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Numerical Solution for Integro-Differential
Equations by Using Quartic B-Spline
Wavelet and Operational Matrices

Khosrow Maleknejad, Yaser Rostami

Abstract—In this paper, Semi-orthogonal B-spline scaling
functions and wavelets and their dual functions are presented
to approximate the solutions of integro-differential equations.The
B-spline scaling functions and wavelets, their properties and the
operational matrices of derivative for this function are presented to
reduce the solution of integro-differential equations to the solution of
algebraic equations. Here we compute B-spline scaling functions of
degree 4 and their dual, then we will show that by using them we have
better approximation results for the solution of integro-differential
equations in comparison with less degrees of scaling functions
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[. INTRODUCTION

HE integral equation is a mathematical model of

many evolutionary problems with memory arising
from biology, chemistry, physics, engineering[3]. In recent
years, many different basic functions have been used to
estimate the solution of integral equations[9]-[21], such
as orthogonal bases and wavelets. A differential equation
can be replaced by an integral equation which incorporates
its boundary conditions [1], as such each solution of the
integral equation automatically satisfies these boundary
conditions[3]. In application to discrete data sets, wavelets
may be considered as basis functions generated by dilations
and translations of a signal function [2].In this paper,
we develop a non- orthogonal (semi-orthogonal) wavelet
using B-spline specially constructed for the bounded
interval[17]-[16], this wavelet can be represented in a closed-
form. Integro-Differential Equations(IDE) have applications
in natural sciences and engineering . Recent work in the
context of solution of these type of problems include spline
approximation method [25], collocation method [12], wavelet
basis method [4]-[5],hybrid Legendre polynomials and
block-pulse functions approach [18]-[22], wavelet-Galerkin
method [20],hybrid Taylor polynomials and block-pulse
functions approach [19],Chebyshev collocation method
[23]and Petrov-Galerkin method[30] etc.
Wavelet analysis has been applied in a wide range of
engineering disciplines; particularly, wavelets are very
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successfully used in signal analysis, time frequency analysis
and fast algorithms for easy implementation [10]. Orthogonal
wavelet either have infinite support or a nonsymmetric and
in some cases,fractal nature. These properties can make them
a poor choice for characterization of a function[11]-[29].
In contrast, the Semi-Orthogonal (SO) wavelets have finite
support, both even and odd symmetry and simple analytical
expressions,ideal attributes of a basis function[10]-[16].

In this present paper, we apply compactly supported
quartic(five order) (SO) B-spline wavelets, specially
constructed for the bounded interval [0,1] to solve the
first Order Fredholm integro- differential equation of the
form:

1
g(@)y'(z) = f(@) + [ klz, Oy(t)dt 0
0
y(0) = yo
where f, g and k are given continuous functions and y is an
unknown function to be determined.
The use of SO compactly supported spline wavelets
is justified by their interesting properties[14]-[28].Thes
wavelets are smoothness,the larger are their supports in
time(space).The order of vanishing moments usually increases
with smoothness.Total positivity properties of splines have

certain desirable properties from an approximation points of
view[24].

The last decade demonstrates an augmentation of interest
of B-spline wavelets.Solving integral and integro-differential
equations using linear B-spline[15],quadratic B-spline[13] and
cubic B-spline scaling functions[7]-[8] This wavelet family
also found and application in image processing[2]. The
efficiency of approximation using B-spline wavelets was
compared with other families of orthogonal wavelets[26].The
obtained results indicate the effectiveness of high-order
B-spline in fault detection and localization.

