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Necessary and Sufficient Condition for the
Quaternion Vector Measure
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Abstract—In this paper, the definitions of the quaternion measure
and the quaternion vector measure are introduced. The relation
between the quaternion measure and the complex vector measure
as well as the relation between the quaternion linear functional and
the complex linear functional are discussed respectively. By using
these relations, the necessary and sufficient condition to determine
the quaternion vector measure is given.
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I. INTRODUCTION

ET X be a Banach space over complex field and (2, %)
be a measurable space. A function m: > — X is said
to be a vector measure if m satisfies
m(Up, En) = 3207 m(Ey)
for all sequences of pairwise disjoint sets {E£,}52; C >,
where the series is convergent in the norm topology of X.

The study of vector measure is a very active field of
research, and it is already very old, too. For the case of vector
measure on o— algebra X to the real or complex Banach space,
in 1936, J. A. Clarkson [1] used vector measure-theoretic ideas
to prove that, many Banach spaces do not admit equivalent
uniformly convex norms. In 1938, I. Gel’fand [2] also used
vector measure-theoretic methods to prove that L4 [0, 1] is not
isomorphic to a dual of a Banach space. From the forties to the
mid-sixties, many mathematicians, for example, R. G. Bartle
[3], N. Dinculeanu and I. Kluvdnek [4], N. Dunford and J.
T. Schwartz [5], J. Lindenstrauss and A. Pelczynski [6], etc.,
gave many classical results on vector measure.

In 1977, J. Diestel and J. J. Uhl Jr [7] gave a comprehensive
survey of vector measures. After the Seventies, for example,
in 1980, I. Kluvanek [8] discussed the applications of vector
measures. In 1984, J. Diestel and J. J. Uhl Jr [9] again
gave the progress in vector measures. In 1997, A. Fernandez
and Faranjo [10] studied the Rybakov’s theorem for vector
measures in Fréchet spaces. In 2007, G. P. Curbera and W. J.
Ricker [11] gave survey on vector measure, integration and
application. For more information on vector measures, the
reader is referred to [7], [9], [11] and its references.

Recent years, there are some interests in the quaternion
Banach space and quaternion Hilbert space. For example, in
1987, C. S. Sharma and T. J. Coulson [12] discussed the
spectral theory for unitary operators on a quaternion Hilbert
space; in 1992, S. H. Kulkarni [13] gave the representation of
a class of real B*-algebras as algebras of quaternion-valued
functions; in 2007, Chi-Keung Ng [14] gave some results on
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quaternion normed spaces, S. V. Ladkovsky [15] studied the
algebra of operators in Banach spaces over the quaternion
skew field. For more details about quaternion analysis and
its applications, we refer to [16] and references there in.

Consider the differences between the complex Banach space
and the quaternion Banach space, and the applications of the
quaternion measure and quaternion vector measure to quantum
mechanics [17], we naturally discuss the following question.

Question. Does the quaternion vector measure have some
properties which are analogous to that of complex vector
measure ?

In this paper, we introduce the definition of the quaternion
vector measure, and discuss the above question, give some
properties on the quaternion measure and quaternion vector
measure. By using these obtained properties, we also prove
that Lemma 3, Theorem 1 and 2, which are necessary and
sufficient conditions for the quaternion measure and the
quaternion vector measure. Moreover, Theorem 1 and 2 are
similar to complex vector measure case.

II. PRELIMINARIES

Let R and C be the real number field and the complex
number field, respectively. The quaternion skew field, denoted
by H, is the set of all elements with the form qo+q1¢+ g2 +
qsk, where qo, q1, g2 and g4 € R, moreover,

i?=32=k>=ijk=—1;
i) =—ji=Fk,jk=—-kj=1iki=—ik=j.

It is clear that R C C C H, and the multiplication operation
is noncommutative in H, it is easy to imply that jc = ¢j for
any complex number c. Furthermore, for every ¢ € H, ¢ can
be uniquely expressed as

q=q +qJ, )]
where ¢1,q2 € C for ¢ = qo + 17 + q25 + g3k € H. The
conjugate and norm of ¢ are respectively defined as

q =40 — q1i — G2 — 43k,

lal =\ @+ & + a3 + a3

Let M, (C) (resp. M, (H)) be the collection of all n x n
matrices with complex entries (resp. quaternion entries). For
A € M, (H), then there exist A; and Ay in M,,(C) such that
A = A; + Ayj and such representation is unique. We call the
2n X 2n complex matrix

A Ay
= 2
as the complex adjoint matrix of the quaternion matrix A and
denote it by x 4.
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Analogy to the classical measure theory, we extend the
definition of complex measure to the quaternion setting and
have Definition 1.

