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Natural Convection in Wavy-Wall Cavities Filled with
Power-Law Fluid
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Abstract—This paper investigates the natural convection heat
transfer performance in a complex-wavy-wall cavity filled with
power-law fluid. In performing the simulations, the continuity,
Cauchy momentum and energy equations are solved subject to the
Boussinesq approximation using a finite volume method. The
simulations focus specifically on the effects of the flow behavior index
in the power-law model and the Rayleigh number on the flow
streamlines, isothermal contours and mean Nusselt number within the
cavity. The results show that pseudoplastic fluids have a better heat
transfer performance than Newtonian or dilatant fluids. Moreover, it is
shown that for Rayleigh numbers greater than Ra=10% the mean
Nusselt number has a significantly increase as the flow behavior index
is decreased.

Keywords—Non-Newtonian fluid, Power-law fluid, Natural
convection, Heat transfer enhancement, Cavity, Wavy wall.

|. INTRODUCTION

ATURAL convection in regular cavities (e.g., square or

rectangular) is of importance in many engineering
systems, such as electronic cooling devices, heat exchangers,
MEMS devices, electric machinery, solar energy collectors,
and so on [1]. Natural convection in irregular cavities, e.g.,
wavy-wall cavities, is also important for many applications due
to the potential for an enhanced heat transfer performance.

Mahmud et al. [2] examined the natural convection
phenomenon within a cavity bounded by two isothermal wavy
walls and two adiabatic straight walls. Oztop et al. [3]
investigated the problem of natural convection within
wavy-wall cavities with a volumetric heat source. Cho et al. [4]
investigated the natural convection heat transfer performance
within a cavity with complex-wavy-wall surfaces. Overall, the
results presented in [2]-[4] show that the flow characteristics
and heat transfer performance in wavy-wall cavities depend
strongly on both the geometry parameters of the wavy surface
and the flow parameters.

The studies described above all consider a Newtonian fluid.
However, in many engineering applications (e.g., oil drilling,
slurry transport, paper making, food processing, polymer
engineering, and so on), the fluid is non-Newtonian. As a result,
the natural convection heat transfer performance of
non-Newtonian fluids has also attracted significant attention in
the literature. For example, Kim et al. [5] investigated the
transient buoyant convection of a power-law fluid within a
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square cavity. The results showed that the rheological property
of the power-law fluid had a significant effect on the flow
behavior and heat transfer performance within the cavity under
both transient and steady-state conditions; particularly under
high Rayleigh numbers and low Prandtl numbers. Lamsaadi et
al. [6] studied the natural convection heat transfer performance
of power-law fluids enclosed within a shallow horizontal
rectangular cavity uniformly heated from one side. The results
showed that given a high Prandtl number and a cavity with a
large aspect ratio, the heat transfer behavior was dominated by
the flow behavior index of the power-law fluid and the
Rayleigh number. Lamsaadi et al. [7] investigated the natural
convection heat transfer characteristics of power-law fluids
enclosed in a tilted shallow rectangular cavity. The results
further showed that for a large aspect ratio and a high Prandtl
number, the heat transfer performance depended on the
inclination angle of the cavity. Turan et al. [8] investigated the
natural convection behavior of power-law fluids in a square
cavity with differentially-heated side walls. It was shown that
the mean Nusselt number increased with an increasing
Rayleigh number, but decreased with an increasing flow
behavior index. Khezzar et al. [9] studied the natural
convection heat transfer performance of power-law fluids in a
rectangular inclined cavity. The results showed that
shear-thinning and shear-thickening fluids improved and
reduced the heat transfer performance, respectively, compared
to that obtained using a Newtonian fluid.

The studies in [5]-[9] all consider the natural convection heat
transfer of non-Newtonian fluids within regular cavities.
However, as mentioned earlier, the heat transfer characteristics
of non-Newtonian fluids enclosed within wavy-wall cavities
are also an important concern in many practical engineering
problems. Accordingly, the present study performs a numerical
investigation into the natural convection heat transfer
performance of non-Newtonian fluids within a cavity
comprising left and right walls with complex-wavy surfaces
and a constant high and low temperature, respectively, and
upper and lower horizontal walls with an insulated condition.
The simulations focus specifically on the effects of the flow
behavior index and the Rayleigh number on the flow
streamlines, isothermal contours and mean Nusselt number
within the cavity.

