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Mean-Variance Optimization of Portfolios with
Return of Premium Clauses in a DC Pension Plan
with Multiple Contributors under Constant Elasticity
of Variance Model
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Abstract—In this paper, mean-variance optimization of portfolios
with the return of premium clauses in a defined contribution (DC)
pension plan with multiple contributors under constant elasticity of
variance (CEV) model is studied. The return clauses which permit
death members to claim their accumulated wealth are considered, the
remaining wealth is not equally distributed by the remaining
members as in literature. We assume that before investment, the
surplus which includes funds of members who died after retirement
adds to the total wealth. Next, we consider investments in a risk-free
asset and a risky asset to meet up the expected returns of the
remaining members and obtain an optimized problem with the help of
extended Hamilton Jacobi Bellman equation. We obtained the
optimal investment strategies for the two assets and the efficient
frontier of the members by using a stochastic optimal control
technique. Furthermore, we studied the effect of the various
parameters of the optimal investment strategies and the effect of the
risk-averse level on the efficient frontier. We observed that the
optimal investment strategy is the same as in literature, secondly, we
observed that the surplus decreases the proportion of the wealth
invested in the risky asset.

Keywords—DC pension fund, Hamilton Jacobi Bellman
equation, optimal investment strategies, stochastic optimal control
technique, return of premiums clauses, mean-variance utility.

[. INTRODUCTION

PTIMAL portfolio selection is an interesting and

important aspect of study in the field of mathematical
finance and has grown over the years. It involves practical
ways to determine how best investments can be done for
optimal productivity with minimal risk. Recent publications
have shown different methods of optimizing investment
strategies and returns [1]-[7], [15]. A good number of
researches have been published in this direction [7], [15],
especially in DC Pension plan which requires members and
their employers to contribute a certain proportion of their
income to the pension scheme and the management of the
pension scheme will in turn help to plan for the members’
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retirement.

Some research work in association with optimal investment
strategies in the DC pension plan includes [1], where they
studied optimal investment strategy for DC pension funds with
the stochastic interest rate. Reference [2] investigated optimal
investment for the DC pension fund whose interest rate was a
Vasicek model. The optimal investment strategy of the DC
pension fund with affine interest rate, which includes the Cox—
Ingersoll-Ross model and Vasicek model, has been
investigated (see for example [3]-[5]). Recently, CEV model
has increasingly been used in the study of optimal investment
strategies in a DC pension fund. Reference [6] studied CEV
model and the Legendre transform-dual solution for annuity
contracts. Since Geometric Brownian motion (GBM) can be
considered as a special case of the CEV model, such work
extended the research of [6] where they applied CEV model to
derive a dual solution of a CRRA utility function via Legendre
transform. Reference [7] extended [6] by obtaining solutions
for investor with CRRA and CARA utility function. Reference
[8] investigated an asset allocation problem under a loss-
averse preference. Reference [9] considered stochastic salary
income of a pension beneficiary and found the investment
strategy that maximizes the expected power utility of the
relationship between the terminal fund and the final salary.
Reference [10] investigated a utility optimization problem for
a DC pension plan with a stochastic salary income and a
stochastic contribution process in a regime-switching
economy. Reference [11] studied optimal portfolios for DC
pension plans under a CEV model, [12] modeled pension fund
with multiple contributors and obtained the explicit solution of
the optimal investment strategy for CRRA and CARA using
power transformation method. Reference [13] obtained
explicit solution of the optimal investment strategies in DC
pension fund with multiple contributions using the Legendre
transformation method for CRRA and CARA. In [14],
stochastic strategies of optimal investment for DC pension
fund with multiple contributors were considered. The constant
relative risk aversion (CRRA) and the constant absolute risk
aversion (CARA) are some of the commonly used utility
functions (see for example [1]-[4], [7])-

In recent times, there have been some publications on
optimal investment strategy with return of premiums clauses.
Reference [15] studied optimal investment strategy for a DC
pension plan with the return of premiums clauses in a mean-
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variance framework, [16] extended the work of [15] by
studying optimal time-consistent investment strategy for a DC
pension with the return of premiums clauses and annuity
contracts; in their work, they considered both the
accumulation and distribution phases using Heston’s
stochastic volatility model. Reference [17] considered
equilibrium investment strategy for DC pension plan with a
default risk and return of premiums clauses under CEV model.