II. B-SPLINE SCALING FUNCTIONS AND WAVELETS
ON[O0,1]
We generate a doubly-indexed family of wavelets form
by dilating and translating: [11]
1 t—b
wa,b(t) = ‘a 21/)(7) a # 07

The wavelets have been grouped in different families . These
wavelets have an particularly desirable property that they are

a,beR (2)
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zero in everywhere except of determined closed and bounded
interval that we say so-called function has compact support.
We can say generally that jth generation of daughters will have
27 wavelets defined by:

Vjn(t) = V(27t — k),

The members of this generation will be constant on intervals
of length 2~(G+1) | The first idea in studying of wavelets was
this matter that we can write functions as linear combinations
of the Father and Mother wavelets and first generation of
daughters, This basis denote by B; .There is another basis
of wavelets that is called sons wavelet . Here, we can define
generations of sons wavelet by the following relation :

Gi(t) = V(27t — k),
27 -1

Now, assume S; denote the set of 27 functions {¢; x(¢)}7_, "
Therefore, S; will account as a basis for the inner product
space V;. Vector space V; with the basis S; , forms a nested
sequence of subspaces V) C V3 C V5, C ... and using the
basis B; for V; , and orthogonal decomposition theorem we
will have :

0<k<2 —1 3)

0<k<2 -1 4)

Vi :qu@vfh :(‘/}72@‘/}£2)@V;J;1 =
L=WhelleVie.. Vi, ®)

The wavelets have especial particularities that all of them is
gathered in a collection of Multi Resolution Analysis (MRA).
Multi Resolution Analysis of L?(R) is defined as a sequence
of closed subspaces V; of L%(R), j € Z, with the following
properties [11]:

D V;CVin

2) f(x) € V; = [(20) € Vi

3) f(l’) eV <= f(l’+ 1) eV

4) |JV; is dense in L?(R) and V; = ¢

5) A scaling function ¢ € V{,with a non vanishing integral,

exists such that the collection ¢ is Riesz basis of Vj
Some of the important properties relevant to the present work
are given below:
1. vanishing moments: a wavelet is said to be have a
vanishing moment of order m if

“+o0

/ 2Py (z)dz = 0; p=0,...

— 00

ym—1 (6)

All wavelets must satisfy the above condition for p = 0.
2. Semi — orthogonality: the wavelets 1;; form a
semi-orthogonal basis if

<1/)j,k7wi,5> = 07 { # .77 Vi7j7k75 S Z (7)

The generalization to biorthogonal wavelets has been
considered to gain more flexibility. Here,a dual scaling
function ¢ and a dual wavelet ¢) exist that generate a Dual
Multi Resolution Analysis (DMRA) with subspaces V; and
W; , such that

V,LW; and V; LW, (8)

and consequently
Wi LW for j# 4 ©)

When semi-orthogonal wavelets are constructed from
B-spline of order m, the lowest octave level j = jp is
determined in[10] by

2Je > om — 1 (10)

so as to give a minimum of one complete wavelet on the
interval [0,1].In this paper we will use a wavelet generated by
a quartic B-spline(m = 5) cardinal B-spline function.
From(10), the five order B-spline lowest level, which must be
an integer,is determined to jo = 4. For each level j > j, this
constrains all octave levels to j > 4 .

A. Definition

Let m and n be two positive integers and

=T _my1 =...=2) <21 <..<XTp

=Tyl = .. = Tpym—1 =20 (11)

be an equally spaced knots sequence. The functions

€T — Ty

Bm 7 = 7.3/,,, j
7J1X('T) Tjrmot — T ) 1,J,X(I)
Titm — T
+ L B 1nx (@) (12)
Tjtm — Tj+1
and
. _ 1 zelfrj i)
Bujx(@) = {0 else (13)
are called cardinal B-spline functions of order m > 2
N2 +m—1
for the knot sequence X = {mfc - and
Supp[Bm,j x ()] = [z}, zj+m] Na, ] .
For the sake of simplicity, suppose [a,b] = [0,n] and

z; = 4,7 = 0,.m . The By, jx(x) = Bn(z —k),j =
0,...,n — m , are interior B-spline functions , while
the remaining B,  x(z),j = -m + 1,..,—1 and
j=n—m+1,...,n—1 are boundary B-spline functions[14],
for the bounded interval [0,n]. Since the boundary B-spline
functions at 0 are symmetric reflections of those at n, it is
sufficient to construct only the first half functions by simply
replacing x with n — x .

