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New Delay-Dependent Stability Criteria For Neural
Networks With Two Additive Time-varying delay
components

Xingyuan Qu and Shouming Zhong

Abstract—In this paper, the problem of stability criteria of neural
networks (NNs) with two-additive time-varying delay compenents is
investigated. The relationship between the time-varying delay and its
lower and upper bounds is taken into account when estimating the
upper bound of the derivative of Lyapunov functional. As a result,
some improved delay stability criteria for NNs with two-additive
time-varying delay components are proposed. Finally, a numerical
example is given to illustrate the effectiveness of the proposed
method.
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[. INTRODUCTION

EURAL networks(NNs) have been studied over the past
few decades extensively and have found many appli-
cations in many areas, such as pattern recognition, signal
processing, associative memory, static image processing, and
combinatorial optimization. And time-delay also often occurs
in many industrial and engineeering systems, such as manu-
facturing systems, telecommunication and economic systems,
and is a major cause of instability and poor performance. In
recent years, much efforts has been invested in the analysis of
time-delay systems, such as delayed stochastic system, delayed
stochastic genetic regulatory networks, delayed stochastic
complex networks [1]-[4]. Up to now, stability of NNs with
time delay has also received attention [5]-[14], since time
delay is frequently encountered in NNs, and it is often a
source of instability and oscillations in a system. Both delay-
independent [8]-[17] and delay-dependent [18]-[27] stability
criteria for NNs have been proposed in recent years. Since
delay-independent criteria tend to be conservative, especially
when the delay is small or it varies in an interval, much
attention has been paid to the delay-dependent type. But note
that the delay-dependent stability results mentioned above can
only provide stability conditions for neural networks with one
single delay in the state.
Recently, a new model for neural networks with two additive
time-varying delays has been considered in [6], [7]and [26].
By constructing a new Lyapunov functional and using some
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advanced techniques, a new asymptotic stability criterion for
neural networks with two successive delay components is
derived in [6]. By choosing a new class of Lyapunov func-
tional, some new delay-dependent asymptotic stability criteria
are derived to guaran tee the stability of the delayed neural
networks in [26].

In this paper, the problem of stability criteria of neural
networks (NNs) with two-additive time-varying delay com-
penents is investigated. The relationship between the time-
varying delay and its lower and upper bounds is taken into
account.When estimating the upper bound of the derivative
of Lyapunov functional. As a result, some improved delay
stability criteria for NNs with two-additive time-varying delay
components are proposed. Finally, a numerical example is
given to illustrate the effectiveness of the proposed method.

II. PROBLEM FORMULATION AND SOME PRELIMINARES

Consider the following delayed neural networks with two-
additive time-varying delays:

(1) = —Ay(t)+ By (y(t)) + Dy (y(t—di (t) = da(t))) +u (1)
where y(-) = [y1(:),v2(*), -, yn()]T € #™ is the neuron
state vector, g(y(-)) = [91(y(t)), g2(y(t)), -, g (y(t))]" €
X" denotes the neuron activation function, and v =
[u1, ug, ..., un )T € %™ is a constant input vector. B, D €
" " are the connection weight matrix and the delayed con-
nection weight matrix, respectively. A = diag(ay,as, ..., ay)
with a; > 0, ¢ = 1,2,..,n. d1(t) and da(t) are two time-
varying satisfying:

0 <dp < di(t) < dia,

di(t) <, da(t) < pio )

where di2 > di1, doo > d2p and pq, po are constants. Note
that dy1, d2; may not be equal to 0. We denote
d(t) = di(t) +dz(t), di=du+dan, do=diz+dao;

hi=di2 —dy1, hy=dyx—dsy (3)

0 < day < da(t) < dao;

W= 1+ pe,

In addition, it is assumed that each neuron activation func-
tion in system (1), g;(-)(¢ = 1,2, ...,n) is bounded and satisfies
the following condition:

0< g9i(z) — gi(y) <k (4)
Ty
where k; (i =1,2,...,n) are positive constants, x,y € Z.