This paper focuses on optimizing the mean-variance of
portfolios with the return of premium clauses in a DC pension
plan with multiple contributors under CEV model. We
consider a return clause which permits death members to
withdraw their accumulated contributions. We assume that
before investment, the surplus which includes funds of
members who died after retirement adds to the total wealth.
Next, we consider investments in a risk-free asset and a risky
asset to meet up the expected returns of the remaining
members and obtained an optimized problem with the help of
Hamilton Jacobi Bellman equation. By using a stochastic
optimal control technique, we obtain the optimal investment
strategies for the two assets and the efficient frontier of the
members. Also, the effect of the various parameters of the
optimal investment strategies and the effect of the risk-averse
level on the efficient frontier are studied as well.

II. MATHEMATICAL MODEL OF THE FINANCIAL MARKET

We assume that the market is made up of risk-free asset
(cash) and risky asset (stock). Let (,F,P) be a complete
probability space where ( is a real space and P is a probability
measure, {W;(t), W;(t)} is a standard two dimensional
motion, such that they are orthogonal to each other. Fis the
filtration and denotes the information generated by the
Brownian motion {W;(t), W,(t)}.

Let B.(t)and S;(t)denote the prices of the risk-free asset
and risky asset respectively and they are modelled as

dB(t) _
Be(8)

rdt, M

ase®) _

B
oy = adt + KsFaw,. )

wherer is the predetermined interest rate of the risk free asset,
« is an expected instantaneous rate of return of the risky asset
and satisfies the general condition a >r. K StB is the
instantaneous volatility, and £ is the elasticity parameter and
satisfies the general condition § < 0.

In DC pension fund system with multiple contributors, we
assume:
(1) Payment is made by only those who have retired.
(2) Payment continues till the death of plan contributors.
(3) Death contributors are automatically deleted from the

system.

From the above assumptions, the payment is a stochastic

process. We assume the Brownian motion with drift as:

dC(t) = adt — bdW,(t) 3)

where a and b are positive constants and denote the amount
given to the retired contributors and that which is due death
contributors that are out of the system.

In a DC fund system, members remit certain proportion of
their earning to the pension account every month; we assume
that the number of contributors is constant and the
contribution rate is modeled as:

dy = pdt 4

where p = (1 + 0)a with safety loading 6 > 0, p = (1 + 0)a,
with safetyloading 6 > 0. If there is no investment, the
dynamics of the surplus is given by:

dR(t) = dY — dC(t) = fadt + bdW,(t) = (p — @)dt + bdW,(t)
(5)

Let g be the premium received at a given time, which is
known, w, represent the initial age of accumulation phase, T
is the time frame of the accumulation phase such that wy, + T
is the end age. The actuarial symbol § @)oo+t is the mortality

,
rate from time tto t + %, tp is the premium accumulated at

time t, tp5(1‘)’w0 +¢ 18 the premium returned to the death
L

members. Also, we assume that after return of premium to
death members, the remaining accumulations are not shared
equally unlike in [15].

Let ¢ represent the proportion of the wealth to be invested
in risky assets and ¢z = 1 — ¢, the proportion to be invested
in the risk free asset.

Considering the time interval [¢,t + %], the differential form

associated with the fund size is given as:

1\ _ Sr+% Bt+% 1
X(t +?) = X(t) (ps—t+ a- (p)B_: +p (?) - tps(l),wo+t +

i

dR(t) (6)
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A U Sty Sty 4 g oy By Be
X(t+;)—X(t)<(p(st D+ A-0( Bt+3ﬁ)>+

p (3) - tpﬁ(li)'wo 4 TAR@) (7

L

B, 1
G
¢

S 1
X(t+%)=X(t)<<p+1—g0+<p<%—§—z>+(1—q))<B

2‘)) 9 (5) =02 e TARO  (®)

1 Sealis, Biig
X (t + ;) —-X(@®) =X(@) <<p <T’> +(1-9) <Tt>> +

1

p(3)- P8(1) 1 + AR(E) )

i

5(1_)'%“ =1-—exp{— foliu((uo +t+5s)ds} = u(wy +t) % + O(%)
(10)
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S..1
. _ 1 t+7-St ds.(t)
L= 0o, 6(%),w0+t - ﬂ(wo + t)dt9 14 (L) - pdts S - XOK
B 1
tiBe _ dBi(t)
Bt - B(t) an

Substituting (11) into (9) we have

¥ =000 () + 0= 0 (55) )

Se(6)
tpu(w, + O)dt + dR(E) (12)

ax() = X(©) (p(adt + KSLaw,) + (1 - p)(rdt) ) + pat -

tpu(wg + t)dt + (p — a)dt + bdW,(t) (13)
dx(t) = {x(t)(<p(a - +r)—a+2p+ (w_’(’fo_t)} + bdW, () +
PX(OKSFdW, X(0) = x, (14)
dX(®) = {(XO (@ =) +7) +p (2222) — o} + bawy(6) +
PX(OKSPdW, X(0) = x, (15)

where
) =——0<t<w (16)

u(t)is the force function and w is the maximal age of the
life table.