By considering the interval [a,b] = [0,1], at any level
j € Z* the discrete step is 277 , and this generates n = 27
number of segments in [0, 1] with knot sequence[31]

J — — — ) —
) Ty =Xy = e =2 =0
X7 = xy = k277
xT =

= — -
20 T x23+1 T m21'+m71 =0

k=1,..,27 -1

14)
For each level j > j, the scaling function of order m can be
defined as allows:
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(pm,j,k(‘/r) =
B jo k(27 7o) k=1-m,..,—1
B jo2i—m-k(1 =207 Jeg) k=20 —m+1,..,2 -1
B jo.0(20 7 dex — 2790 k) k=0,..,22 —m
(15)

And the two-scale relation for the m-order semi-orthogonal
compactly supported B-spline wavelet are defined as follows:

2k+2m—2
¢m,j,k7m(1') = Z Qk,ij,j,kfm(-T), k=1,.,m-1
=k
(16)
2k+2m—2
Vm,jk—m(T) = Z Qi,j Bm.jk—m(x),k=m,..,n—m+1
j=2k—m
a7
n+k+m—1
wm,j,k—m(x) = Z qk,ij,j,k—m(x)yk:n_m+27""n
j=2k—m

18

where q ; = gj_2k -

Hence, there are 2(m — 1) boundary wavelets and (n —
2m + 2) inner wavelet in boundary interval [a, b]. Finally by
considering the level j with j > jo , the B-spline wavelet in
[0, 1] can be expressed as follows:

wm,j,k (x) =

wnz,jq,k(2J_JO$) o k =-m +1,.., —.1
¢m,j0,2j72m+17k(1 —7eg) k=2 -2m+2,.,22 —m
Y, jo,0(27 THow — 2790k) k=0,..,27 —2m+1
19)

The scaling functions ‘ng,k(m) ,occupy m segments and
the wavelet functions ¢, j x(z) occupy 2m — 1 segments.

III. GENERAL ORDER B-SPLINE WAVELETS

The B-spline wavelet can be defined recursively by the
convolution[10]:

+00 1
90771(:1,) = / @mfl(x - t)@l(t)dt = / (,0mf1(.1’ — t)dt
—00 0 (20)

where

1 0<z<l1
pi(x) = {0 _else @n

The construction of the scaling function of m-th order
B-spline wavelet is based on the two scale relation:

Pm() = Pripm (22 — k) (22)
k=0

where p; is the two scale sequence and can be expressed
as a combination:

pp = 21"m (’Z),ogkmn (23)
The two-scale relation for m-th order B-spline wavelets is
given by:

3m—2

Ym =D Qepm(2z — k) 24)
k=0

g = (-1)F21m (T) Pom(k—141) (25

=0

The decomposition relation for m-th order B-spline wavelet is:

om(2e —1) = (ar_oxp(x — k) + biaxtp(z — k)l € Z

k
(26)
where decomposition sequences{ay } and {bs} are as follows:

(71)k+1
ap = T Z q—k+2m—21—1Cl,2m @7
1
(_1)k+1
by = 9 P—k+2m—21-1Cl,2m (28)

l

In (27)and (28) the coefficients sequence {cy ,,, } is presented
by m-th order fundamental cardinal spline functions:

Lu(@)= Y crmen(y +o—k) (29)

To obtain the coefficient sequences,using an analytical
relation for B-spline wavelets with order m < 3 . For higher
values of m obtaining the analytical solutions became very
difficult,and for values of m greater than 5, it is impossible
in the light of Abel-Ruffini theorem. Therefore, the analytical
formula was omitted here. Another way of obtaining the
coefficient sequences is to form the bi-infinite system of
equations as follows:

- mo )
Y. mem(m +i-k) =80i€Z (0

k=—o0

The coefficients sequence {cn} is infinite for m > 3,
so that (29)does not vanish identically outside any compact
set.However, these coefficients decay to zero exponentially fast
as k — oo , which implies decaying to zero of (29) as x —
+00 .

