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Octonionic Reformulation of Vector Analysis
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Abstract—According to celebrated Hurwitz theorem, there exists
four division algebras consisting of R (real numbers), C (complex
numbers), H (quaternions) and O (octonions). Keeping in view
the utility of octonion variable we have tried to extend the three
dimensional vector analysis to seven dimensional one. Starting with
the scalar and vector product in seven dimensions, we have redefined
the gradient, divergence and curl in seven dimension. It is shown
that the identity n(n — 1)(n — 3)(n — 7) = 0 is satisfied only
for 0, 1, 3 and 7 dimensional vectors. We have tried to write all
the vector inequalities and formulas in terms of seven dimensions
and it is shown that same formulas loose their meaning in seven
dimensions due to non-associativity of octonions. The vector formulas
are retained only if we put certain restrictions on octonions and split
octonions.

Keywords—Octonions, Vector Space and seven dimensions

I. INTRODUCTION

Octonions were first introduced in Physics by Jordan, Von
Neuman and Wigner [1], who investigated a new finite Hilbert
space, on replacing the complex numbers by Octonions [2].
According to celebrated Hurwitz theorem [3] there exits four-
division algebra consisting of R (real numbers), C (complex
numbers), H (quaternions) and O (octonions). All four al-
gebras are alternative with antisymmetric associators. Real
numbers and complex numbers are limited only up to two
dimensions, quaternions are extended to four dimensions (one
real and three imaginaries) while octonions represent eight
dimensions (one scalar and seven vectors namely one real and
seven imaginaries). In 1961, Pais [4] pointed out a striking
similarity between the algebra of interactions and the split oc-
tonion algebra. Accordingly, some attention has been drawn to
octonions in theoretical physics with the hope of extending the
3+1 space-time framework of the theory to eight dimensions
in order to accommaodate the ever increasing quantum numbers
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and internal symmetries assigned to elementary particles and
gauge fields. A lot of literature is available [5], [6], [7],
[8], [9], [10], [11], [12] on the applications of octonions to
interpret wave equation, Dirac equation, and the extension of
octonion non - associativity to physical theories. Keeping in
view the utility of octonion variable, in the present paper, we
have tried to extend the three dimensional vector analysis to
seven dimensional one. Starting with the scalar and vector
product, we have redefined the gradient, divergence and curl
in seven dimension with the definitions of octonion variables.
It is shown that the identity n(n — 1)(n — 3)(n —7) = 0 is
satisfied only for 0, 1,3 and 7 dimensional vectors. We have
tried to write all the vector inequalities and formulas in terms
of seven dimensions and it is shown that same formulas loose
their meaning in seven dimensions due to non — associativity
of octonions. In this context we have tried to reformulate the
vector analysis and it is shown that some vector identities are
loosing their original form of three dimensional space in seven
dimension vector space and looking for more generalized
representation in seven dimension space.

I1. OCTONION DEFINITION

An octonion z is expressed as a set of eight real numbers

7
T = egro + Z ej; (1)
j=1
where e;(Vj = 1,2,..,7) are imaginary octonion units

and eo is the multiplicative unit element. Set of octets
(eo, €1, €2, €3, €4, €5, €6, e7) are known as the octonion basis
elements and satisfy the following multiplication rules

eo = 1; epej = ejeq = ej;
¢ & :_§k@ +fkl@(v]7k7l:1727 ..... ,7) (2)

The structure constants f;x; is completely antisymmetric and
takes the value 1 for following combinations,
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fime=+1
Y(j,k, 1) = (123), (471), (257),(165), (624), (543), (736)
@)
It is to be noted that the summation convention is used for
repeated indices. Here the octonion algebra O is described

over the algebra of real numbers having the vector space of
dimension 8. Octonion conjugate is defined as

7
T = epTo — Zej:nj 4)
=1

where we have used the conjugates of basis elements as eg =
ep and e4 = —e 4. Hence an octonion can be decomposed in
terms of its scalar (Sc(z)) and vector (Vec(x)) parts as

Vee(x) :%(x -I)= Z e;T;. (5)
=1

Conjugates of product of two octonions is described as (z y) =

y T while the own conjugate of an octonion is written as (Z) =
2. The scalar product of two octonions is defined as

