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New Approaches on Exponential Stability Analysis
for Neural Networks with Time-Varying Delays

Qingqing Wang, Baocheng Chen, Shouming Zhong

Abstract—In this paper, utilizing the Lyapunov functional
method and combining linear matrix inequality (LMI) techniques
and integral inequality approach (IIA) to study the exponential
stability problem for neural networks with discrete and distributed
time-varying delays.By constructing new Lyapunov-Krasovskii
functional and dividing the discrete delay interval into multiple
segments,some new delay-dependent exponential stability criteria
are established in terms of LMIs and can be easily checked.In order
to show the stability condition in this paper gives much less
conservative results than those in the literature,numerical examples
are considered.

Keywords—Neural networks,Exponential stability, LMI approach,
Time-varying delays.

I. INTRODUCTION

EURAL networks have attracted many researchers

attention during the past decades and have found
successful applications in many areas,such as automatic
control,signal processing,model identification,combinatorial
optimization,and so on[1,2]. However,the occurrence of time
delays is unavoidable in some of these applications,and it
may cause instability of neural networks.Therefore,stability
analysis of delayed neural networks has been extensively
investigated by many researchers. Now, many sufficient
conditions ensuring global asymptotic stability and global
exponential stability for delayed neural networks have been
derived [3-30].The main concern in delayed-dependent
stability analysis for delayed neural networks is to enlarge
the feasibility region of stability criteria to get the maximum
allowable bound of time delays for guaranteed the stability.
some researchers found many new approaches on stability
analysis for neural networks with time-varying delay, such as
introducing new Lyapunov functional,dividing delay interval
and so on.

Motivated by this mentioned above,in this paper, the
exponential stability problem for neural networks with both
time-varying and distributed delays is considered,two new
delay-dependent stability criterion for neural networks with
time-varying delays will be proposed by dividing the delay
interval [0,<] into [0, G2, ()] [s(1), “H[5E ],

Qingging Wang and Shouming Zhong are with the School of Mathematical
Sciences, University of Electronic Science and Technology of China,
Chengdu, Sichuan 611731, PR China.

Baocheng Chen is with National Key Laboratory of Science and Technology
on Communications,University of Electronic Science and Technology of
China, Chengdu,611731,PR China.

Shouming Zhong is with Key Laboratory for NeuroInformation of Ministry
of Education, University of Electronic Science and Technology of China,
Chengdu, Sichuan 611731, PR China.

(e-mail address: wangqqchenbc@ 163.com).

constructing new Lyapunov-Krasovskii functional which
contains some new integrals,and introducing f(y(t — §)) in
vector £(t),which are rarely considered in other literature
.The obtained criterion are less conservative because LMI
approach has been developed to deal with the problem of
globally exponential stability for neural networks with
time-varying delays. Finally, numerical examples are
presented to illustrate the effectiveness of our results.

II. PROBLEM STATEMENT

Consider the following neural networks with discrete and
distributed time-varying delays:

(1) :—CZ(t)JrAg(Z(t))+By(z(t—<(f)))+D/ti 9(2(s))ds+lo

2(t) = B(t),t € [~h, 0]

)]
where z(t) = [21(t), 22(t),...,2z,(t)]F € R™ is the neuron
state vector,g(z(t)) = [g91(21(t)), g2(22()), - gn(2n ()]

denotes the neuron activation function ,and Iy = [I1, Io, ...,
I,,]T € R" is a constant input vector,C' = diag{c;} € R" is
a positive diagonal matrix , A = (ajj)nxn € R" is the
connection weight matrix,B = (bjj)nxn € R"™ ,and
D = (dij)nxn € R" are the delayed connection weight
matrices,the initial vector ®(¢) is bounded and continuous on
[—h, 0],where h = max{p,<}.