IV. QUARTIC B-SPLINE WAVELET (m = 5)

Quartic B-spline ¢5(x) scaling function is given by the
next recursive relation:
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U'? So the corresponding scaling function is:
06 -
@jk(x) =
L AV
" LA k<az;<k+1
il 7(a:j—k)4 4 5(Ij2—k)3 - 5<gc]4—k)2+
et k1< <h+2
' : : (z;—k)* 5(x;—k)> 35(x, —k)?
Wk B~k 155 k+2<a; <k+3
ol _(zjgk)“ 5(mj;k)-5 -~ Ss(zj—k)2+
Bl ) _ g5 k+3<z; <k+4
& 5 (@—k)*  5(@;—k) | 25(z;—k)2
T e lr o T
4 . . . . - E+4<az;<k+5
Fig. 1. Scaling functions of quartic B-spline wavelet 0 else

(34

With the respective left and right hand side boundary scaling
function.The actual coordinate position z is related to z;

according to z; = 27x.

@5(2x — k) =
(2z—k)4
2
_z=m? | 5@z-k? _
5(2z—k) _ 5

5(2z—k)?2
I +

2 24
5(2z—k)3 | 25(2z—k)2
_ + - _
2

125(22-k) | 625
d + 5

0

k/2 <ax<k/2+1/2

k/2+1/2<z<k/2+1

6 24

@e—r)* _ 52e-k)3 | 3522—k)2

Ta5(202k +rr 4

wJF 155 k/2+1 <2< k/2+3/2 (35)

ekt | 5@e—k)? " 55(20-k)?

— + 3 - I +

65(2z—k) _ 655 k/2+3/2<z<k/2+2
(2z—k)4

k/2+2<ax<k/2+5/2

else

1 5 5
p(a) = 750(22) + o020 = 1) + cp2z - 2)+

5 5 1
o 0<z<1 gP(22 =3) + 1pp(20 — 4) + (20 = 5) (36)
z?* 523 5z2 5z 5
ZF+3775QT+25F7127545 1<z <2
z__ oz T2 g 2 2L 3
ps(x) = 4 §m3+ a2 35; s == 5,—a(z) =
—E % B G- OR 3<a<d : ; i .
32% B sg " 2541 B 12651 n 62245 4<z<5 (1621-4) . 5(163?—4) 4 2506e44)?
125(162+4) | 625 37
0 else =5+ % 0< xl< 1/16
31) else
where the compact support in the range [0, m] referring to
the property B-spline scaling functions. Two scale sequences 05._3(z) =
5 13 5,—3
{pr}y_o and {qi},_, are as follow . Based on them two scale Q3! | 5000+3)° _ 55060432
relations for ¢5(z) and 15(x) can be constructed using(22) ¢ esaeets) _ess
and(24)respectively. . SR} ) 0<z<1/16
(6w43)!  5(160+3)° | 25(162+3)2
6 4
5 1 5555 1 U 4 1/16 <o < 1/8
et =375 T2 3 30 T TR (32) else
1616 8 8 16" 16 (38)
¢5,—2(x) =
{4 }13 — 1 169 2141 B 5197 (16a+2)* 5(1612+2)3 4 35(16Z+2)2_
kS k=0 5806080 1935360 725760 181440’ 25(162+2) | 155 0<z<1/16
149693 54289 74339 74339 54289 149693 _Qewi2)t 5(16212)3 _455(161+2>2+ -
1161216° 165888’ 145152° 145152’ 165888’ 1161216 65016:22) _ 55 116 < 2 < 1/8
5197 2141 169 et s A, WEse<Y
- , 7 } (33) Goet2)t  506s+2)° | "25062+2)7
1814407 725760 1935360 " 5806080 125(16042) | 625 1/8 <o <3/16
6 24 —
Figs. 1 and 2 show the scaling and wavelet function for else

quartic B-spline wavelet.