7
@, ¥) = Y Tala (6)
a=0

The norm N(z) and inverse x—!'(for a nonzero z) of an
octonion are respectively defined as

7
§ 2 .
= T -€0;

a=0

N(z)=zZT =Tz

—1 z et = =l —
= N(I):>.LJZ xx=1(7)

The norm N(z) of an octonion z is zero if x = 0, and

is always positive otherwise. It also satisfies the following
property of normed algebra

N(zy) = N(x)N(y) = N(y) N(z). (8)

Equation (2) directly leads to the conclusion that octonions are
not associative in nature and thus do not form the group in their
usual form. Non - associativity of octonion algebra O is de-
scribed by the associator (z,vy, z) = (xy)z — x(yz) V,y,z €
O defined for any 3 octonions. If the associator is totally

antisymmetric for exchanges of any 2 variables, i.e. (z,y, z) =
—(z,y,2) = —(y,x,2) = —(x,2,y), the algebra is called
alternative. Hence, the octonion algebra is neither commutative
nor associative but, is alternative.

I11. MULTI- DIMENSIONAL VECTOR ANALYSIS

Following Silagadze [11], let us consider n-dimensional
vector space R™over the field of real numbers with standard
Euclidean scalar product. So, it is natural to describe the
generalization of usual 3- dimensional vector space to n-
dimensional vector space in order to represent the follow-
ing three dimensional vector products of two vectors in n-
dimensional vector space i.e.

XXZ:O, 9)
AxB).A=(AxB).B=o0, (10)
(A= B). 4= (4x5)

’_&E":‘Z’HE}, if (Z’.Ta’):o, (11)
(

A (BxA)=(A.A)F-(1.5)7

where A and B are the vectors in n-dimensional vector space.
However the familiar identity

Ax(BxC)=B(4.0)-C(4.5) @9
is not satisfied in general for all values of n- dimensional

vector space.This identity (14) is verified only for the space
dimension n satisfying [11] the equation

n(n—1)(n—3)(n—"7)=0. (15)

As such, the space dimension must be equal to magic num-
ber seven for the unique generalization of ordinary three
dimensional vector products. It shows that the identity (15)
is satisfied only for n =0, 1, 3 and 7 dimensional vectors.
The identity (15) is thus the direct consequence of celebrated
Hurwitz theorem [3] which shows that there exits four-division
algebra consisting of R (real numbers) (n = 0), C (complex
numbers) (n = 1), H (quaternions) (n = 3) and O (octonions)
(n="7).

IV. OCTONION ANALYSIS OF VECTOR SPACE

Using the octonion multiplication rules (2), we may define
the seven dimensional vector product as
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k=7
e—;xe—g:ijkla;, Vi k1=1,2,...67 (16)
k=1
where fj; is described by equation (3). It is a totally
Go—invariant anti-symmetric tensor. As such we have

fjklfl'rnn = Gjkmn + 6j7n5kn - 5jn5km = fl'rnnfjkl (17)

Where gjkmn = €; « {€k,em,en} i a totally Go—invariant
anti-symmetric tensor [11] and g xmn = —gmkjn- The only
independent components are gios4 = g1267 = 91364 = 91375 =
o347 = g2365 = gas7¢ = 1. Thus, we may write the left hand
side of equation (14) as

7 7
Ax(BxC)==3"%" gpjnA; ByCoéi

jk  paq
7 7
— Z AijCkfeAk + Z AjCjBkeAk
jk Jk
=irreducible term + E(z‘fé) - C_:(I‘Té) (18)

Hence, the identity of Triple Product in seven dimensional
vector space is not satisfied unless we apply the definition of
octonion to define the irreducible term as a ternary product
such that

77
irreducible term = — Z ngqjkAijCqék = {/f, é, 6} ,

jk  pq
(19)

which gives rise to

Ax (B xC)=B(AC) - C(AB) + {A‘ é,é}. (20)
The {E, B,C‘} is called as the associator for the case of
octonions. Applying th condition of alternativity to octonions
the equation (20) reduces to the well known vector identity
(14) for the various permutation values of structure constant
fiw Tor which the associator is going to be vanished.