Note that by using the Brouwers fixed-point theorem, it

can be proven that there at least exists one equilibrium
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point for system (1). In the following, the equilibrium point
v = [y, vs, .., y:]T of system (1) is shifted to the origin by
the transformation z(-) = y(-) —y*, which converts the system
to the system:

() = —Az(t) + Bf (2(t)) + Df (2(t — du(t) — da(1))) (5)

where z2(-) = [z21(),22(), s 20()]T is the state
vector of the transformated system f(z(-)) =
[F1(z())s f2(2()); s fa(2(D)]T and fi(zi(:)) =
gi(z: (") + y) — ( (i = 1,2,..,n). note that the
function f;(-) (i =1,2,..,n) satisfy the following condition:

0< i) 10 6)

which is equivalent to

fiGz)lfi(zi) —kizs) <0, i=1,2,...n (M
In this paper, we will present our practically stability criteria
for DNN in (6). Before giving our main result, we present the
Lemmas which are employed for future derivations.
Lemma 1. ([26]) For any constant matrix R € Z"*",R =
RT > 0, scalar dy > dy > 0, such that the following
integrations are well defined, then

(dy — d) [}y (s)Ry(s)ds > [~ yT (s)dsR [}~
y(s)ds;

did f ferey s)Ry(s ds>f ff+9y s)dsR
f_ ft+99 s)ds

Lemma 2. ([27]) For any constant matrix R € Z"*", R =
RT > 0, scalar d > 0 and a vector-valued function y : [t —
d,t] — %™, the following integrations is well defined:

dﬁ 20T (s)Ry(s)ds < { y(?(—t)d) }T[ _*R _RR }

[ y(?(*t)d) }

III. DELAY-DEPENDENT STABILITY CRITERIA

In this section, the following Lyapunov-Krasovskii
functional is constructed:

V(z) =Y, Vi(z)

where

T
ds—|—jtt :1 z(s)ds
s)dsd6

s)dsdo + [ dr A

ft 4 28
f_ ft+9

y My, Mia
* M22
[ ft & s)ds + ft dy )ds
f jt+9

dsd€+ I i ft ' o 4(s)dsdd }

$)Q12(s) + 7 (2(5))Q2f (2(s)))ds

Zt :/
t d(f)

(8)Qsz(s )ds+/t zT(s)Q4z(s)ds

. —da(t)
$)Qs2( )ds+/ ] 21 (8)Qp2(s)ds
t—do
t t
¥ / (s + [ (e)Qur(s)ds

—d11 t
42 :/ / 8)Z1%(s dsd0+/ / 2T
dy2 t+0

di2
Zs%(s dsd9+/ / $)Z3%(s)dsdf
dao Jt4+6

do1
/ / $)Z4%(8)dsdb
day Jt+0
Zt dg/ / Z5Z )deG
do Jt+40
+(d2 —dl)/ / ZGZ )dsd@
t+6
6(2t) dg/ / 8)Zr7z(s)dsdb
dy Jt+0
d2 —d1 / / ZgZ )d8d9
da t+0

$)Zo(s)dsd\df

=5 Lo
e D A

Zloz )de}\d&

(3)

Where P = PT >0, Q, =QF >0 (1=1,2,..,10), Z; =

zZI >0 (i = 1,2,..,10), M Mz} nd A =
y * M22

diag(A1, A2, ..., Ap) > 0 are to be determined.

Theorem 1: For given scalar d;; (i = 1,2;j = 1,2), and
w; (i = 1,2), the system described by (2), (3), (5) and
(6) is global asymptotically stable if there exist symmetric

positive matrices P, @;, Z; (i = 1,2, ...,10) 1 12 },
* M22
positive diagonal matrices, T; = diag(t1,t2i, ..., tni), A =

diag(2i, A2, ..., \p)(i = 1,2) and any matrices N, L, R, S,
T,U,V, W, P, P, with appropriate dimensions, such that
the following LMIs hold:

