be noted that other higher-order explicit integration
schemes (possibly implicit ones) can be used as well. For
instance, we can use the following scheme:

J,
, < (Ate)F 9=
a(trl+1) = a(t?) + E ( k') otk—1 g
k=1 :

(t") + O(AtlT).

(13)
The higher-order temporal derivatives of g(t) are approxi-
mated in a way similar to (11). Note that (13) is a high-order
single-step method.

C. Projective Forward Euler Method (PFE)

The global time for projective integrators are composed of
two types of integrators: fine-scale integrator and coarse-scale
integrator. We start the computations via fine-scale integration
with ny time steps and then perform coarse-scale integration
with n. time steps. In this study, fine-scale integration is
performed using the Fourier spectral method, whereas coarse-
scale integration is carried out using the single-step forward
Euler method. Here, we apply the Euler method in order to
check the stability of the PFE method by comparing it with
some predictions from linear stability analysis. Details of the
analysis will be presented in the next section. Following [5],
we divide the computational stages in the PFE method into
several steps, as follows.

1. Use a suitable fine-scale integrator to integrate the solu-
tions for ny time steps, say from ¢™ to ¢7.

2. Approximate da/dt at t = ¢”.

3. Perform outer integration with n. steps using dy/dt at
time ¢ = t7 via

Antnptne — (nc+1)an+nf — NcAntnp—1-

Here, we approximate da/dt¢ at time ¢ = t? via the Euler
method at points n; and ny — 1.

I1l. ACCURACY OF THE PFE METHOD
A. Accuracy of the PFE method

Recently, a detailed analysis of the consistency and accuracy
of the “off-line” POD-assisted projective integration method
has been presented in [22]. The resultant analysis can be
applied to the proposed (“on-line”) method. The main results
are summarized here as follows.

Let v**1 and u™*! be an exact solution and numerical so-
lution, respectively, at time t"+! . Suppose that we employ one
step of the PFE method with K’ POD modes to approximate
the exact solution in one global time step At = At, + Aty.
The error from the approximation u}"(“ against the exact flow
field v at any time t**+! can be written as:

er HuTIL{+1 *V(tn+1)H

tn+1)H

IN

(it = vie(

+ [V (") = v ||
~ Atsres+0 (At2) + 0 (5t77)
+0 (K77) (14)

The total error er is composed of four error terms on the
RHS of (14). ¢y ~ O(dt?, h?) is the error from the fine-
scale computation. The second term is the error from the
coarse-scale computation. The third term is the error due to
the approximation of g(a(t)), which is not known exactly in
closed-form formulae, and the last term is the error from the
convergence of POD representations.

For very accurate fine-scale computation, we obtain
O(Aty) < O(At). Thus, the dominant error terms arise from
the last three terms. In the case of a highly effective method,
n. must be large, so the error term O(At2) dominates other
error terms, and it grows very rapidly when we march the
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numerical solution in time. However, for a large K, the error
from approximation of the (9) at ¢t = ¢ can dominate other
error terms because of aliasing. A technique like non-uniform
sampling near ¢ = ¢ could be used as a remedy for this
situation. In practice, the appropriate values of At. and Aty
providing the most efficient PFE method are not known in
advance. One way to analyze the relation between At. and
Aty is to use the concept of linear stability. A detailed analysis
of this method will be given in the next subsection.

IV. NUMERICAL RESULTS

In order to demonstrate the PFE method, Burgers’ equation,
which is a simple one-dimensional model of the Navier-Stokes
equations, is chosen as a demonstration model. Fine-scale
computation is performed by the Fourier spectral method.
Some details of the method are summarized as follows.

The one-dimensional viscous Burgers’ equation for un-
known wu(z,t) can be written as

U + Vlge + uu, = 0, 0<ax <L (15)

where L is a given computational domain, and v is the
viscosity effect.
Let o be the discrete Fourier transform of v, defined by

1 Nl
a(k,t) = F(u) = N u(z;,t) exp(—ikz;),
3=0
—-p < k < p— 1a

where p and N are the number of Fourier modes and dis-
cretization points of x, respectively. Applying the discrete
inverse Fourier transform, we obtain

p—1
u(z;,t) = F'u) = Z a(k,t) exp(ikz;) ,
k=—p
0<j<2p-1

where F' and F~! respectively denote the discrete Fourier
transform and the inverse Fourier transform.