Definition 1. Let (€2, %) be a measurable space. A function
123 — H is called a quaternion measure if

N(UrozozlEn) = Eio:M(En)

whenever {E,,}°2, C X is a sequence of pairwise disjoint
sets.

In this paper, we call the Banach space over complex field
as the complex Banach space and the vector measure from X
to the complex Banach space as the complex vector measure.

Similar to the definition of the complex vector measure, we
introduce the definition of a quaternion vector measure.
Definition 2. Let (€2, ¥) be a measurable space and Xy be a
quaternion Banach space. A function m : ¥ — Xy is called
a quaternion vector measure if m satisfies

m(UpZ 1 En) = 572,m(Ey)

for all sequences of pairwise disjoint sets {F,}>2, C X,
where the series is convergent in the norm topology of Xp.

II1. NECESSARY AND SUFFICIENT CONDITIONS FOR THE
QUATERNION VECTOR MEASURE

Owing to the quaternion multiplication is noncommutative,
according to the left scalar multiplication and the right scalar
multiplication, we call a vector space over the quaternion field
H as a left or right quaternion vector space. For convenience,
the left quaternion vector space and the left quaternion Banach
space are also said to be the quaternion vector space and the
quaternion Banach space, respectively.

Throughout this paper, we assume that Xy is a quaternion
vector space, {e;}22, C Xy is a basis of Xp,

Xe={z |z =32, aie;, a; € C},

Yo ={z |z = ", aije;, a; € C},
then X¢ and Y are vector spaces over C with respect to the
addition operation and the scalar multiplication operation of
Xy, respectively.

In order to give some necessary and sufficient conditions
for the quaternion measure and quaternion vector measure,
we need the following auxiliary lemmas.

Lemma 1. Let a,,b,, € C and ¢, = a,, + b, j, then the series
> o | qn is convergent if and only if > >0 a, and Y ., by,
are convergent, respectively.

Proof. Let Y 07, ¢, = ¢, where ¢ = a+ bj and a,b € C. By

n n n
N g —al= (1D ai—a)?+ (1> b — b))%,

i=1 i=1 i=1
let n — oo, then the conclusion is valid. O
Lemma 2. Under the hypotheses of Xy, then

Xu = Xc + Ye.
Moreover, if Xy is a quaternion Banach space, then X¢ and
Yc are complex Banach spaces under the norm of Xp.
Proof. Let v € Xy, thenz = >0 | ase;, o; € H. By (1), then
«; can be represented as «; = ;1 + 27, where oy, oo € C.
By simple computation, then
T = Zf:l 1€ + ZZO:1 aigjei.

By using the definitions of X¢ and Y¢, we have
Xy = Xc + Ye.

Let {y,}52, C Xc, theny,, = > o) Bine;, where 3;,, € C.
If {y,}5°, is a cauchy sequence of the complex vector space
X¢c under the norm of Xy, note that Xy is a Banach space,
then y,, is convergent to y € Xp.

Let y = Y7, ase;, a; € H. By (1), there exist a;; and
a9 € C such that a; = a1 + Oéigj, thus

o0 oo
Yn — Y = Z(ﬁin —i1)e; — Zaizjei-
i=1 i=1

Since y,, is convergent to y, we have

oo o0
lim Z(ﬁm —a;1)e; = Z%zjei-
n—oo

i—1 i—1

Note that {e;}52, is the basis of X5 and X¢ C Xy, hence
{e;}52, is also basis of the complex vector space X¢. Since
Bin — a1 € C and {e;}5°, is a basis of X¢, we imply that
ap=0fori=1,2 - Thus y=> 2 ajie; and y € Xc.
So X is a Banach space.

Analogue of the above proof, we can also show that Y is a
Banach space. Here we omit its proof. g
Lemma 3. Let (€,X) be a measurable space and Xy a
quaternion Banach space. Then m : ¥ — Xy is a quaternion
vector measure if and only if there exist complex vector
measures mq : X — X¢ and mo : X — Y such that

m = mi + ms.

Proof. For each E € ¥, since m : ¥ — Xp, by Lemma 2, X¢
and Y are complex Banach spaces under the norm of Xy,
moreover, m(FE) can be uniquely expressed as
m(E) =m(E) +mq(E),
where
mq (E) = Zzoil mil(E)ei € X@, mzl(E) S (C,
mg(E) = Zf; mzz(E)jel € Ye, m»LQ(E) e C.
Note that m : 3 — Xy is a function, thus m; : ¥ — X¢
and mo : X — Y are well defined and
m = mi + may. (€©))
For all sequences of pairwise disjoint sets {E,}52, C 3,
by (3), then m(U2 1 E,,) = mq1 (U1 Ey) + ma (U, Ey).
According to the uniqueness of the representation of the
equality m(E) = m1(E) + mo(F) and
52, m(Ey) = T32ma (En) + 52, ma(B,),
the proof follows. 0
In following, We list a result in [18] as our Lemma 4.
Lemma 4 ([18]). Let A, B € M,,(H), then
(1. xa+B = x4+ xB;
@) [[All = lIxall
Theorem 1 reflects a relation between the quaternion
measure and the complex vector measure.
Theorem 1. Let (2, %) be a measurable space, py : X — H
be a function. Then py is a quaternion measure if and only
if m: ¥ — My(C) defined by m(E) = X, (g) is a complex
vector measure.
Proof. By (1), then ug(FE) can be uniquely expressed as

() = py) (B)+ 13 (B)j (4)
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where ;L( )( E), ,LL]§_H2)(E) eC.