The following assumptions are adopted throughout the paper.
Assumption 1: The delay ¢(¢) is time-varying continuous
function and satisfies:

0<c(t) <q,s(t) sp<1 )
Assumption 2: Each neuron activation function g;(-),i =
1,2,...,n,in (1) satisfies the following condition:

. Sigmo)[:?(m <AF Vo, B € Rya# 3)

where 'yi’,'y;r,i 1,2,...,n are constants,and matrices
Ty =diag{yy . 7vs -7 1. D2 = diag{~{, 75, )
Based on Assumption 1-2, it can be easily proven that there
exists one equilibrium point for (1) by Brouwer‘s fixed-point
theorem. Assuming that 2* = [2},25,...,25]Tis the
equilibrium point of (1) and using the transformation
y(-) = z(+) — z*,system (1) can be converted to the following
system :
t

y(t) ==Cy(t)+Af (y() +B [ (y(t—(t)))+D - fy(s))ds
C)
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where y(t) = [y1(t), 2(t), -, yn ()],

f2(yf(2)) e Fan O] Fi(() = 9

From FEq. ( ’) fi(+) satisfies the following condition:
fl( ) <,

v T Va#£0,i=1,2,...,n ®)

Due to the disturbance frequent occurs in many various
applications,and p may be distributed time-varying delays ,so
by translating matrices A, B, C, D and constant p to function
A(t), B(t),C(t), D(t) and p(t), respectively,we have

y(t) =—C(t)y(t)+ A1) f(y(1)+B(t) f(y(t—<(1)))
t

rwnas
t=p(t)
Assumption 3: p(t) is the time-varying continuous function
and satifies: 0 < p(t) < p.
Assumption 4: Setting function A(t) = A+ AA(t), B(t) =
B+ AB(t),C(t) = C+ AC(t),D(t) = D + AD(t), where
AA(t), AB(t), AC(t), AD(t) are unknown constant matrices
respresenting time-varying parametric uncertainties, and are of
linear fractional forms:

+D(t)

[AC("’)’ AA(t), AB(t), AD(t)} :GF(t)[Em E., Ep, Ed]

7
with
FE)F(t) <1 ®)

Definition 1 The equilibrium point O of system (7) is said to
be globally exponentially stable if there exist £ > 0 and v > 0
such that

ly(@®)[l < ~ve ™ sup [ly(t)], ¥t >0 ©

—h<s<0

Lemma 1 [9].The following inequalities are true :

o;fwm@

yi(t)
os[; (5= £i(3))ds < (3w () Fiw ()i (1),

=i 8)ds < (fi(yi(t)) =i vi(0))wi(t),

10)

Lemma 2 [10]. For any constant matrix Q,S € R"*", Q =
QT > 0,8 = ST, the following inequality hold:

- P/t yT (5)Qy(s)ds
_pt T ¢ (11)
< {ftp(t) y(*;)ds} {Q S] |:ftf>(t) y(S)ds}

t—p(t) t—p(t)
¢ p y(s)ds * Q t—p y(s)ds

III. MAIN RESULTS

In this section,a new Lyapunov functional is constructed
and two less conservative delay-dependent stability criterion
are obtained. First, we take up the case where
AA(t) = 0,AB(t) = 0,AC(t) = 0,AD(t) = 0 in system
(7) as follows:

y(t) ==Cy(t)+Afly(t)) + Bf(y(t—

t

C(t)))+D. n (t)f(y(s))ds
’ (12)

Denote

s%ﬂ#ﬂ@yﬂwgmfuquﬂfqmjﬂmm7

7 (y(t—*)) Frly(t =) fryt — <),

t t—p(t)
T(y(s))ds, T (y(s))ds
AT, [Tt

Theorem 1 Given that the Assumption 1-3 hold, the system
(12) is globally exponentially stable with the exponential

convergence rate index k if there exist symmetric positive
Gi1 G2 Giz Gu

. . Gaz Gaz Gy e
definite matrices y «  Gas Gail|’ PQ;i =
* * * G44
1,2,3,4,R;;i = 1,2,..., 5,positive diagonal matrices
Wl,W27W3,W4,A = diag{)q,/\g,,..,)\n},A =
diag{d1, 02, ...,0,},and symmetric matrix S;,i =1,2,...,7
such that the following LMIs hold:
(R, S, .
B RJ >0,i=1,4,5. (13)
[Rs S, -
P RJ >0,i=2,6,7. (14)
(E wTZ
P 72] <0 (15)
[P Nz
P 72} <0 (16)
where
N = [fC’ 000 A OO B D O]
S
Z = §(R2 + R4)
[Ey1 B2 0 0 Eis Eig 0 Eig Eig 0
x Foy Fa3 0 Fos Eys Eor 0 0 0
* * E33 0 0 E36 E37 0 0 0
* * * E44 0 0 0 E48 0 0
E_ * * * * E55 E56 0 E58 E59 O
Tl o= * * * x* Fgg Fgr 0 0 0
* * * * * * FErr 0 0 0
* * * * * * x* Fgg 0 0
* * * * * * * *  Fgg FEg10
| * * * * * * * * * Elo,lo_
Fii Fi, 0 0 Fi5 Fig 0 Fig Fig 0 ]
¥ oy Foy 0 Fops Fog For 0 0 0
* * F33 0 0 Fg()- F37 0 0 0
E3 * * F44 0 0 O F4g O 0
F= * * * * F55 F56 0 F58 F59 0
| o * * * x* Fg For 0 0 0
* * * * * x Frp 0 0 0
* * * * * * x  Fgg 0 0
* * * * * * * * Fgg F9,10
K % % * * * %k Fiog)
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F11=2kP — 2PC — 4kI'1A + 4kF2A + 2I'MAC — 21 AC
+Gu+ Q1+ Q2+ 03+ 5 (R1+R3)+e ke,
—2I'y Wiy

