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On CR-Structure and F-Structure Satisfying
Polynomial Equation

Manisha Kankarej
Proof.
Abstract—The purpose of this paper is to show a relation a) [+m=1
between CR structure and F-structure satisfying polynomial equation. Itm=— (anFn_1+an_1Fn—Z+...'_._a3F2+a2F1) o
In this paper, we have checked the significance of CR structure and a,
F-structure on Integrability conditions and Nijenhuis tensor. It was " (anFn_1+an_1Fn_2+---....a3FZ+a2F1 )= I
proved that all the properties of Integrability conditions and a;
Nijenhuis tensor are satisfied by CR structures and F-structure 2l+m=1 4)
satisfying polynomial equation.
. b 2=l
Keywords—CR-submainfolds, CR-structure, Integrability , anF" 4 ay_; F72 4. azF?+ayFl
condition & Nijenhuis tensor. I*=- ( a )
_ (anF"_1+an_1F"_2+---....a3F2+a2F1)_
2000 AMS Mathematics Subject Classification—53C40, a a
53D10. _ (—_al) . (anF"_l+an_1F”_2+---....a3F2+a2F1) _
ap az
I. INTRODUCTION _ (anF”_l’fan—lF”"z+‘“----a3F2+a2F1) -1
. a
HE study of F structure and CR structure is done by many = 2 ; l 5)
mathematicians. In this paper the study of these structures
are con.s1.dered w1th“ polypomlal equgtlons, the study ofy ;2 =m
Integrabl.hty and . Nijenhuis Tens'or. s also extended to m? = [1 + (anF"_1+an_1F"_z+'“--..a3F2+a2F1)] , [1 N
polynomial equation. Yano [1] initiated the study of F - a
structure. Nikie [8] and Das [9] further studied the properties (anF"‘1+an—1F”"2+‘~----a3F2+azF1)] _
of F structure. eyl o S0
Let F be a non zero tensor field of type (1,1) and of class C* 12421 (a"F tan-aF - R U 1 )
1

dimensional manifold A such that
anF™ + apF" ' ...a,F? + a;F' =0 ()

where n is a fixed positive integer greater than or equal to 1.
Such a structure on M is called an F-structure. If the rank of F
is constant and r=F(r), then M is called an F structure
manifold of degree n.

Let us define the operator on M as:

= anF" Y +a,_F""24-...a3F%+a,F?! 2

- - &
anF" 14a,_1F" 24 .azF%+a,F!

m =]+( n n-1 - 3 ) 3)

where I denotes the identify operator on M.
Theorem 1. Let M be an F(a,, a,_4,... a1) structure manifold

satisfying (1) then
a) l+m=1

b F=1I

o) m=m

d Ilm=0
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(anF”_1+an_1F"_Z+---....a3F2+a2F1)2 _

a
anF" l+ay_1F" 24 ..a3F%+a,F?!

17+ 21 Y+iE=174
az
2] (anF"_1+an_1F”_2+~'....a3F2+a2F1) yl=
az
12+ 21 (anFn'l+an_1F"'2+~--....a3F2+aZF1)
a
(anF"_1+an_1F"_2+---....a3F2+a2F1) _
a; -
anF" Y4a,_1F"24-...azF%+a,F!
I+(” n ):
a
Som?=m (6)

d) Lm=1 (L)
=1-1=]-1=Ilm=0 7

For F = 0 satisfying (1) there exist complimentary
distributions D; & D,, corresponding to the projection operator
I & m respectively. If Rank F' = constant and » = #(F). Then,
dimD;=rand D,, =n—r.

Theorem 2. We have-
a) (D)IF=FI=F,
() mF=Fm =20
anF'+ay,_F" 14 .azF3+a,F?
b 0 - )

m=10
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AnF +an_1F* 14 asF3+a,F?
(II)(n n—-1 3 2 )*Z:_l
ap

Proof.
@) ()IF=FI=F
IF = (U—nFn_1+an—1Fn_2+---....a3F2+a2F1) « F=

a
_ (anF4an 1 F* 4 a3F34apFR
( o )-F
So IF=FI=F (®)

() mF=Fm =0
mF = [1 n (anF"_1+an_1F”‘2+~~~....a3F2+a2F1)]*F: [F n

ay
(anF"+an_1F"_1+~~....a3F3+a2F2)]:F+ (F)=0
az
SomF =Fm =10 9)
nF+an_ 1 F* 14 .agF3+a, F?
b) (I)(a an-1 = as a; )*m -0
=-F*m=0 (10)
anF +an_F* 1 4-...azF3+a,F? %
an( . )
=-F*|=-F (11)

Thus, F acts on D, as an almost complex structure and on
D,, as a null operator.