By (2), then
(1) (2)
Mg (E) Mg (E)
m(E) = X (E) = (5)
: ~ () pi(B)

Sufficiency: For all sequences of pairwise disjoint sets
{En}32, € %, since m : ¥ — My(C) is a complex vector
measure, we have

m(UpZ, Ey) = X0 m(E,)
in the norm topology of Ms(C). By (5),

m(UOO, E ): u]%—]ll)( OO*IE ) /1/](}]12( e 1En)
e (2)(U?Lo 1E) M](HII)( n= IE )

200 m(Ey) = limy, oo X m(E;)

I

1 n 2
o | SR (B) St (B)
- n 2 n 1
noo | —wn (B =p i) (EB)
1) un 2) /i
— lim P‘]%I (U, En) /J]%I)(Ui:IE’ﬂ)
novoe | — D (UR By ) (U By

_ [ WU ) i (U3 B }
N]EJIQ( Unz1 En) NJ&&II)(UZO=1E7L)

Consequently,

i (U2 B = 222 iy (B,

it (U1 En) = S22y (En)-
Thus, u( ) and /L]g_ﬂg ) are complex measures form ¥ to C. By
(4) and Definition 1, then pp is a quaternion measure. The
sufficiency is proved.

Necessity: If g : ¥ — H is a quaternion measure, note that
the representation of the equality (4) is unique, by Lemma 1,
we can imply that uéﬂl ) and u}gﬂz ) are complex measures.

Let {F,,}2°, be a sequence of pairwise disjoint sets in 3,
note that p]gﬂln) and ,ug ) are complex measures, by Lemma 4,
we can imply that

HX}LH(U XZO"I;LH(E )H — 0.

By (5), thenm : ¥ —> JWz((C) defined by m(E) = x,, (k) is
a complex vector measure. O

In the rest of this section, we will give a necessary and
sufficient condition for quaternion vector measure. Due to the
noncommutative of quaternion, there are two types of linear
functional on quaternion Banach space, left linear functional
and right linear functional. Here we are interested in the
left linear functional, so the introduction to the right linear
functional is omitted.

A left quaternion linear functional on a quaternion Banach
space X is a map f: X — H satisfying

flaz + By) = af(z) + Bf(y)
for all z,y € X and «, 8 € H. For convenience, we also call
the left quaternion linear functional as the quaternion linear
functional.

Lemma 5. Let Xy be a quaternion Banach space and f :
Xc — C a bounded complex linear functional. If

F(x) = f(x1) = jf(jz2)

where x € Xy with form © = 21+ 29, 1 € X¢ and 29 € Y,
then F': Xy — H is a bounded quaternion linear functional.
Proof. Let z,y € Xy, by Lemma 2, then
T =21+ T2, Y=Y1+ Y2,
where x1,y1 € Xc and z2,ys € Yc.
Note that jxo € X¢, thus

F(z) = f(x1) —jf(jz2)
is well defined for each x € Xy.

Let o, € C, since ax = azy + axs, jr = jr1 + jTo,
f+ Xc — Cis alinear functional, by simple computation, we
can imply that

F(z+y) = F(z) + F(y),
Flaz) = f(axy) — jf(joms)
=af(z1) —jf(ajas)
=af(z1) —jaf(jzs)
=af(z1) —ajf(jze)

= aF(z),
F(jx) = f(jw2) = jf (5% x1)
= f(jz2) +jf(21)
= j(=if(z2) + f(z1))
= jF(x).
By the above arguments, we have that
F(la+8j)r) = Flax) + F(8jx)

= (a+Bj)F(x).