I —dyN -l —daS —hT
* 7d1121 0 0 0
ﬁll = * * —h1Z12 0 0 <0
* * * —do1 23 0
* * * * —h2234
€))
I —dpyN —hL  —dsS —hl
* 7d1121 0 0 0
ﬂ12 = * * —h1Z12 0 0 <0
* * * —dooZ3 0
* * * * —hoZy
(10)
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II —dioN —hR  —dnS —heT
R * —d12Z1 0 0 0
H21 = * * —h1Z2 0 0 <0
* * * —d2123 0
* * * * —hoZ3y
(11)
I —dioN —hiR  —d2eS —hod
*  —dioZy 0 0 0
ﬁgg = * * —hle 0 0 <0
* * * —d22Z3 0
* * * * —hoZy
(12)
where
En O Ei3 Eu
o= * =99 HO HO
* * =33 =34
* * * 44
+[ T14+7117 T2+ 7127 ]
II;;, O 0 0 Zs
* @22 0 0 0
Ell = * * ‘1)33 0 Zﬁ
* * * Dy 0
*k * * *  Ogp
[ Tlgs O 0 0 0
*  —Q7 0 0 0
522 = * * —Qg 0 0
* * * —Q9 0
sk * * * —Q10
[ 111 A+PB PD
Haz = * Qo9 0
* * Q33
[ —Z; 0 0 0
- * —Zr 0 0
—a4 * x  —=Z7 0
* * —Z7
Uy Uy —-PD
0 0 ey
=13 = 0 0 0
0 0 0
| 0 0 0
Uy VUis W Uy
0 0 0 0
Euu=| U3 Uy Uy Uy
0 0 0 0
| Uss Uss Wise Usr
Ti=[® 00 @& 0 &3 R —L U]

To=[-7 00 0 =¥V -W -V -W|]

M =Q1+ Q3+ Qs+ Qs+ Qs + Q7 + Qs + Qo + Qio +

d2Z; 4+ h3,Zs — Zs — PLA — AT Py

111 = di2Z1 + hZa + deaZs + hoZy + d375 + (d2 —
2 3 (d3—d?)® T.

d1)’Zs + G 29 + =219 — P, — Py ;

Doo = —(1 — p)Q1; P33 = —Q5 — Zg; Paa = —(1 — 111)Q3;

Q55 = —Zs — Zs — Q63 Pes = —(1 — p2)Qu;

Qo =Qy—T1 — 11 Qa5 = —(1— p)Q2 — To — T4 ;

Qg = Qs = (d2 + ho1) Mi2; Q16 = Q7 = (da + ha1) Mag;
:N+8+dgv+h21W;@2 :E—N—R;

@3 = T — S —U; z = diag(kl,k% ...7kn);

Uiy =P—P —ATPy; U, = PLB+T13;

Uiy = Uy5 = U4 = Vg5 = M1y — Mio;

Ui = W17 = U6 = Vg7 = Mia — Mao;

Usy = U5 = —Myy — M + Mg + Mi;

Usg = U5y = —Myo — M, + Moo + My;
Proof:Calculating the derivatives of V;(z;) (1 = 1,2,..,7),
along the trajectories of system (5) yields.

Vi(ze) = 227 (8) P2(t) + 2f7 (2(t))A2(t) 13)

N
Val) {f e

T
s)ds + f:fdl )ds
dsd9+ I o g g (s)dsdd

My, Mo
x |: * Moo }
" { 2(t) + 2(t — dy) — 22(t — da) }
(da + h21)2(t) — (2(t) + 2(t — d1) — 22(t — d2))
(14)
V3(Zt) < ZT( Q1+ Q3+ Qs+ Qs+ Qs+ Q7+ Qs + Qo
+ Quolz(t) — (1= p)2" (t — d(t))Qu2(t — d(t))
— (1= p)z" (t = di())Q32(t — di(t))
— (1= p2)z" (t — da(t))Quz(t — da(t))

(t—dl)Q5Z(t—d1)—Z (t—dg)QGZ(t—dg)
(f* dll)Q7Z(f7d11) —Z (t*dlg)ng(tfdlz)
21 (t = d1)Qoz(t — day) — 27 (t — d22)Q102(t — do2)