Il.MATHEMATICAL FORMULATION

Fig. 1 illustrates the complex-wavy-wall cavity considered in
the present study. As shown, the cavity has a width and a
height. The related mathematical formulations and numerical
solution procedure are described in the following.
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Fig. 1 Schematic illustration of complex-wavy-wall cavity

A. Governing Equations

The flow behavior and heat transfer characteristics in the
cavity shown in Fig. 1 are governed by the continuity equation,
the Cauchy momentum equation and the energy equation. To
simplify the governing equations, the following assumptions
are made: (i) the fluid within the cavity is incompressible and
laminar; (ii) the thermophysical properties of the fluid are all
constant other than the density which varies in accordance with
the Boussinesq approximation; (iii) the flow and temperature
fields are two-dimensional and steady state; and (iv) the
thermal radiation and viscous dissipation effects are
sufficiently small to be ignored. Given these assumptions, the
governing equations can be written as follow:

V.V=0 (1)
PV YN ==VP+V- y[W +(W)"+ pg BT -T)] (2)
(V-VT)=aV’T (3)

where the superscript denotes transposition. Note that the last
term in (2) represents the buoyancy body force and acts in the
y-direction.

In performing the simulations, the rheological behavior of
the non-Newtonian fluid within the cavity is described using a
power-law model. In other words, the apparent viscosity term
in (2) is expressed as [10]

p=my"t Q)

where m is the flow consistency index, n is the flow behavior
index and y is the shear rate. Given a flow behavior index of

n>1, the fluid is said to be dilatant. Conversely, given a flow
behavior index of n<1, the fluid is said to be pseudoplastic.
Finally, for a flow behavior index of n=1, the fluid is said to
be Newtonian.

When investigating the problem of natural convection within
a cavity filled with non-Newtonian fluid, two non-dimensional
parameters must be defined, namely the generalized Rayleigh
number (Ra) and the generalized Prandtl number (Pr), i.e.,

(5], [9].
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The convection heat transfer performance can be quantified
via the Nusselt number ( Nu), i.e.

_hw
k
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where k is the thermal conductivity and his the convection heat
transfer coefficient. The mean Nusselt number along the hot
wavy-wall surface can then be obtained as

1 ¢4
== 8
Nug, » .[ONudn C))

where |, is the length of the hot wavy-wall.

B.Boundary Conditions

In defining the boundary conditions for the governing
equations described above, it is assumed that the left wavy-wall
has a constant high temperature ( T ), while the right

wavy-wall has a constant low temperature (T, ). In addition, the

top and bottom walls are assumed to be flat and perfectly
insulated. Finally, a no-slip impermeable velocity boundary
condition is applied at all of the wall surfaces.

C.Wavy-Wall Geometry and Numerical Solution Procedure

In performing the simulations, the profile of the wavy-wall
surface was modeled as follows

X _o5sin2™- in( Y. 9
oy = 08I +0.28in(—2) C)]

where 1 is the wavelength. Moreover, the body-fitted grid
system used to model the wavy-wall surface was generated by
solving a set of Poisson equations [11].

The governing equations given in (1)-(3) are expressed in
terms of a Cartesian coordinate system. However, the
wavy-wall surface given in (9) is expressed in terms of a
non-orthogonal system. Hence, (1)-(3) cannot be solved
directly. Thus, in performing the simulations, the governing
equations were transformed to the following generalized form
[10]
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where f is a generalized variable; & and# are the two axes

of the transformed coordinate system; U and V are the
velocity components in the transformed coordinate system; S,

is a source term; a,, B, and y, are the parameters of the

transformed coordinate system; and J is the Jacobian factor.

The governing equations and corresponding boundary
conditions were discretized using the finite-volume numerical
method [12]. The convection terms in the governing equations
were discretized using the second-order upwind scheme. The
velocity-pressure fields were coupled using the SIMPLE C
algorithm [12]. The discretized algebraic equations were solved
iteratively using a line-by-line TDMA scheme.