(39)
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Vs(z) =
¢s,—1(7) = . I 0<z<1/2
_ (16z+1)* 5(1ez+1)3 _ 5(16z+1)2 4 3 1 2
5+ T T ~T12ad160% T #5054 ~ Tisa0d T
5(161+1) _ 5 0<z<1/16 1 x =1 1/2<z<1
(160418 5(160+1)? |- 85(162+1) B o581 4102094 272160 1303 .2 -
T el +155 - 1354560 %177280 + 96768m -
200 4 158 1/16 <z <1/8 F1aosss e 1<x<3/2
(16z+1)* 5(161:+1)3 55(16x+1)2 118927 4 g66119 9 186253 .2
-~ - Fa 1354560 177280 asssa0 % T
65(161+1) 655 1/8 <z < 3/16 12% 42718 3/2<xz<2
(1641t 5(16z+1)3 +2§5<161+1)27 - 47355%1253690 43 %414656(1) 3 +%46sgg(1) 2
24 125(161+1) + 6 625 3/16 < < 1/4 ?;; éég; 2<x < 5/2
else 2980409 .42} 3893 5 26333 12 |
(40) 43‘)456013447251% o 1233142 810 5/2 <z <3
7873577 :1:4 03448 24079 1:3 P4300ks 369 22—
1354560 735760 49120
178686 4976685
x 3<x<7/2
14714327, 40 ?08543091 w3 %6901557x2+
@s.12(2) = 43‘)4"6014544586%]1 < 02861890g8 360 7/2< <4
(16z—12)4 5(16z—12)3 55(16z—12)2 15619 4 3%%%2017 23+ 1218?208929 22—
- + 2 - 1 + 3402 7
65(16x—12) _ 655 15/16 <z < 1 59759%4% p 27741:?62 76 4<z<9/2
(16z—12)* 5(1621—12)3 2315(16@712)2 n __ 15619 4 % 150335 3 5230157247 2
D 2 + 4 - 3402 85—2)_8 {8 51 z64472332 WU
25(16z 12) + 1255 7/8 <z< 15/16 35% 46% 9/2 <z< 5
(162-12)* | 5(162-12)° ~ 5(162—12)? 14714327, .4 ) 61373:3 il 65(1247 2
- + 6 n 4 + 4354560 g7 5400683208 4614903(?15 04
5(IGz 12) 5 13/16<£L‘<7/8 875 906 + 5§(L<11/2
(he_12)3 2 = _asmasrr A3 %%71738%3 1823437319 224
(oz—l2) 12/16 glac < 13/16 4354560 675% 869722274383840 11/2 <2 <6
eLse =
1) 2980409 .4 129698561 it %82116691227
4354560, o1 350757 3289787 9§08 6<az<13/2
379619 fggo 219161 3% %3 50001 22 -
+ T +
21772801343335§1§360 206319%81680 13/2<z <7
os.13() = 118927 x4 %%7291 88270067 22— -
, = 1354560 040 ¥
(16z—13)* 5(161 13)3 i 35(16c—13)% 18343168112%§ 117648%%% 7T<x<15/2
M + 158 ! 15/16 <z <1 _8%8;1)2 y +5§4 07 a0 gggggig v+
_@6a—13)t 0(161 132 5(16354—13)2+ . 114182% 139345%701 , 15/2<x <8
5(160—13) 5 + o=
= — 5 7/8 <x < 15/16 8709120% 936034432 + 210 63203040 8 << 172
(1612—415) 13/16 <z < 7/8 8709120 69672960 =
else 87001207 32419201”27Jr 17920 L 17/2 0
(42) 7960% 1 38840 <z <
0 else
V. FUNCTION APPROXIMATING USING SCALING FUNCTION
— For any positive integer M = jo, a function f(x) defined
©5,14() y P & Jo, 2 ) .
_(6e-10)t | 506010 _ 50610 | over [0, 1] may be represented by B-spline scaling functions as:
6 4
536e-14) _ 5 15/16 <z < 1
(166z—14)4 24 7/8/< 7<I15/16 oM _q
(16z—14)% <z .
0 clse > swomp = STy (46)
43) h=—4
where
(16z—15)* S = [S—4,5_3, ..., Som _1]
prasl) =4z BB Tl gy
: 0 else Opr = [Prs—a, Pos—3, .0, Ppponr 4] 47
with
1
13 "
— qutp(z%' —k (45) S = /f WI\/Ik )dm, k= —47 —3, ...,2 -1 (48)
k=0 0
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where @1 (x) are dual functions of ¢y () .