= (L= p) [T (2(t = d(1)Q2f ((t — d(1)))
+ [T (2(1)Q2f (2(1))
(15)
V4(Zt) z ( MNd12Z1 + h1Zs + doaZs + haZ4] (1)
t— dl(f) ¢
$)(Z12)4(s )dsf/ T(5)Z14(s)ds
t— dlz t—dq(t)
1111 t—da(t)
(8)Z2%(s )dsf/ 5T (5)(Z34)2(s)ds
t—ds (t t—da2
t—da1
- / 5T(5) Zs(s)ds — / 5T (5) Za2(s)ds
t—dz(t) t—da ()
Let t—d (f
My = dl(t>ft di(t) ® 2(s)ds, Mp = g = d1<t)f d112 “(s)ds,
M3 = dl(t) di1 f ddll(l(t) “(5)ds, My = da(f) ft da(t) d( )ds
t t) . t 1 .
345 T daa— dg(t) f d222 s)ds, Me = dz(t) dat f d;(t)
S
Then

Vi(ze) < 2T (6)[d12Z1 + h1 Zo + dog Zs + ho Z4)2(1)
— (dio — d1 (£)) ML Z 1o My — dy (1) ME Z, M,y
—(dy(t) — d1)MT Zo M3z — (dag — da(t)) MZ Z34 M
— dy(t)M] Zs My — (do(t) — doy ) ME Z4 Mg o
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By the Lamma 2, we can obtain

Va(ze) < d227 () Zs2(t) + (dy — d1)?27 (8) Ze(t)
i { ) ] { R } { ) }
S e
By the Lemma 1, we can obtain

Vs(ze) < d227 (1) Zo2(t) + (da — dy)?27 (1) Zs2(t)

t t
T
_[_dzz (s)dsZz /t_d2 z(s)ds (18)
t—dy t—dy
—/ zT(s)dsZg/ z(s)ds
t—d t

2 —d2
d4
Vr(z) < *2 £ (t)

e
L

In addition, using the Leibniz-Newton formula, for any
appropriately dimensional matrices N, L, R, S, T, U, V, W,
the following equations are true:

22 + BB sr ) 7,050
0

dsdt‘)Zg/ / s)dsdf
ds Jt+6
—dy
dadQZlo/ / 2(s)dsdf
t+6

(19)

2T (ON2(t) — 2(t — dy(t)) — dy (t) M) = 0 (20)
20T () L]2(t — dy (1)) — 2(t — dy2) — (dig — dy(t))Ma] =0
2D

2CT(t)R[Z(t - d11) - Z(t - d1 (t)) - (d1 (t) - dll)Md] = 0
(22)

207 (1)S[z(t) — 2(t — da(t) — d2(t)Ma] =0 (23)

2<T(t)T[Z(t — dg(t)) - Z(t - d22) - (dQQ - dg(t))]VI5] =0

(24)
2T (OU[2(t — doy) — 2(t — da(t)) — (do(t) — da1) M) = 0
(25)

20 (&) T Whar2(t) — /;dd 2(s)ds — /_ : /t:_o,é'(s)ds] —0

(27)
202()T Py 4 2T (1) Py)[ — 2(t) — Az(t) + Bf(2(t)) 8)
+ Df(2(t —d(t))] =0
where (T (t) = [2T(t) 2T (t — d(t)) 2T (t — dy) zT(t —di(1))
I (t—dy) 2 ( d2( ) 2T (t—dr) 27 ( *d12) (t*dm)

(t = da2) 27(t) fT(2(1))

tle) (O " (25—d ) g 2T
Jid )dsfdft+9z

s)dsdf f ft%z (s )dsd&]

Furthermore, there exsits positive diagonal matrices 77,75,
such that the following inequalities hold based on (6)

0 < =2fT(z(O)T1f(2(1)) + 2z OTIZF(=(t) (29
0 < =2fT(2(t — d(1)) T2f (2(t — d(t)))
+227(t — d(t) T2 f (2(t — d(t)))
Hence, according to (8) and (13)-(30), we can obtain
Vi(z) < €7 (1)IIE(t) 31
(€T M M3 Mg M M M)

(30)

where £7(t) =

~ I, Iy
1 [_ * H3 :|
O —di(N  —(dp—di()L —(di(t) — di)Z
1= * * —(d12 — dl(t)Zlg 0
| * * * —(dy(t) — d11)Z2
—dy()S  —(daa — do(t))T  —(da(t) — do1 U
M, — 0 0 0
2 0 0 0
0 0 0
[ —da(t)Zs 0 0
H3 = * *(dgg — d2 (t))Z;34 0
* * 7(d2(t) — d21)24

where Zio = Zy + Zs, and Zss = Zs + Zy. If 11 < 0, then
there exists a scalar ¢ > 0, such that

< €T (t)E(t) < —e2" (t)2(1) (32)

According to the paper [26], we can know that when
dl(t) Hgll,dl(t) g dlg,dg(t) — d21 and dg(t) — d22,
the LMI II are equal to (9)-(12) which are define in Theorem
1, so we can conclude that the system described by (2), (3),
(5) and (6) is asymptotically stable if the LMIs (9)-(12) hold.