In discrete form, (15) can be written as

up(zj,t) = —F ' {F(u?)ik/2}
+ F {vk?F(u)} |
0<j<2p-—1. (16)
Let u = [u(zo,t),u(w1,t),...,u(z2p—1,t)]T, and (16) can
be written as the system of ODEs at the collocation points:

u, = R(U). 1

To reduce the computational time, we apply the discrete
fast Fourier transform (FFT) algorithm to the RHS of (17).
We march forward in time by using the classical Runge-Kutta
method. Hence, the problem can now be solved numerically
subject to appropriate boundary conditions.

The solution u(z, t) represents a traveling wave along a flat
horizontal bottom in the domain 0 < = < L. The boundary
conditions can be approximated as «(0,t) = u(L,t) = 0 for
t > 1, whereas the initial condition is given by

x

u(z, 1) = 0<z<L. (18)

1+ expg; (22 = )]

This problem has an exact solution (see [14]) in the form of

o= z/t

u(,t) = 1+ (t/to)Y/2 exp(a?/4vt)’
where to = exp(1/8v). The solution represents a nonlinear
wave propagating to the right with decreasing amplitude due
to the viscosity effect. The viscosity effect is set at v = 0.005
for all cases of our simulations. It is noted that our current
investigtion focuses on non-periodic system. We will apply
the PFE method and check its accuracy by comparing the
numerical solutions with the exact solutions at various times
in the next section.

t>1,  (19)

A. Numerical results of the PFE method

The evolution of traveling wave profiles u(z, t) is shown in
Figure 1. The horizontal axis represents the = domain, while
the vertical axis represents the wave amplitude. The solid and
the dashed lines depict the exact solutions and the numerical
solutions, respectively. Here, we set the number of POD modes
from K =1 to K = 4, the inner time step at ny = 5, and
the outer time step at n. = 5. Cases of larger outer time step
n. = 10 are shown in Figure 2.

To investigate the accuracy of the PFE method, we define
three forms of error as follows.

Qexact(ia tj) - %pprox(ia tj)
qexact(iv t; )

1 N
Et] - N {Z

1
Eavg = ZEtjAt ’

Qexact(iy Tn) — (Qapprox (i7 Tn)
Qexact(iy Tn)

1 N
and  Er, =+ {Z

i=1

b

where N is the number of mesh points, nt is the number of
time steps, and T, = nt - 6t is the final time. Thus, Eayg is
the accumulation of averaged error measured at the final time
step, and £, is the averaged error at an arbitrary time ¢ .

In Figure 1, we apply relatively small outer time step,
n. = 5. The numerical results at each time step are in good
agreement with the exact solutions when we use the number of
POD mode K = 3,4. When K = 1, the numerical results are
clearly incorrect. This impiles that we use not enough number
of POD mode in the online PFE method in order detect the
dynamics of solution in time and also means that the first POD
mode responsibles for the actual mean flow, and the second
POD mode responsibles for the flow speed. In our simulations,
we need to increase more number of POD mode to increase
accuracy of numerical solutions. We found that it is enough
to use K = 3, 4 and 5 in the simulations run by the PFE
method.

In Figure 2, we apply relatively large outer time step,
n. = 10. The numerical results at each time step are in good
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Fig. 1. Evolution of traveling wave profiles u(z,t) by PFE method with
POD modes K =1 to 4 and n. = 5.

agreement with the exact solutions when we use the number
of POD mode K = 3,4 but relative error still appears. Using
K = 2 can improve dynamic solutions but with large error.
In this case, the dominant error is contributed from the coarse
scale time step in the PFE method. Moreover, this error term
gets large when we continue to increase n... Figure 3 shows the

n=5n =10,K=1
i 3

e Numerical
Exact

03l nt =100

0 0.5 1 15
X

n=5n=10,K=2
f c

:
Z £
03f o= xact |

0 0.5 1 15
X

n =5n =10, K=3
t c

Numerical
Exact |

03t ., nt=100

nt = 300

0 05 1 15
X

n=5n =10,K=4
f c

03l y nt =100 Exact |

0.2

> 0.15f

0.11

0.05

-0.05
0 0.5 1 15

Fig. 2. Evolution of traveling wave profiles u(z,t) by PFE method with
POD modes K =1 to 4 and n. = 10.