Eip =G

Ei5 = PA+2kA — 2kA —TH1AA+T2AA—-CA+CA
+ Gz + Wiy +T2)

Fig=Gu,F1g=PB-T1AB+T12AB

Fi9=PD —T1AD+T5AD

Foy = Goy — e ™Gy — e 78, + e 276, — 2T WiTy
B3 = —e "Gy, Eas = G
Eog=Gay — e "G5 + W3(Ty +Ty), Bar=—e "Gy
Ezz=—e " Gay—e Gy — 20, Wyly, Fas = —¢ " Goy
Esp = —e " Goy + Wy(I'y +T2)

By = —(1 — p)e 2Qq — 20 Wol'y — e7*5(8) — Sy)
Eyg = Wo(I'y +T2)
Es5=2AA—2AA+G33+Q4+p*Rs—2W1, Es6 =G4

Bss = AB — AB, Esg = AD — AD

Eos = Gy — e ¥ Ga3 — 2Ws, Egr = —e ¥ Gy
Err= _€7k<G44—2VV47 Egs=—(1— H)€72k§Q4—2W2
Egg=—e¢ 2" Rs, By 10=—¢ /S5, E1g10=—¢ 2" R;

Fi1=2kP—-2PC— 4kF1A+4k‘F2A+2F AC -2y, AC
+G1+Q1+Q2+ Q3+ - (Rl+Rs)+€ ke Ss

=2y Wiy
F22:G22—€7k<G11—eikc55+€72k<56—2F1W3F2
F33 = *€7k§G22 — 6721“57 — 2F1W4F2

Fyy=—(1- N)672k§Q2 —2I' Wl *672“(57736)

All the other items in matrix F satisfies Fj; # 0,we can get
Fyj=Ey,i,j=1,2,...,10.

Proof: Construct a new class of Lyapunov functional
candidate as follow:

7
= ZVz(yf)

Viy) = eMy" () Py(t)
2kt w0
(1) = 2 Ej/’ (i () =77 ) +6: (35— fi(3))ds
. G Gi2 Giz Gua
_ 2ks, T ¥ Gao Gaz Gy
0 ROl e (O

* * * G44

() fTy(s - 35))]

t t
wwzlﬂw% U@MWHL%Q
t
+[qTSMYmeu

' 2ks pT
+/t—<(t)e F(y(5))Qaf(y(s))ds

yt / / 2ks
—5/t+0

yt / / 2ks
—< Jt+6

_ 2k:s T s
o p/wAﬁ F7 (y(s)) Ra f(y(s))dsdb

(8)Ruy(s)+9" (s)Ray(s))dsdd

(5)Rsy(s)+9" (s)Ray(s))dsdd

Then, taking the time derivative of V(t) with respect to t along
the system (12) yield

V(Z/t) = Z Vz(Ut)
Vl(yt) = 2ke?ktyT (1) Py(t) + 22Kty T (1) Py (t) 7

n i (t)
va@h>:4kaMing€J IN(fi(5) =7 )+ (77 5

) —yT ()T1)Ag(t)
+ (" ()2 — [T (y(1)Ag(t)]
< Ak [(fT (y(t) — yT ()T 1) Ay(t)

+ (" (T2 = 7 (y(1) Ay()]
+2€2kt[fT(y(t))(A_A)_;'_yT(t)(FQA—FlA)M/(t) g
(18)

ersyT(s)ng(s)ds
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G G2 Giz Gy
* Goz Gaz Goy
% x Gz Gy n(t)

Gi1 Giz2 Giz Gu

 ok(=5), T/ Sy| ¥ G2 Gaz Gag| ., S
T L G G |7 R)