Let us use the vector calculus for seven dimensional vec-
tor space from the definition of octonion variables. Defin-
ing the seven dimensional differential operator Nabla as

= Z €in— 81 , we may now define the gradient, curl and
divergence of scar and vector quantities as

. Ou
gradu = Vu = €i—0, (21)
curl A =V x A= quk 04, €k (22)

mk

(23)

The Divergent of a curl is zero in usual three dimensional
vector-space. This is also applicable to seven dimensional
vector-space if we adopt the octonion multiplication rules (2).
We may also prove it in the following manner as

T
:zl:%;fijkax B Ok
27: POt
iik ik az;ﬁx
7
1 9%A;
=5 ”Zk (fijie + frji) e 0 (24)

Hence curl of a vector is solenoidal in seven dimensional
vector space. We know that the curl of gradient of a vector
is zero in 3-dimensional vector-space. thus we see that it
also happens for the case of 7- dimensional vector- space by
adopting the octonion multiplication rules (2 ) in the following
way as

7
ou | .
Zfzgk: : 8’7&] €k

ijk

Zfzykax 81? = Z[fzyk_"f]zk]ax a €] k=0

ijk ijk
(25)
Thus, the gradient of a curl is also irrotational in seven
dimensional vector space with the definition of octonions. Let
us see what happens to the vector identities

-

V. AxB)=B.(VxA) —A.(VxB) (26)

in seven dimensional vector-space. The left hand side of
equation (26) reduces to
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7

7
Z (‘)il . [ZfijkAiBjék:
!

7

ijk

7
=22 fu g (B
ijk 1

7
= fu {AT By e

ijk

while the right hand side of equation (26) changes to

7 7

Z fmnt aAn €1

E éB.
l mnt
7
N q é
_§ esAs § qur €r
pqr Oy

0B, 04;
%};fl]k|: A~ 70Ik:|
(28)

—

B.(VxA) —A.(Vx B) =

which is equal to the left hand side equation (27). Hence the
identity (26) has been satisfied for seven dimensional space.
Similarly, on using the octonion multiplication rules (2) we
may prove the following identities in seven dimensions i.e.

Ve(ud) =u(V . A) + A. (Vu), (29)
V x (ud) =u(V x A) + (Vu) x A4, (30)
V x (VxA)=V(V.A) - VA (31)

. B) (32)

is not satisfied and its left hand side reduces to

wakt |:Z f’L]kA B €t
wkt ijk

= - Z Z fzjkfk:wt [A B; } (33)
wkt ijk

whereas the right hand expression of equation (32) becomes

(A.V)B - (6
—Z
Z B”+ZA fey (34)

Comparing equations (33) and (34), we get

(B.V)A - A)+ A(V.B)

J é ZAlaBm ~

- —

Vx(AxB)=(B.V)A—(A.V)B
~B(V.A)+ AV.B)
+irreducible term (35)

where the irreducible term takes the expression

irreducible term = — Z Z Jijwt % [A;B;lé;

wt g

T o7 P
== Z Zgijwt%[AiBj]ét
wt g w

_Sa[vdais)]. @

Hence we get

1)+ AV . B).
(37)

t
=B.V)A— (A.V)B-B(V.

Thus we see that the identity (32) is satisfied only when we
have the reducible term vanishing and that can be obtained for
different values of permutations of structure constant given by
equation (3).

Similarly the other vector identity

=V(A.B) (38)

may also be verified after doing certain modifications also. For
this , let us take the first and third terms of left hand side of
equation (38) as
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A x (ﬁ X E)—i—(zﬁf 6)
! 0B
Z stzkA ‘ € +ZA ék’ (39)
ikst

and the other two terms of left hand side of equation (38) are
written as

%+ Z B fk- (40)

However, the right hand side of (38) reduces to

ZA aB“ +ZB €. (41)

As such, it is concluded that the general form of equation (38)
of three dimensional vector space is not satisfied for octonions
with the fact that this equation becomes

V(A.B)

B)+(A.V)B
+Bx (VxA) +(B.V)A

=V (A. B) + irreducible term. (42)
Applying the alternativity relations for octonion basis ele-
ments, we see that the the irreducible term is reduced as

7
0By 0A
irreducible term = — |:Z Gstik As oz, ek + ngkB o e
ikst ikst Ts
7

Il
|
?T‘M\I
)

—0 (43)

Hence the identity (38) is verified for seven dimensional vector
space in terms of octonion basis elements..
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