Remark 1: It is seen that dl (t), d2 (t), d12 — d1 (t) R d22 —
do(t) and dy(t) — dy1, da(t) — day are not simple enlarged
as dia, dog, di1z — di1, dog — do1, respectively. Instead, the
relationship that d; (¢) + (d12 — di1(t)) = d1a, d2(t) + (daa —
da(t)) = dag and (di(t) — di1) + (diz — di(t)) = di2 — d11,
(dg (t) — d21) + (d22 — dg(t)) = doy — do; are considered.

Remark 2: A novel term V5(z;) which noted in the paper
that is included in the Lyapunov functional V'(z;), which plays
an important role in reducing conservatlveness of our results
In our paper, by taking the states ft d s)ds, ft 4, 2(8)ds,

f ft+0 s)dsdf and [, h ff+0 dsd@ are augmented
Varlables the atabrhty in Theorem 1 utrlrzes more information
on state variables, which yield less conservation results.
Remark 3: To reduce the conservatism, the lemma 1
is u%ed to deal with the derivative of the V7(zt) ie.,

V(Zt)

2 f do ft+92 8)Zyz(s)dsdf and — 4 _d f ft+9
37 (5)Z104(s)dsdf are bounded with — f jr+0 2
)" Zy f g 27 (s)dsdd and ([~ ft o 5T dsda)

Zlof fth (s)dsdf and the

f ft+0 z

able, not replaced by daz(t) ft .

jt dl

f ft 40 2T (s)dsd®,
(s)dsdf are not retamed as augmented vari-

dS and (dg—dl) ( )

s)ds, which yield less conservative results.
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The case in which only two additive time-varying compo-
nents appear in the state has been considered, and the idea
in this paper can be easily extended to the following systems
with multiple additive delay components.

IV. EXAMPLES

In the section, a example is given to demonstrate the
benefits of the proposed method. Consider the system (5) with
parameters [26]:

2 0 1 1 0.88 1

a=[3 8= 2 Ao 1]
k1 =0.4,ky =0.8
fi(s) =02(]s+ 1] — |s — 1]),f2(s) = 0.4(|s + 1] — |s — 1]).
when d11 = d21 = O, d12 S 0.8, d22 S 2.2236, The
global asymptotic stability of (5) is listed in Table 1. The
corresponding upper bounds of dio for various djo derived
by Theorem 1 and methods in [6], [7], [25] and [26] are
listed in Table 1. It is chear that our results in this paper
are significant better than those in [6], [7], [25] and [26]. On
the other hand, the previous results cannot handle the case for
2.0164 < dos < 2.2236. However, it is seen that we calculated
the value of dos for do; = di; = 0.1 in this paper.

TABLE I
ALLOWABLE UPPER BOUND OF d25 FOR VARIOUS d12

d11 do1 Method di2 0.8 1.0 1.2
0 0 [25] dag 0.8831 0.6831 0.4831
0 0 (6] doa 0.8831 0.6832 0.4843
0 0 7] dag 1.5666 1.3668 1.1664
0 0 [26] do2 2.0164 1.8203 1.6197
0 0 Theorem 1 daa 2.2236 2.0133 1.8894

0.1 0.1 Theorem 1 dao 2.2477 2.1886 2.0172

V. CONCLUTION

This paper has investigated the delay-dependent stability
problem for neural networks with two additive time-varying
delay components. Some less conservative stability criteria
have been obtained by considering the relationship between
the time-varying delay and its lower and upper bounds when
calculating the upper bound of the derivative of Lyapunov
functional. A numerical example has been given to demon-
strate the effectiveness of the presented criteria and their
improvement over the existing results.
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