Valye) < eM'y"

By ke T ( ) s(®)
*(1*5) Pyt (t — ) Quy(t — 2)
(- ey T —( L5 - )

— (1= p)e T(t*G(t))Qw(t*dt))
= (1= e T (y(t — <) Quf (y(t — <(t)))]

0)
Va(we) < 5 (u7 (O Ray(t) + 7 (1) Rai (1))
et s) s)Ruy(s) + 9" (s) Ray(s))ds
@1
Volye) < 5 (5" (6) Ray(t) + i () Rug(1))
= [ ) Ray(o) + 3 () Rai(5) s
h 22)

Va(ye) < p2e®M fT(y(t) Rs f (y(t))
— pe2k(t=r) T (y(s)Rs fy(s))ds

< 2 P ) sS4

k{f N CTONE T[R5 55] ffp(t)ﬂy(s))ds}
* B[O f(y(s))ds

(23)

t—p(t
PO fy(s))ds
From (5), we can get that there exist positive diagonal matrices
Wh, Wy, W3, Wy such that the following inequalities holds:

M [—=2fT (y(£))Wif(y(t)) + 2y" ()W (D1 + Ta) f(y(t))
— 2T ()0 Wi Tay(t)] >0

(24)
M [=2fT (y(t—c(t))Waf(y(t—c(t)))+2y" (t—c(t)) Wa(T'y
+T2) f(y(t—s(t)) —2y" (t—(t))T1 Walay(t—s(t))] > 0

(25)

2T (ylt = SNWal (u(t = ) + 297 (1 = 5)Wa(Ds

+ ) f(y(t = 5)) = 29" (¢ = 501 Walay(t = 5)] 2 0

(26)

()(Q1+ Q2+ Qa)y(t) + f1 (y(1)Qaf (y (1)
t

M [=2fT (y(t — ))Waf(y(t — <)) + 2" (t — )Wa(T

+T2) f(y(t — <)) — 24" (t — )T Walay(t —<)] > 0
27

(1) When 0 < ¢(t) < 5 ,we consider the following three zero
equalities with any symmetric matrix Sy, .53, 54 :

(0)S1y(t) — y" (t = () Say(t — (1))

-2 /tidw yT(5)S15(s)ds] = 0

er(t—g)[yT

(28)

e2k(t—§) [yT

(t = s(1)Say(t — s(t)) —
t—q(t)
- Z/t_i yT (s)S45(s)ds] =0

T S S
Yo (t— §)S4y(t - 5)

(29)
2=y T (t — %)Szy(t - %) —y"(t —<)Say(t — <)
-3
i / y" (5)Sa(s)ds) = 0
t—¢ 30)

From (17)-(30),we can get

V() <PMET (1) (BN 2N ()
-2yt (- DyQue- D)
ey - U S0u0 - UL

o [ B [ 2B
s B [ R

(2) When § < ¢(t) < ¢,we consider the following three zero
equalities with any symmetric matrix Ss, Sg, S7 :

KD [yT (1) Soy(t) -y (£ — 5)Ssy(t — )

: @1
-2 /t,g yT(5)S5y(s)ds] =0
MY (1= 5)Sey(t— )~y (=5(0) Seu(t—<(1))
—2/t_; o7 (5)Se3(s)ds] = 0

N (32)
F YT (t—o (1) Sry(t—s (1) —y" (t—<) Szy(t—<)

(33)

t—(t)
72/ yT (s)S79(s)ds] = 0

t—
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From (17)-(27),and (31)-(33),we can get
V() < N ()(F + RTZR)E(1)

[ R ] [ e
/1; o [ S]]

o [ T R )

Hence,combined with the Schur complement and (13)-(16), we
can obtain V(1) < 0,this means the system (12) is guaranted
to be asymptotically stable for 0 < ¢(t) < ¢,0 < p(t) < p,on
the other hand,we have the followings:

—0 =Bty - Whgue - )
672k’<yT(t - §(t) +< st(t o §(t)2 §))}

Vl(?/O) < /\maZ(P)”y(O)HZ < /\maZ(P) _SEE«) Hy(s)H2
o (34)
Valyo) <2 {[f(y(0)) = T1y(0)]"A+[T2y(0) — £ (y(0))] A} y(0