O =Te®, Top=(Py) " 49)

These can be obtained by linear combinations of
omp(r) k= —4,-3,..,2M — 1, as follows.Let ®5; be
the dual functions of ®,; given by:

Dos = [Par—a, P35 s Pag2M 1] (50
Using (47)and(48)we get:
1 ~
/ Oy @Y de =1, (51)
0

where T; is(2™ 4+ 4) x (2™ +4) identity matrix. Let:

1
Py = / ®y®T da (52)
0

The entry (Pas) i of the matrix Py, is calculated from:

1

/@M,i(ﬂﬁ)wM,j(ﬂf)dﬂf (53)

0
From(51)and(52) we get:

Dy = (PM)71®M (54)

Furthermore,a function f(z) defined over[0,1] may be
represented by B-spline wavelets as:

291 co 29—5

= > s k(@) + Y Y diktik(x)  (55)

k=—4 Jj=5k=—4

If the infinite series in(55) is truncated at M, then(55) cam
be written as:

M 25
Z Cm ks k(@) + Y Y digth () = CTU(x)
k=—4 Jj=5k=—4
(56)

where @55 and ;) are scaling and wavelets functions,
respectively C' and U are(2™ 4 4) x 1 vectors given by:

c15,ds,—4,ds, 3
dorr_s) (57)

= [0—47 C—35 .25

yeees A5 7y oy AN M1 5 ey

» 95,15, ¢5,—47
s Var,oM 5] (58)

= [905,—47905,—37“-
U5, -3, ey V575 oo

a’l/JM’*Mﬂﬂa

with

1
= /f(l’)@5,k($)d$, k=-4,-3,..15 59)
0

djk :/f(l’)l/;j,k(fﬂ)df

j=54,.M, k=—-4,-3,.,27 -5 (60)

where@s () and %k(x) are dual functions of 5 ;(z)
and ;(x) respectively.These can be obtained by linear
combinations as follows:

S =[5 _4(z), 05, —3(2), ..., <P5,15(93)]T (61)

=[5, —a(x), 5, —3(2), ... 1/JM,2Mf5($)]T (62)

VI. THE OPERATIONAL MATRICES OF
DERIVATIVE

The differentiation of vectors ®,; in (47)can be expressed
as:

@'y = Do (63)

where Dgis (2™ 4 4) x (2M +4) operational matrices of
derivative for B-spline scaling functions.

/ )DL, (t)dt

=F(Py)" (64)

1
F= / @' 01 (£ (1)t (65)

0
F is matrices (2M +4) x (2™ +4) as follows:

ékplkl,—4(1)9’M7,4(L)dl [{%0/M<74<L>‘PMY2M,1<LWL

1
F
év MyQM,l(t)wM)zM_l(t)dt

(66)

1
é vz’MﬂM,l(t)vM,,‘l(t)dt

Since the element @/ in the vector ®,, given in(47) is
nonzero between 2@ and k+5 Jfor any entries of F}; we

have:

k+5

1

o
/@ i (O eari( )dt:/k © () onrk(t)dt
0

oA

(67)
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VII. THE OPERATIONAL MATRICES OF
DERIVATIVE USING WAVELETS

The differentiation of vectors ¥ in (58) can be expressed as:

U = Dy ¥ (68)

where Dy is (2 +4) x (2M +4) operational matrices
of derivative for B-spline wavelets. The matrix Dy can be
obtained by considering:

U =Hd,, (69)

where H is a (2™ + 4) x (2™ + 4) matrix,which can be
calculated as follows:

D = [0 —4,0j—3s s Pj2i 1)
\Ijj = [¢j,747¢j,737 "'711/)j,2j75]T (70)
Using (32)and(70) we get