numerical results when n. = 13 with K = 5, the numerical
solution is clearly incorrect at the early time step but the PFE
method can recover inaccurate solution to be accurate solution
when longer time step calculated. This is an important feature
of the PFE method studied in our work that it can adapt the
solution in time during marching. So, this method is sometimes
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called "on-line’ method or projective integration performed on
the fly.

n,=5n =13, K=5
i c

Numerical
Exact

03l nt =100

Fig. 3. Evolution of traveling wave profiles w(z,t) by PFE method with
POD modes K = 5 and n. = 13.

The relationships between the number of POD modes K and
the errors are shown in Figure 4. When fixing K, it was found
that the errors Eqg and Epy, increase as n. increases. That
is, the accuracy of the PFE method decreases as the coarse
time step increases. In this case, the dominant error term is
the truncation error of O(At2) on the RHS of (14).

ne= 5, v =10.005, dt = 0.01, nt = 500

—e—n=1

—x—HCZS
+nc:10

—h—n, =13
0.5

—a—n =14

avg

0.4

0.3

0.2

1 2 3 4 5

ne= 5, v =0.005, dt = 0.01, nt = 500

—o—n=1
—»—n=5
0.7p

A—n=10

=13
e

=14
'

Fig. 4. Relationship between the number of POD modes K and averaged
error Eqvg, and Er,

We can see the effect of K by fixing both n. and ny
and varying K. It can be seen from Figure 4 that the errors
decrease as K increases, or equivalently, that we have used a
sufficient number of POD modes for the expected convergence

and desired accuracy to be obtained. This conclusion can be
made only if n. < 13. We can see in the case of a relatively
large value of n. (n. > 14) that the error is very large even if
we use many K. In this case, the error term from the coarse-
scale computation is much larger than the error term from the
POD convergence. This then directly affects all computations,

resulting in a divergence of the numerical solutions.

B. Numerical results of off-line projective integration

In this section, we apply equation-free projective integration
based on [22] to solve the same problem. This method is
referred to as “off-line” because the POD modes are known
prior to the computation. In this method, we need to employ a
large number of snapshots to make sure that the POD modes
have been fully resolved by the method of snapshots [23]. POD
modes are extracted from the solution ensemble and will be
later used in the restriction and lifting processes. In the current
study, we use 80 snapshots in the solution ensemble. These
POD modes govern simulation dynamics in entire integration
period.

The concept of the off-line projective integration method is
different from the on-line method that in the latter POD modes
are computed on-the-fly. This means that POD modes are
obtained by extracting n ; snapshots from the DNS simulations
for each large projective integration step. However, off-line
projective integration method uses the POD modes computed
prior to the integration process. This is the main difference
between the on-line and the off-line projective integration
processes.

To investigate the efficiency of the off-line method, all
parameters v, dt, and n; are chosen to be the same values
as in the numerical experiments of the on-line method. The
evolution of traveling wave profiles u(z, t) is shown in Figure
5. Here, the number of POD modes are K = 1,5,10 and
20, the inner time step is ny = 5, and the outer time step
is n. = 5. Similar to the study of on-line PFE method, the
off-line projective integration with only the first POD mode is
not enough to represent the solution accurately. The accuracy
of the solution is obtained as we have increase K to K = 20.
However, increasing number of POD modes used in the off-
line projective integration to be more than K = 20 can result
in unstability in the method eventhough by including more
higher modes can lead to a more accurate solution. This is
because the approximation to derivatives in projection step
of highly fluctuated mode is very poor and the approximation
error is also greatly amplified. Thus using these high modes in
POD-assisted projective integration is not feasible in practice.

The case of a larger time step with n. = 13 with K = 40
is shown in Figure 6. For the numerical experiments we have
found that this value of n. is the possible highest possible
value for the current off-line projective integration and it is
close to that of on-line one.