II. NIENHIUS TENSOR

The Nijenhius tensor N(X,Y) of F satisfying (1) in M is
expressed as follows for every vector field X,Y on M.

N (XY) = [FX, FY] = F[FX, Y] = F[X, FY]+ F* [X Y] (12)

We state the following theorem without proof
Theorem 3. A necessary & sufficient condition for the f-
structure to be integrable is that N(X,Y)=0 for any vector field
X& Yon M.

III. LIE BRACKET
If X & Y are two vector fields in M then their lie bracket

[X,Y] is defined by

[XY]=XY-YX (13)

IV. CR-STRUCTURE

A study of differential geometry of a CR submanifold has
been initiated in [4]-[7]. Results on general theory of Cauchy
Riemann manifolds have been obtained by [2].

Let M be a differentiable manifold and 7. (M) be its
complex field on tangent bundle M. A CR-Structure on M is a
complex sub bundle H of 7. (M) such that H, N H; =0 & H is
involutive i.e. for complex vector field & Yin H, /X Y] is in H.
In this case we say M is a CR-manifold. a)

Let F(a,, a,_4,... a;) be an integrable structure satisfyin
(1) of rank » = 2m on M. We define complex sub bundle A o )
T. (M) by

Hp={X—- ~-1FX X €y (D))} (14)
where y(D;) is the F(D,,;,) module for all differentiable sections
of D;.The Re(H) = D; & H, N H; = 0, where H; denotes the
complex conjugate. Intigrability conditions on
submanifolds have been investigated by [4].

Theorem 4. If P & Q are two elements of H then the
following relation holds

such

[P, Q] = [X.Y] —[FX, FY] —N-1[X, FY] -1 [FX,Y]

Proof. Let us define

then by direct calculation & on simplifying, we obtain-

[P.O] = [X—N—IFX, Y —~N—-1FY]
= [X.Y] ~N=1 [X,FY] —N~1 [FX,Y] Y- [FX,FY]
= [XY] - [FXFY]N=1 [XFY] =1 [FXY] (15
Theorem 5. If F(a,, a,-;.....a; a;) structure satisfying (1) is
integrable then we have

(anF"_2+an_1Fn_

34...azF+a, )
az

{[FX*FY]+ F2[X*Y]} =1
{[FXY] + [XFY]}
Proof. From (12) we have,
N(X,Y) = [FX.FY] + F’[X,Y] — F[FX,Y] — F[X,FY]
Since N (X,Y) = 0 we obtain

[FX,FY] + F’[X,Y] = F[FX,Y] + F[X,FY]

anF" 2 +ay_ 1 F" 3 4-..azF +a,

- )

_ (apF" 2+ap_1F" 3+..a3F'+a,
- -

Operating — (

VUFXFY] + F2[X,Y]}

F'"24a, 1F" 3+...azFl+
:_(an An—1 - as az){F[FXY] +F[)(,FY]}
__ (anF"_2+an_1F"_3+-

az

o..azFlta, ) F{[FX,Y] + [X,FY]}

-1 —24... 2
- (PO oy 4 (X FY]

az
_ (anFn_1+an_1Fn_Z+~~-....a3F2+a2F)

{[FXY] + [XFY]}

az

={[FXY] + [XFY]}

This proves the above theorem.
Theorem 6. The following identities hold
mN(X Y)=m[FX FY]

anF" 2 +an_1F" 3+....azFl+a
mN[( n n—1 : 3 Z)ij
1
anF" Y +ay 1 F" 2+4-..azF%+ayF
—m [( n n-1 3 2 ),FY]
a
Proof.
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a) mN(X,Y) = m{ [FX,FY] + F’[X,Y] — F[FX,Y] — F[X,FY]}