Thus, F' is a linear functional on Xp. Note that
[f (@) < [F(2)] < [f(x)] + [f ()] < 20 f]llz])-
Hence, F(x) is a bounded quaternion linear functional. O
Lemma 6. Let Xp5 be the quaternion Banach space and F' a
bounded quaternion linear functional on Xy, then there exist
bounded complex linear functionals f; and f5 : Xg — C such
that
F(z) = fi(z) + fa(2)j

for each x € Xp.
Proof. Since F' is a bounded quaternion linear functional, for
each z € Xy, by (1), then F(z) can be uniquely expressed as

( ) = fi(@) + fa(2)], (6)
where f1(z), f2(z) €

Let z, y € Xy, note that F(zx+vy)=F(z)+

we can imply that

F(y), by (6),

F(z+y) = filz +y) + fo(z + y)J,
F(z)+ F(y) = fi(z) + f2(2)i + f1(y) + f2(y)],
= (filz) + f1(v)) + (f2(2) + f2(y))J.
Hence
filz +y) = filz) + fr(y),
fa(z +y) = fa(x) + fo(y).
Let o € C, since F(ozm) = aF(z), by (6), we have
Faz) = fi(az) + f2(ax)j,

al(r) = afi(r) + afy(r)].
Hence, fi(az) = afi(z), fi(az) = afi(z). Consequently,
f1 and fo are complex linear functionals from Xy to C.
Note that
[fr(@)] < [F ()], [f2()] < |F(z)].

Then, f; and fo are bounded complex linear functionals. [J
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Lemma 7. Let (,X) be a measurable space and Xy a
quaternion Banach space. If m, m; and mqy are the same as
Lemma 3, and m : ¥ — Xp satisfies that F'(m) : ¥ — H
defined by E — F(m(FE)) is quaternion measure for each
bounded quaternion linear functional F'. Then m : ¥ — X¢
and my : ¥ — Y are complex vector measures, respectively.
Proof. Let f : X¢ — C be an arbitrary bounded complex
linear functional, by Lemma 5, then
Fx) = f(x1) = 5f(jza),
is a bounded quaternion linear functional on Xy, where x €
Xy with the form x = 21 + z2, 1 € X¢ and 2o € Y.
By Lemma 3, for every E € X, then
m(E) = my(E) + ma(E),
m1(E) € Xc and ma(E) € Y. Hence
F(m(E)) = f(mi(E)) — jf(ima(E)).
Let {E,}>2,; C ¥ be a pairwise disjoint sequence of sets,
since F'(m(FE)) is a quaternion measure, we have

F(m(UpL Ey))) = 22,0:1 F(m(Ey)).
Note that

F(m(UpZi En))) = f(mi (U2, En)) — 5 f(Gma(UpZi En)),

S0 F(m(Ey)) = Sy (Flma(Ba) — 5 (ima(Ea)).
by Lemma 1, then

f(m ( nflE )) - ZZOZI f(ml(E’n)) (7)

By Lemma 2, X¢ is a complex Banach space, note that f
is an arbitrary bounded complex linear functional, apply [19,
Proposition I,1] to (7), we can imply that m; : ¥ — X¢ is a
complex vector measure.

Similar to the above proof, we can also show that my : ¥ —
Yc is a complex vector measure. Here its proof is omitted. [

The following theorem is the main result in this paper.
Theorem 2. Let (£2,X) be a measurable space and Xy a
quaternion Banach space. If m : ¥ — Xp is a function, then
m is a quaternion vector measure if and only if F(m) : ¥ — H
defined by £ — F(m(FE)) is a quaternion measure for each
bounded quaternion linear functional F'.
Proof. Let F' be a bounded quaternion linear functional, by
Lemma 6, then F(z) = fi(z) + fo(x)j, where f1 and fo :
Xy — C are bounded complex linear functionals, respectively.

Necessity: Let {E,}2°, C ¥ be a sequence of pairwise
disjoint sets, if m : ¥ — Xy is a quaternion vector measure,
then

F(m(UpZ En)) = film(UpZ, Ei)) + fa(m(UnZ, Ei))j.

Since Xp can be also regard as a Banach space over C,
we regard m as a complex vector measure. Note that f; and
f2 : Xy — C are bounded complex linear functionals, apply
[19, Proposition I.1] to f; and fo, we have

AMUZE)) = A (m(En)) =Y film(Ey)),
fo(m(Up2 By)) = fz(Z( (En) = fa(m(Ey))

By the above equalities, then

Sr(m(URZ, Ed)) + fa(m(Upl, Ei))j

= lim Zh )+ lim - fo(m(E))j
i=1

:Zﬁ ) + fo(m(Ey

Hence, for each sequence {£,,}5°
sets, we have

F(m(Upi, B Z

Consequently, the function F'(m) : ¥ — H defined by £ —
F(m(F)) is a quaternion measure. The proof for the necessity
of Theorem 2 is complete.

Sufficiency: By using Lemma 7 and Lemma 3, then m is a
quaternion vector measure. The proof is completed. g

By Theorem 1 and 2, the following corollary is valid.
Corollary 1. With the same notations as Theorem 2. Then
m : ¥ — Xy is a quanternionic vector measure if and only if

F(m(E)) : 2 — M>(C) is a complex vector measure.

;1 € ¥ of pairwise disjoint

n=1
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