The relationship between averaged error E,q and the num-
ber of POD modes K of the off-line method is shown in
Figure 7. We have shown four cases of n.: 5, 10, 15, and
20. For n. = 5 (relatively small jump in the projective step),
we can see that the averaged error decreases as the number
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Fig. 6.  Evolution of traveling wave profiles w(z,t) by PFE method with
POD modes K = 40 and n. = 13

numerical results in the case of n. = 10 is similar to that
in the case of n. = 5. However, in the case of larger step
with n. = 15, the averaged error is relatively large compared
to the previous cases. The averaged error does not decrease
with increasing K. Moreover, the numerical solution diverges
as K becomes too large. This is becuase the truncation error
of the coarse time-scale computation dominates in the case of
large n., leading to the instability of the method. As we can
see, the numerical solution diverges very rapidly in the case
of n. = 20.

n;=5,v=0.005, dt=0.01, nt = 500

—®—nc=5

35r h o nc=10
! —A- nc=15

sl i —#— nc=20

Fig. 7. Relationship between POD modes K and averaged error Fayg for
the off-line projective integration.

TABLE |
AVERAGED ERRORS OF ON-LINE AND OFF-LINE

Fig. 5. Evolution of traveling wave profiles u(z,t) by PFE method with
POD modes K = 1,5,10 and 20 with n. =5

of POD modes increases. This is similar to what we have
observed in the results of the on-line projective integration. As
K increases, the error does not decrease, because the higher
POD modes (X > 40) contribute very little to the accuracy of
the solution, or equivalently, they possess very small energy
when compared to the lower modes. The accuracy of the

Ne On-line Off-line
5 0.01587  0.05062
8 0.02451  0.06337

10 0.04387 0.06887

12 0.04011 0.07564

13 0.04481 0.10307

Table | shows the comparison of averaged errors between
the on-line and the off-line PFE methods. For the same value
of outer time step, the on-line projective integration provides
results with higher accuracy compared to those of the off-line
projective integration. The on-line projective integration can
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precisely detect solution dynamics while the off-line projective
integration may miss some features if such features have not
been observed in solution ensemble. In the on-line projective
integration, the numerical solutions can be updated at the
fine step and then used to construct the corresponding POD
modes during the time integration. From this results and
the implementation point of view we can see that the on-
line projective integration method is rather efficient than the
off-line projective integration method. However, the costs of
repeatingly computed in on-line projective integration method
should be assess before applying such aprroach to solve any
given systems.

V. CONCLUSIONS

In this paper, we have applied both the on-line and off-
line POD-assisted projective integration methods to solve nu-
merically the one-dimensional viscous Burgers’ equation. The
methods compose of two time-scale computations: fine-scale
and coarse-scale. The fine-scale computation is performed by
the Fourier spectral method, and the coarse-scale computation
or the projective integration is carried out using the first-order
forward Euler method.

The main objective of this study was to investigate the
efficiency of the on-line projective integration method as well
as compare that to the off-line projective integration method.
Various sets of numerical experiments have been carried out.
The stability of the method was investigated numerically. It
was found that the method is stable when the coarse time step
is small, while it is unstable when the coarse time step is
large. This results in a large truncation error in the projective
integration where the increment of representative POD modes
cannot reduce the total error.

In general, we can also apply the higher-order integrator
as the coarse-scale integrator; for instance, we can use the
fourth-order single-step Runge-Kutta method or the multi-
step predictor-corrector method. This would result in a more
effective method. We have investigated the efficiency of the
presented methods by changing from the first-order forward
Euler method to be the second-order forward Euler method. It
is found that averaged errors decreases but it is not significant
and still be the same order of accuracy. When we increase
the number of POD modes for both the on-line and off-
line projective integration methods, the second-order methods
are unstable because we have included high POD modes
having high frequency for approximating time derivative at
the projective step. Thus, using just first-order method would
be efficient method in case of combinations of many POD
modes.

In the current work, although we have applied a method for
solving the prototype viscous Burgers’ equation, the method
can be extended to any dissipative PDEs. The important
limitation of the method is that the projected domain must
rely on the existence of a relatively low-dimensional model or
attracting slow manifolds parametrized by the representative
POD modes. In complex systems such as atmospheric or
ocean system, time spent in the fine scale computation step
can necessarily be much longer which directly affects the

overall efficiency of the proposed method. More research
which includes time required in fine scale computation step,
longest projection time step as well as optimal number of POD
modes is still needed in order to achieve the highest efficiency
and stability regarding this method as it is being applied to
solve such systems.
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