<22mad 1= T2) Az (A) - Amaa (D)) sup_ ||y( )H2

(35)
0 G G2 Giz Gus
T * Gao Gaz Gay
VB(y0)</;’7 Ol % Gy G|
* * * G
G G2 Giz Gua
2 ¥ Gay Gaz Goy 2
W Pmar| o 7 Gy G| S22 W
* * *  Gyy
(36)
where
7= max {7 |14 [}
S
‘/4(3/0) S (5/\mam (Q1)+§/\nzam(Q2)+</\mam (QS)
37)
+§72/\max(Q4)) Sllp Hy( )H2
S 2
VS(yO) S g)\maz(Rl) gllp Hy( )H
(33)
maz R2 / / deH
3¢2
Vﬁ(y(}) ] AmaaL(Rd) bup ||y( )H2
39)

s)dsd6

maz R4 / / y
—<

According to 227y < zTYz +yTYy with Y > 0
97 (5)9(5) <4Amaz (CTC) 47 Aman (AT A) +7* Aoz (BT B)
+Pm'7 )‘maw(DTD)] SUP Hy( )H2

(40)
V (yO) < p>\maz 5 / / fT ))dee
(41)
< P05 n(Rs) sup (o)
—h<s<0

According to (34)-(41),there exist a positive constant «,such
that

V(yo) < o sup_ lly(s)II?

where
o = )\maa:(P) + 2)\maz(rl - FZ)()\maI(A) + Amaz(A))

+ (S)\maw(Ql) + g)‘maz (QQ) + gAmaz(QB) + §72>\maz(Q4))
3¢2

2
<2
+ g)\maz(Rl) + ] )\maz(RS) + 2§2()‘maz (CTC)

+ 7 Amaz (AT A) + v Anaz (BT B) + p2,7* Amae (DT D))
Gll G12 G13 G14

342
P? ) x G Gaz Goy
/\maT(R5)+<(1+/y )/\m,am * * G33 G34

* * * G44

—+

Furthermore , we have

V(ye) > €2 X pin (P)|Jy(1) |12

Then we can easily obtain

e Nnin(P)ly®)[> <o sup y(s)[?
h<s<0

Which leads to
@ —kt
| <,/ ———=e sup
ly@ (D) S
Thus by Definition 1,when the system (7) satisfies AA(t) =
AB(t) = AC(t) = AD(t) = 0 is exponentially stable with
convergence rate k,and the proof is completed. u

ly(s)1>

Based on Theorem 1,we have the following result for
neural networks with time-varying.
Theorem 2 Given that the Assumption 1-4 hold, the system
(6) is globally exponentially stable with the exponential
convergence rate index k if there exist symmetric positive

definite matrices P, Hy, Hs,Q;,1 = 1,2,3,4, R;;i =
Gu G2 Giz Gu
* G2 Gaz Gu . .
1,2,...,5, N «  Gas Gay ,positive diagonal
* * *  Gaa
matrices Wy, Wo, W3, Wy, A = diag{\1, No,..., \n},A =
diag{61,9d2,...,0,},and any symmetric matrix S;,7 = 1,2,
., 7 ,such that the following LMIs hold:
R1 Sl .
[* RJ >0,i=1,4,5. (42)
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_R3 Si >0,i=2,6,T. (43) Similarly,we can obtain that,when 0 < g(t) < %,one can
xR obtain that
_ V() < R pT () (1 + OTH Uy + UL HyWy)o(t
BT 2R 3G sa WT H, WIH; (ye) < e™p” (1) (0 + U3 §(1t) 1+ ¥y 2§(t2))<P( )
«  —H+GTZG  GTZG 0 0 —(1- g)(e*’“yT(t — Q- )
% * —H,2+GTZG 0 0 <0 o) + o(t) + <
. . | “H 0 —e Ryt - =5 )Qay(t - =5 )
* * E3 * _H2 + T
- (44) k(-3 / {1{(8)] [Rl 31} {Q(S)} ds
t—c() y(s) x  Ro| |y(s)
[F+RT ZR 3G 3G vl Hy VI, HY k-3 O R Sa] [y(s) ds
* —-H,+GTZG GTzaG 0 0 -5 y(s) x  Ro| |y(s)
* * —H,+GTZG 0 0 |<0 _s T
% " % —H, 0 _ o2k(t—<) /t 2 [Z/(S)} {Rg 52] {y(s)] ds
| * * * * —H, t—c y(s) xRyl |9(s)
(45)  where
where E +RTZRN SG SG
Ql = * —H1 + GTZG GTZG
Uyy=[2 000 Z 00 E 0 0 * * -H, +GTZG

when § < ¢(t) < ¢,one can obtain that
ot

V(ye) < e " (6)(Q + UTH Uy + U HoWs)p(t)