(I)]' = Oéj(I)]‘+1 (71)
where a;,7 =5, ..., is (27 +4) x (27! +4) matrix. From
(33) and(70) we have:

U= U;®, 44 (72)

where U, j = 4, ..., is (27)x (2771 +4) matrix.Using(62),(71)
and(72) matrix H obtain as follows:

(73)

I Unm
From(64),(65) and(73) we get:

U = HY ;= HDe®y = HF(Py) '@y = Dy U (74)

VIII. FIRST ORDER FREDHOLM INTEGRO-DIFFERENTIAL
EQUATIONS

In this section we solve first order Fredholm
integro-differential equations of the form (1) by using
B-spline wavelets.Let:

w(z) = / (e, E)y()dt (75)

For this purpose, we first approximate y(z) and w(z)to
expand(56)as:

y(a) = CTY(x) (76)
w(z) = [ k(z,t)CTW(t)dt (77)
/

where W(x) is defined in (58) and C'is (2M +4) x 1 unknown
vector defined similarly to C in(57).We can approximate
(77) using quadrature Newton-Cotes integration techniques as:

w(g;):/k(g;,t)cT\p(t)dt:iwik(x,ti)cﬂp(ti) (78)

where w; and t; are weight and nodes of Newton-Cotes
integration method.For approximate y'(z) to expand(68)as:

y'(x) = CTV(x) = CT Dy ¥(x) (79)
From (1),(77)and(78), we get:

9(z)CT Dy ¥ (z) = f(z) + w(x) (80)

Also using boundary values in(1) and(76)we have

CTU(0) =yo (81)

To find the solution y(z) in (76) we first collocate (80)in x; =
(20 —1)/(2M+2 —1),i = 1,...,2M*! | the resulting equation
generates 21 algebraic equations. The total unknowns for
vector C' in (76) is 2M+1 42 . These can be obtained by using
(80),(81).

IX. ERROR CONSIDERATION

In this section, we found an error bound for the presented
method.

A. Theorem 1

Assume that f € C®[0, 1] is represented by quartic B-spline
wavelets as (56), where has 5 vanishing moments, then [10]

sl < =g

< e (82)

1 ~
where ;1 = max |f<5)(t)|te[0,l] and e = [ ’x51/15(m)’dx .
0

B. Theorem 2

Consider the previous theorem assume that e;(z) be error
of approximation in space V; , then

lej(z)] = 0(27%) (83)

Thus, order of error depend on the level j. Obviously, for
larger level of j, the error of approximation will be smaller.
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C. Theorem 3

For the m-th order B-spline wavelet the approximation
error decreases with the m-th power of the scale 27 [6]

If = Pifll < c2mom | 5o (84)

Specifically we can derive the following asymptotic relation,

£

lim || = P, || = C27 | £ 6
J— 00

Where the constant C,,, is the same for all spline wavelet
transforms of a given order m, and is given by [31]

BQ'm,
(2m)!

(86)

Where Bs,, is Bernouillis number of order 2m.

D. Theorem 4

Assume K;,K; € L? in two dimensional rectangle
[0,1] x [0,1] and g1,92 € ([0,1] x [0,1]) . If y and y; are
the exact and approximate solution (obtained by m-order
B-spline wavelet) of (1), respectively, then

ly(z) — ;)| < B279™ ||y (87)

X. NUMERICAL EXAMPLES

We applied the method presented in this paper and solved
three examples . This method differs from the collocation
procedure with chebyshev wavelets presented in [27] and
hybrid taylor and block-pulse functions given in [19] and thus
these could be used as a basis for comparison.

1) Example 1: Consider  first-order ~ Fredholm
integro-differential equation
y'(x) = —cos(2rz) — 27 sin(2mz) — £ sin(4nz)
+ fl sin(4rz + 27wt)y(t)dt + y(x) (88)
’ y(0) =1
The exact solution of this problem is y(z) = cos(2wz) .

We applied the method presented and solved equation. The
absolute error for M = 4,5 are shown in Table [ .