mN (X,Y) = m{[F, F] + F’ [X,Y] — F[FX,Y] - F[X, FY]}
=m[FX, FY] + m.F.F[X,Y] — mF[FX,Y] — mF[X, FY] =

m[FX, FY]
=mN (X,Y) = m[FX, FY] (16)
-2 n-3,... 1
b) mN[(anF" +ap_1F* 3 +...azFl+a, )X Y=m
ai
anF" Y +ay 1 F" 2 +-...a3F%+ayF
[( a; )’FY]
mN[(anF"‘2+an_1FZ‘3+---....a3F1+a2 )X, Y)=
n-2 nea. Flia
anF +an-1F +--..a3 2 _
mN[( - VEX FY]=
2 o AnF 2 +ap 1 F" 3 +--...azF ' +a,
O DR
F[F(anF”_2+an_1FZ_3+~~~....a3F1+a2 )X Y] -
n-2 n- Flia
anF +an—1F +--.a3 2
F( — XFY];
By the equation mF = 0 = Fm
-2 n—3_4... 1
mN[(anFn +an_1Fa1 +..azFl+ay )X, Y]= m
anF" Y +ay 1 F" 2+--..a3F%+ayF
I - )FY] (17)

Theorem 7. For any two vector field X & Y, the following
condition are equivalent —

a) mN (XY)=0

b) m/[Fx, Fy] =0

o) mN[(anFn—1+an_1F"a—12+~~~....a3F2+a2F )X Y =0
d) m[(anpn—2+an_1F:3+~~~....a3F1+a2 )X, FY] =0
o) m[(anpn+an_1pn—:--~....a3F3+azF2 ) IX, FY] =0

Proof. a) =>b)
mN (X,Y) =0

=>m{[FX, FY] =F" [X,Y] —F[FX,Y] —F[X, FY]} =0
=>m[FX, FY] = 0 (18)

[since mF = Fm = 0]

c)=a)
n— n—2,4... 2
mN[(anF ltan_4F - +--..azF%+aF )X, Y] -0

By (1)

anF" a1 F 24 azFP4ayF I

a; B

=>mN[-X, Y] =0
=>mN[X, Y] =0 (19)
=>¢) =>q)

d) =>b)
[(anFn_z+an_1F’l:3+~~....a3F1+a2 )X, FY] =0
AnF" 2 4an_1F 34 .azFl+a, |
( - )=-F
By (1)
m[-FX, FY] =0 (20)
d) =>b)
e)=>b)
m[(anFn+an_1F"‘:+~~~....a3F3+a2F2 ) IX, FY] =0
1

n n-1y,... 3 2
m[(anF l+an—1F (: wazF2l+asF I)X ij =0
anF"1Fl+ay_F* 2Fl+-...a3F?Fl+a,F'Fl _
m[( - )X FY] =0
anF" 1Fl+an_1 F* 2Fl+--...a3F%Fl+a,F1Fl .
mi( - )X, FY] =0
m[(anFn'l(—F)+an_1F"'2(—F)+~~~....a3F2(—F)+a2F1(—F) )X FY] =0
a; ’
(anF"_l(—F)+an_1Fn_z(—F)+---....a3F2(—F)+a2F1 (—F)) - F
aq h
=m[—FX, FY] = 0[By (1)]
=>m[FX, FY] =0 (21)

=e) =b)

Theorem 8. If F" acts on D; as an almost complex structure.
Then

- 3 2
m[(anF"+an_1F" 14e..azF3+ayF

az

) IX, FY]= m[-X,FY] = 0

Proof.

anF+an_1F*" 1+..a3F3+a,F?
mf|

et o

-m (anF"‘1+an_1F”‘2+---....a3F2+a2F1

- ) FLX, FY]
=m/-FLX, FY]=[=X, Fy] {By (8)}

Theorem 9. For X, Y € x(D)) we have
[([X, FY] +[FX, FY]) = [X, FY] +[FX,Y]

Proof.
L([X FY]) +[FXY])={X FY—-FYX+ FXY-Y.FX}
{By (5)}

{By (13)}

=X FY-FYX+FXY-YFX
=[X, FY] + [FX,Y]
Theorem 10: The integrable F(a, a,;.....a;) structure
satisfying (1) on M defines a CR-structure H on it. Such that

ReH=D, I
Proof. From theorem 4 we have,

[P, Q] = [X.Y] ~[FX,FY] N-1[X,FY] —~~1 [FXY]
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I[P, Q] =[X,Y] — I[FX, FY] — —1 ([X, FY] + [FX,Y]
{By theorem (9)}

=[X.Y] ~ [FX, FY] -N -1 ([X, FY] +[FX,Y]= [P, O]
{By theorem (4)}

Since I[P, Q] = [P, Q] = [P, Q] €x(DIl). Then, F (a,,
a,-.....ay) structure satisfying (1) on M defines a CR-structure.