=[5 000 5 000 E 0 —a- ety - D)oy - <
_ s(t) +¢ S(t) +¢
W= [T 0 0 ey T(t — U guy - UES)
+ T
. y(s)]” [R1 Ss] [y(s)
‘(\ST:[P+F2A7F1A70Z7070707A7A+ZA> B eZk(t : /t_i |:y(8):| |:* RQ y(S) ds
0,0,ZB,ZD,0 =
] _ 2k(t=9) 5 Ty(s)]” [Rs Se) [u(s) ds
Proof: System (6) can be written as t—c(t) y(s) x  Ry| |y(s)
§(6) =—Cy(t) + A (y() + B (y(t—< (1)) k=9 /‘““ P@)}T {Rg 57} P@)} s
t e y(s) xRyl |y(s)
+D f(y(s))ds + G(pi(t) + qi(t))
t—p(t) where
p1(t) = F(t)ps(t) F+XTZR 3G 3G
N = F(Dao(t Q= * —H, +G"2G G'z2G
ql() E( )Q2() 5 « % —H2+GTZG
t) = —"yt)+ = f(yt) + By f(y(t —<(t .
P2(t) 2 y() + 2 Fly(®) + bf(yt( <)) According to (42)-(45),then we can obtain V(y;) < 0.0On the
E. E, other hand
lt) = Su(t) + S IW0) + B [ fluls)ds
A1) =5 2 i) 7 (8)9(5) < 6{Amazx(CTC) + ¥ Aaz (AT A) + ¥ Npaw (BT B)
(46) 1
+ Pr Y Amaz (D D) + 3Anaz(GT G) 5 Amaz (EL E.)
Based on Assumption 4, we can get that 2 2
+ 7Annax(EZE¢L) + '72)\max (ETEb)
PO < o Opa(t) = ¢ (VT W10(0) g e .
+ 7 P Amaz (Eg Ea)l} sup_ y(s)]]
T T T T —h<s<0
a1 ()q1(t) < gz (t)ga(t) = " ()5 Wap(t) (47)
where Similarly, from (34)-(41) and (47),there exist a positive

constant 3, such that

Viyo) <8 s ly(s)11*

<

(1) = €7 (1), p1 (1), qf ()]

There exist two positive matrices H;, Ho,satisfying the
following inequality Furthermore , we have

o (t)UT HyWyo(t) — pi () Hipi(t) B Kt

0
lyl </ s—5¢ " sup ly(s)l®
(PT(t)\IIgHQ‘IIQ(p(t) — q?(t)ngl (t) 0 /\mzn(P) —h<s<0

AVANAY
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Then , Based on Theorem 1 and Definition 1, the system (6)
is exponentially stable with convergence rate k, and the proof
is completed. u

Remark 1 Theorem 1 and 2 proposes an improved
exponential stability condition for neural networks with
discrete and distribute time-varying delays.This paper not
only divide the delay interval [0,<] into two ones [0, 5] and
[5.¢].but also divides the interval [0,¢] into four intervals
[0, ‘(Q—t)],[%,g(t)},k(t), #],[%g(t),g], each segments has
a different Lyapunov matrix in function V.In [18,19].they
did not discuss by dividing interval of %,and in [20],they
didn’t discuss by dividing interval of %g(t)
potential to yield less conservative results.
Remark 2 Through model transformation,system (6) can be
written as (46),this transformation can make us easy to
understand to many complex problems,and two vectors
flyt — <)), fy(t — 5)) are introduced in &(t),which are
rarely considered in other literature.this may lead to obtain
an improved feasible region for delay-dependent stability
criteria.

Remark 3 In this paper,Theorem 1 and 2 require the upper
bound p of the time-varying delay () to be
known.However,in many cases p is unknown,considering this
situation ,we can set ; = 0,7 = 1,2,3,4 in V(y;),and
employ the same methods in Theorem 1 and 2,we can derive
the delay-dependent and delay-derivative-independent
stability criteria.

,which have

IV. NUMERICAL EXAMPLES

In this section,we provide three numerical examples to
demonstrate the effectiveness and less conservatism of our
delay-dependent stability criteria.