2) Example  2: Consider  first-order ~ Fredholm
integro-differential equation
’ 1—e!t® f t
y'(x) = - +0fe y(t)dt + y(x) (89)

y(0) =1

The exact solution of this problem is y(z) = e . The absolute
error for M = 4,5 are shown in Table 7 .

TABLE I

EXACT AND ABSOLUTE ERROR VALUES WITH M=4,5

T M=4 M=5 Exact
0 0.026 x 10~8 0.011 x 108 1.00000000
0.1 || 0.0194 x 1078 || 0.0168 x 108 || 0.80901699
0.2 || 0.0166 x 108 0.016 x 108 0.30901699
0.3 0.012 x 108 0.010 x 108 -0.30901699
04 || 0.0194 x 10~8 0.015 x 10~9 -0.80901699
0.5 || 0.0786 x 10~8 0.066 x 10—8 -1.00000000
0.6 0.001 x 10—8 0.012 x 10~9 -0.80901699
0.7 || 0.0316 x 10—8 0.029 x 10~9 -0.30901699
0.8 0.017 x 10—8 0.0116 x 1079 0.30901699
0.9 || 0.0293 x 10~8 || 0.0066 x 10~8 0.80901699
1 0.014 x 10~8 0.0123 x 108 1.00000000
TABLE II
EXACT AND ABSOLUTE ERROR VALUES WITH M=4,5
z; M=4 M=5 Exact
0 0.045 x 108 0.023 x 1010 1.00000000
0.1 1.010 x 10—8 0.0010 x 10—10 1.10517092
0.2 || 1.0554 x 10~9 0.024 x 1010 1.22140276
0.3 0.052 x 10~? 0.022 x 10—10 1.34985881
0.4 0.037 x 10—8 0.007 x 10~10 1.49182470
0.5 0.068 x 10~? 0.018 x 10—10 1.64872127
0.6 0.027 x 10—8 0.015 x 1010 1.82211880
0.7 0.06 x 10~? 0.006 x 10~10 2.01375271
0.8 0.011 x 1079 0.0126 x 10710 || 222554093
0.9 || 0.0292 x 10~9 || 0.0042 x 1010 || 2.45960311
1 0.01 x 1079 0.003 x 1010 271828183
TABLE III
EXACT AND ABSOLUTE ERROR VALUES WITH M=4,5
T M =14 M=5 FEzxact
0 0.0093 x 10—8 0.006 x 10—8 0.0
0.1 || 0.0095 x 10~2 || 0.0045 x 109 || 0.09531018
0.2 0.012 x 10~? 0.0036 x 10~9 || 0.18232156
0.3 0.012 x 10~9 0.01 x 10—10 0.26236426
0.4 0.076 x 10~8 0.092 x 10~9 0.33647224
0.5 0.126 x 10~8 0.05 x 10—10 0.40546511
0.6 0.006 x 10—9 0.003 x 10~9 0.47000363
0.7 0.15 x 1079 0.076 x 10~2 0.53062825
0.8 0.076 x 10~9 0.004 x 10~9 0.58778666
0.9 0.008 x 10~9 0.001 x 10—9 0.64185389
1 0.006 x 10~9 0.0066 x 1079 || 0.69314718

3) Example 3:

y(0) =0

1
== —f-In(z+1)+ ﬁ Of y(t)dt + y(x)

(90)

The exact solution of this problem is y(z) = In(1 + z) . The
absolute error for M = 4,5 are shown in Table 11 .
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XI. CONCLUSION

In the present work, a technique has been developed for
solving first-order Fredholm integro-differential equations. As
the B-spline wavelets have the property of semi-orthogonal
on the interval [0, 1], we can combine various bases with
quartic B-spline wavelets to produce Hybrid functions, with
the property of semi-orthogonality . The same approach can
be used to solve other problems. The operational matrices
of derivative for B-spline scaling functions and wavelets are
given. The problem has been reduced to solving a system of
algebraic equations and applications are demonstrated through
numerical examples. The numerical examples show that the
accuracy improves with increasing the M in quartic B-spline
wavelets, and thus for better results, using the larger M is
recommended.
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