V. MORPHISM OF VECTOR BUNDLES

Let K be the complementary distribution of Re(H) to TM.
We define a morphism of vector bundles F: TM —TM given

by
F(X) =0V X€& y (K))such that-
We have
F(X) = % N-1(P - P)
where P = X + -1 Y ¢ x(HP) and P is the complex of P.
Corollary 1. If P = X+iY and P = X-iY belong to H,, and F(X)
=V=1(P = P),F(Y) =>V=1(P +P) and F(-Y) =
“V=1(P +P) then F(X) =v=1(P - P) =-Y, F3(X) = —X
and F(-Y) = —X.
Proof. P = X+ V=1V and P= X- V=11 => = &
(P-P)

L si p= J N yads
o= Since P+ P = 2Xand P- P = 2V=1Y. F(X) F[~]

= ;V —1(P — P) = —Y from the definition of morphism

DR

P-P
F(=Y) = F[—N—__l =X

Theorem 11. If M has a CR-structure H, then we have
a,F™ + ap_1F™1...a,F? + a;F* = 0and consequently
F(ay, ap_q, ---- Ay, aq) structure satisfying (1) is defined on M
such that the distribution D, and D,, coincide with Re(H) and
K respectively.

Proof. Suppose M has a CR-structure. Then in view of
definition of CR manifold & corollary 1 we have-

F(X) =-Y,

anF" 1 +ay F" 2. .a,Ft

on both

operating above equation by-

a
sides we get
anF*" 1 +a,_1F" 2, .a,F!
(T Rt () =
anF" 1+ ay_1F* 2. .a,Ft
(el Ly

on making use of Corollary 1 the right hand side of the above
equation becomes

anF* ' +a,_F*72..

.azFl)F(X) —

(

az

anF" 2 +ap_(F"3...

2)F(-Y)

az

which can be written as —

anF*" 1 +ap_(F*2..

n=2 yan_1F*3..a;

(

= .azpl)F(X) _ F n -X)

AnF™2 + ay_1F"73.a, X)=— AnF" 3 4+ ap_F"*..a,F 1

az
F'3 4+ a,_1F"*..a,F

a
Fx) =—% =

_anF"* 4 ay o F5.apF

; — F-p) =

_ anF" Tt 4 ay (FM8.a,F T2 (-X)

*X)

_ (_)2 anF"* +ap_F"75..a,F 2

—~ (1=

az

We continue simplifying in this manner n times. We get

(anF‘”_1 +ap_1F*2...
a

92 B (X) = -F(Y)

On simplifying the above equation we get

(1
[2]
[3]
[4]
[3]
[6]
[7
[8]
[9]

[10]

anF™ + ap_F"1...a,F? + a,F1 =0

REFERENCES

K. Yano: On structure defined by a tensor field f of type (1,1) f + £ =0,
Tensor, N.S. 14 (1963), 99-1009.

K. Yano & S. Ishihara; On Integrability of a structure f satisfying f* + f =
0 Quart J. Math Oxford 25 PP. 217-222 (1964).

S.I. Goldbarg; On the existence of manifold with an f structure, Tensor
N.S. 26 P.P. 323-329 (1972).

B.Y. Chen; Geometry of submanifold, Marcel Dekker, New York
(1973).

A. Bejancu, CR submanifold of a Kaehler manifold, 1, Proc. Amer.
Math. Soc. 69 (1978), 135-142.

D.E. Blair & B.Y. Chen; on CR-submanifold of Hermition manifolds,
Isreal Journal of Mathematics vol. 34, No. 4, PP 353-363 (1979).

K. Yano & Masaturo Kon; Differential Geometry of CR-submanifolds,
Geom. Dedicata Vol. 10, PP 369-391 (1981).

J. Nikie; F(2K+1,1) structure on the lagrangian space, filomat (Nis) 9:2
P.P. 161-167 (1995).

Love Joy S. Das: On CR-structure and F(2K+1,1) structure satisfying F
¥*1 +F = 0, Journal of the Tensor society of India Vol. 22, (2004) p.p.1-
7.

Lovejoy S. Das; On CR-structure & F-structure satisfying F *+ (V"' F
=0, Rockey Mountain, Journal of Mathematics, Vol. 36, Number 3,
2006.

171