D.Numerical Validation

To validate the numerical model and solution procedure
described above, the results obtained for the mean Nusselt
number in a square cavity filled with pseudoplastic fluids with
various values of the flow behavior index were compared with
those presented in [5], [8] given different values of the Prandtl
number. Note that the left and right walls of the cavity were
assumed to be maintained at different temperatures, while the
top and bottom walls were both assumed to be insulated. The
results presented in Fig. 2 show that the calculated results for
are in close agreement with those presented in [5], [8] for all
values of the Prandtl number and flow behavior index. In other
words, the validity of the numerical model is confirmed.
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Fig. 2 Comparison of present results with published results for
variation of mean Nusselt number with flow behavior index given
various values of Prandtl number. Note that Nu, ,_, indicates the
mean Nusselt number of a Newtonian fluid. Note also that the results
relate to a simple square cavity with Ra = 108

I1l. RESULTS AND DISCUSSION

In performing the simulations, the parameters were specified
as follows: Rayleigh number, from Ra=10' to Ra=10°;
Prandtl number, Pr=6.8; and wavelength of wavy surface,
A=2W .

Fig. 3 shows the flow streamlines within the complex-wavy
wall cavity for various flow behavior indexes and Rayleigh
numbers. Figs. 4 (a) and (b) illustrate the corresponding
non-dimensional u-velocity profiles at cross-section A—A'
(i.e., the midpoint position of the wavy surface, see Fig. 1). It is
seen in Figs. 3 (a)~(c) that at low Rayleigh numbers (i.e.,

Ra =10%), an elliptical recirculation structure is formed in the
center of the cavity for all considered values of the flow
behavior index due to the buoyancy effect induced by the
difference in the temperatures of the left and right cavity walls,
respectively. Under low Rayleigh number conditions, a low
flow velocity and perturbation effect is induced, and thus heat
transfer occurs primarily as the result of conduction. However,

at higher values of the Rayleigh number (Ra =10°), the flow
velocity induced by the buoyancy effect is increased. As a
result, the flow streamlines within the cavity become twisted,
and thus the heat transfer mechanism transits from one of
conduction to one of convection. In addition, comparing the
results presented in Figs. 3 (d)-(f) with those presented in Figs.
3 (a)-(c), it is seen that the flow streamlines are more densely
packed in the region of the wavy-wall surface. In other words,
the velocity gradient within the cavity is increased under higher
Rayleigh number conditions. Therefore, a higher shear rate is
induced.

Fig. 3 Flow streamlines given Rayleigh number of Ra =10%and flow
behavior indexes of: (a) n=0.7, (b) n=1.0 and (c)n=1.3; and flow

streamlines given Rayleigh number of Ra = 108 and flow behavior
indexes of: (d) n=0.7,(e) n=1.0 and (f) n=1.3

For a small value of the Rayleigh number, the flow
recirculation structure has only a weak intensity, and thus the
apparent viscosity is approximately equal for all three fluids.

As a result, the flow streamlines for the pseudoplastic fluid (Fig.

3 (a)) and dilatant fluid (Fig. 3 (c)) are similar to those for the
Newtonian fluid (Fig. 3 (b)). However, as shown in Fig. 4 (a),
the pseudoplastic fluid has a slightly higher velocity component
than the dilatant or Newtonian fluid due to its inherent
shear-thinning property. For a higher Rayleigh number, the
shear rate within the cavity is increased, and thus a notable
difference in the flow structures of the three fluids is observed.
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For the pseudoplastic fluid, the enhanced shear rate leads to a
significant decrease in the apparent viscosity and a significant
increase in the fluid velocity, and thus the thermal-induced
buoyancy effect results in a complex flow structure
characterized by the formation of two high-intensity
recirculation structures (Fig. 3 (d)). However, for the dilatant
fluid, the higher shear rate prompts an increasing of the
apparent viscosity, and thus a less pronounced twisting of the
flow streamlines occurs. Consequently, the non-dimensional
u-velocity profile of the dilatant fluid at cross-section A— A’ is
less that of the Newtonian fluid (see Fig. 4 (b)).
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Fig. 4 Distribution of u-velocity along x-direction at y/W =1.0 (i.e.,
cross-section A— A’ in Fig. 1) given (a) Rayleigh number of
Ra=10% and (b) Rayleigh number of Ra =10° . Note that
u"(=uW /) is the non-dimensional velocity component