Example 1 Consider the system (12) with the following
parameters:

23 0 0 0.9 —1.5 0.1
C=10 34 o|,A=|-12 01 02|,
0 0 25 0.2 03 08
0.8 0.6 0.2 0.3 0.2 0.1
B= 05 07 01|,D= (01 02 0.1
02 0.1 05 0.1 0.1 0.2

Ty = diag{0,0,0}, Ty = diag{0.2,0.2,0.2}.

In Table I,we consider the case of ¢ = p,k = 0,the upper
bound of ¢ for unknown p is derived by Theorem 1 with
Q; = 0,i = 1,2,3,4 in the Lyapunov-Krasovskii functional
V.According to this Table,we can see this example shows
that the stability condition in this paper gives much less
conservative results than those in the literature.

Example 2 Consider the system (12) with the following
parameters:

6 0 0 1.2 —-08 0.6
c=10 5 0/,A=|05 —-15 0.7 [,
0 0 7 -08 —-12 -14
-14 09 0.5 1.8 0.7 —0.8
B=|-06 12 08|,D=1|0.6 0.4 1.0
05 =07 1.1 -04 —-06 1.2

TABLE I
ALLOWABLE UPPER BOUND OF ¢ FOR UNKNOWN pt IN EXAMPLE 1

Method Maximum of allowable ¢
[16] 1.833
[17] 3.597
[18] 6.938
[19] 9.338
[20] 11.588
Theorem 1 13.914
TABLE II
ALLOWABLE UPPER BOUND OF k FOR EXAMPLE 2
Method [18] [19] [20] Theorem 1
¢=05,p=02,0=0 0.46 0.58 0.56 0.86
¢=05p=02,u=0.5 0.21 0.35 0.35 0.73
¢=06,p=02,0=0.5 0.06 0.20 0.33 0.55
¢=08,p=02,u=0.5 0.00 0.05 0.10 0.30

Let I'y = diag{—1.2,0,—2.4}, T’y = diag{0,1.4,0}.
For wvarious ¢, p, u,the maximum of the exponential
convergence rate index k calculated by Theorem 1.According
to Table ILthis example shows that the stability criterion in
this paper can lead to less conservative results.

Example 3 Consider the system (6) with the following
parameters:

6.5618 0 0 0.3256 —0.1904 0.3322

C=| 0 55784 0 ,A=]—0.1564 0.2446 0.3674
0 0 7.3269 —0.1753 0.2956 —0.3115
0.1981 —0.1313 0.1158

B =10.1645 0.0901 0.1013
0.0274 —0.1518 0.0742

G=08I,E, =E, = E, = 1,1 = diag{0,0,0},
Iy = diag{2,2,2}.

Case (1) D = diag{0,0,0}, and E,; = 0. First,consider the
condition with £ = 0,and unknown p.For this case ,in
[11,12],the upper bound of ¢ for guaranteeing stability were
0.4074 and 0.7245respectively.However,in Theorem 2,we
can get the upper bound of ¢ with the same condition as
2.970.

Second,consider the case of k # 0,and various pu,the upper
bound of ¢ is derived by Theorem 2 in Table III.

—0.1981  0.1313  —0.1158
Case (2) D = |—-0.1645 —0.0901 -0.1013| ,E; = I,
—0.0274  0.1518 —0.0742

the correspond upper bounds of ¢ for various k, ;1 derived by
Theorem 2 (letting k = 0.5, p = 0.1) in Table IV.

V. CONCLUSION

In this paper, a new delay-dependent exponential stability
criterion for neural networks with time-delaying has been

TABLE III
ALLOWABLE UPPER BOUND OF ¢ FOR CASE (1) OF EXAMPLE 3

Method Theorem 3.2
k=01,u=0.5 4.196
k=0.1,pu=0.6 3.308
k=03,pu=0.6 1.629
k=04,pu=0.7 1414
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TABLE IV
ALLOWABLE UPPER BOUND OF ¢ FOR CASE (2) OF EXAMPLE 3

Method Theorem 3.2
pnw=20 1.395
p=04 1.234
pn=0.8 1.218
Unknown p 1.213

investigated.By dividing the delay interval and constructing
new Lyapunov-Krasovskii functional which contains some
new integral terms ,and fully uses the information about the
bounding technique of integral terms with different
free-weighting matrices in different delay intervals to reduce
the conservatism of stability criteria. Finally, numerical
examples have presented to illustrate the benefits and less
conservativeness of the proposed method.
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