Fig. 5 shows the isothermal contours within the
complex-wavy wall cavity for various flow behavior indexes
and Rayleigh numbers. Fig. 6 plots the corresponding results
for the non-dimensional temperature profile at cross-section
A— A’ of the wavy-wall cavity. As described above, given a
low value of the Rayleigh number, the conduction mechanism
dominates the heat transfer process within the cavity for all
considered values of the flow behavior index. As a result, the
isothermal contours essentially follow the profile of the wavy
surface (see Figs. 5 (a)-(c)) and the temperature profile within
the cavity has a linear-like distribution (see Fig. 6). Given a
larger value of the Rayleigh number, a greater buoyancy effect
is induced, and thus the flow perturbation effect is enhanced.

As a result, the isothermal contours within the cavity become
twisted (see Figs. 5 (a)-(f)) and the temperature profile has a
non-linear distribution (see Fig. 6). For the pseudoplastic fluid
(n=0.7), the viscosity reduces significantly under higher
Rayleigh number conditions due to its inherent shear-thinning
property and gives rise to a stronger flow perturbation effect.
Consequently, the thickness of the thermal boundary layer
reduces and an improved heat transfer performance is obtained.
Conversely, the viscosity of the dilatant fluid increases, and
thus the perturbation effect is reduced. As a consequence, the
thickness of the thermal boundary layer increases and the heat
transfer performance is correspondingly reduced.
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Fig. 5 Isothermal contours given Rayleigh number of Ra = 10%and
flow behavior indexes of: (&) n=0.7, (b) n=1.0and (c) n=1.3; and

isothermal contours given Rayleigh number of Ra =10%and flow
behavior indexes of: (d) n=0.7 , () n=1.0and (f) n=1.3. Note
that the isotherm data shown in the figures are non-dimensional values
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Fig. 7 shows the variation of the mean Nusselt number with
the Rayleigh number as a function of the flow behavior index
(n). Itis seen that for all values of n, the mean Nusselt number
has a low and constant value for Rayleigh numbers lessthan

Ra=10%. This result is to be expected since under low
Rayleigh number conditions, the buoyancy effect induces only
performance is dominated by the conduction mechanism;
irrespective of the fluid viscosity. However, as the Rayleigh
number increases, the flow perturbation effect also increases.
Consequently, the conduction mechanism transits to a
convection mechanism, and thus the heat transfer performance
is correspondingly improved. As described earlier in relation to
Figs. 3-6, the viscosity of the pseudoplastic fluid is lower than
that of the dilatant fluid. Hence, the pseudoplastic fluid
experiences a greater flow perturbation effect than the dilatant
fluid. Consequently, in the convection-dominated regime, the
mean Nusselt number increases with a decreasing flow
behavior index.
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Fig. 7 Variation of mean Nusselt number with Rayleigh number as
function of flow behavior index

IV. CONCLUSIONS

This study has investigated the natural convection heat
transfer performance within a complex-wavy-wall cavity filled
with non-Newtonian fluid. In modeling the cavity, it has been
assumed that the vertical walls have a complex wavy surface
and different temperatures, while the horizontal walls are flat
and insulated. Furthermore, in performing the simulations, the
natural convection characteristics within the cavity have been
described by means of the continuity equation, Cauchy
momentum equation, energy equation and Boussinesq
approximation, while the rheological behavior of the
non-Newtonian fluid has been characterized using a power-law
model. The simulations have focused specifically on the effects
of the flow behavior index and Rayleigh number on the flow
streamlines, isothermal contours and mean Nusselt number
within the cavity. The results have shown that for Rayleigh

numbers greater than Ra =10, the mean Nusselt number has a
significantly increase as the flow behavior index is decreased.
Moreover, the mean Nusselt number is insensitive to the
Rayleigh number in the conduction-dominated regime, but
increases with an increasing Rayleigh number in the
convection-dominated regime.
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