III. METHODOLOGY

Now considering the pension wealth and the volatility of
the accumulation, the surviving members will want to
maximize the fund size and at the same time minimize the
volatility of the accumulated wealth. Hence we formulate the
optimal investment problem under the mean-variance criterion
as:

Supy{Ep s X9 (T) — Var . X (T)} 17)

Our interest here is to obtain the optimal investment
strategies for both the risk-free and risky asset using the mean-
variance utility function.

Applying variational inequality method in [15], [18]. The
mean-variance control problem in (17) is equivalent to the
following Markovian time inconsistent stochastic optimal
control problem with value function J(t, x, s)

N(t,x,9) = Ex[X¢(T)] = LVar, [X¢ ()]

= Eeu[X9(D)] = L (Eea[X9(T)?] = (Eea[X?(1])?) (18)
M(t,x) = sup, N(t,x, )

Following [15] the optimal investment strategy ¢* satisfies:
J(t,x,5) = sup, I(t,x,5,¢") 19)

where y the risk-aversion coefficient of the members

Lety?(t,x,5) = Epxs[X?(T)],2° (L, x,5) = Ep o s[X?(T)?]
then J(t,x,s) = sup, f(t, x,y%(t, x,s),z?(t, x, s)) where

fexsy)=y=3E=y" (20)

Theorem 1 (verification theorem). If there exists three real
functions F, G, H: [0,T]X R = R satisfying the following
extended Hamilton Jacobi Bellman equation equations:
( Fe=1e )
2w—2wy—t
| +(F = £ [X(<P(f1—r)+r)+10(m)—a]
{ SI;P +(F — foas +%(Fxx — Uy (9?x2k?s?P + %) 1 =0
l +%(F;‘S - Uss)kzszﬁ-'—2 + (Fxs - st)XQOkZSZB-H

F(T,x,s) = f(T,x,s,x,x2)
(21)

where:
Uxx = YGE, Uys = YGyGs, Ugs = yGE (22)
Ge
+G, [x((p(a -rN+r)+p (%‘::t) - a]
sup +Ggas + %Gxx(<p2x2kzszﬁ + b?)
+ % Gesk?s?B+2 + G xhk?s2P+1

=023

G(T,x,s) = x

Hy
+H, [x(go(a -r)+1r)+p (72::2??) - a]

sup +Hy s + 5 Hyy (9?x2k257F + b?)
+%H55k252[”+2 + Hy sxpk?s2B+1

=9 24

H(T,x,s) = x?

Then J(t,x,5) = F(t,x,5),y? = G(t,x,5),z% = H(t,x,s) for
the optimal investment strategy ¢*.
Proof: The details of the proof can be found in [19]-[22]

IV. MAIN RESULT

A. Optimal Investment Strategy

Our focus now is to obtain the optimal investment strategy
by solving (21), (23), (24).
Result 1. The optimal investment strategies for both assets is
given as

*

pgt=1-¢

o = yir;gﬂ RG) [1 + (a;ﬂ (1- eZTB(t—T))]

Proof. Recall that from (20),

ft=fx=fxx:fxy=fxz=fyz=fzz=0afy=1+}/Ya
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foy=vifi=—1 (25)

Substituting (25) into (21) and differentiating (21) with
respect to ¢, we have ¢ as:

* (a—1)Fy+k?s ZB+1(Fxs_nyGS)]

Y = (Fxx—YG2)xk2s2B (26)

Substituting (26) into (21) and (23) we have:

20-2wo—t 1

Ft+F[rx+p(w_7wgt) a]+ast+5(F;,x—
2352 la-r1?F2 1 (Fxs—VGxGs _

vGOb® + 2(Fyx—yG2)k2s2B 2 ( Fyx—YG2 (Fs

2 2.2B+2 _ S(@M)Fx(Fxs—¥GxGs) —
YG3)) ks T = 27)
20-2wg—t
G, + Gy [rx +p (%) ] + asGs + = (Gxx)b2
12

[a—7]°FxGy (F, — )/GXGS)GXSkZSZB+2 _

(Pxx—vG2)k2s2B -
S(@=1)(Gx(Fxs—YGxGs)+GxsFx) =0
Fxx_VGJ%

(28)

Assuming a solution for F(t, x, s)and G (¢, x, s) as follows:

2B
F(t,x,5) = A + 220 4 €O

A(T) =1,B(T) =0, C(T) =0
G(t,x,5) = P(O)x + L * RO

P(T) =1, Q(T) =0, R(T) = oy

-2
Fo=Ax+2— 199 g — 4 F, =0, 9)
_ —21? 1 —28-2
E = zﬂB(tl)/s F, = 2,8(2,8+1))j(t)s
-2
G = Pox+ 25—+ 20 G, = PG = 0,
_ —2/3 1 —2B8-2
G, = QWS b 2pEp+100)s
Y Y
Substituting (29) into (26), (27) and (28), we have:
. (a—1)A+2BQPk?
¢ == Pyxk2s2B ] (30)
A (D) +TA) =0 31)
—\2
B,(t) + 2afB + (";P?k;“ —2p2Qr + XD — 0 (32
“Dralp (%”::t) — a| =3 P2y + fsPQK? +
B@B+DBOK? _
DEOF (33)
P,(t) +TP(t) =0 (34)
(D) - 2rpQ + S22 = 0 (35)

Rt(” +P(t) [ (&“’Ot‘) - a] =0 (36)
Solving (31), (34), (35) we obtain:

A(t) = erT-D (37)
P(t) = ™0 (38)
Q(6) =9 (1 g2 (39)

2rfk?2

Substituting (37), (38), (39) into (32), (33) and (36) we
have:

= @2 e2ap(t-m)) (La=r)® _ 2(a-m) 1
B(®) = 4Pk? {(1 )( ark? a a) +
—r—2rk? _ _
(%) (e2BE=T) _ g2aB(t T))} (40)
_ _r(T-t) Tzw 2wo—T e"(T-D) )
R(t) = ( {1 e} —p [/ == er T dz) (41)
_ (B+1)(a-1)? _ 2aB(t-T) rk?+rk?(a-r)-(a-r)?
cm = 8p {(1 € ) ( a’rk? ) +
-r-2rk?) 1 _ 1 _
(%) (_( 2rB(t-T) _ 1) — _(eZuB(t T _ 1))}
sta-r?* @rB-m(E=T) _ 1) — ((e"T-D
212 {25 1(e D= (Ce + 1)}
bZVZ(EZT(T t) _ 1) +
a eT(T-1) TZ‘*’ 2wo—T e"(T-7)
y(Ha-er o) —p [ e ) (42)
F(t,x,s) =
r(T—t) s72B(a-r)? £2aB(t=T) (a-r)2-2rk2(a-r)-rk?
xe + 4yrPk* {(1 ) ( a ) +

o 2 (p2rB(t-T) _ ,2aB(t-T) (2B+1)(a-1)*
(a—1r—2rk?)(e e )} rk2gy {(1

e2ab(t-1)) (w) fa—r— 2rk2)(— (e2rBE=T) _

a?
1 _ (a— )2 7(T-t) 1
- ;(eZaﬁ'(t T) _ 1))} + %{zﬁ (e e2TB(t-T) _

e =1y — (1 — er(t—T))} _ T_:’(le(T—t) -1+ (;{1 —er(T-0} —
T 2w—2wo—T (T-1)
[ e dr) (43)
= xer@-0 4 SF@miey
G(t,x,s) = xe + zmyﬂ {1

TZw 2wo—
W—Wo—T

2T} 4 (2{1 —
T

r(T t)} r(T—-r)dT) (44)

Substituting Fy, E, G, G into (26) we have

v« _ (a-1)
Y = yxk2s2B

e (t=T) [1 + @ (1 — eZTﬁ(C—T))]

B. Efficient Frontier

Next, we compute the efficient frontier as follows
Result 2. The efficient frontier is given as
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a -
:{1 _ er(T t)} _ Zﬁ(a o

J-T 20—2Wo—T eT(T_T)dT 2er2
t w-wy-T

Et,x,s[X(p* (T)] = xe"T0 +

Proof. Recall that

Var,[X? (T)] = E.[X? (T)?] — (Ec[X¢ (T)])?
Var, s [X? ()] = %(G(t, x,8) —F(t,x,5))

Substituting (43) and (44) for F(t,x,s) and G(t, x,s) in the
above equation, we have

Vart,x,s [X(p*(T)] =
s72B(a-1)? o2aB=T) (a-1)2-2rk%(a-r)-rk? o
[ 2y2rBk* {(1 )( a ) + (a r
2y ,2rB(t=T) _ ,2af(t-T) @B+ (=12 ( 2aB(t-T) _
2rk?) (e e )} t ks {(e

k*+rk?(a—1)—(a-1)* -
1) (H"l%) +la—1— 2rk2)(; (e?BE=T) _ 1) —
1 (e2ap(t-T) _
~(e mi+

s(a=r)%e’T-0 —1)2e"(T-0) {(1 (ezrﬁ(t—T) _ er(t—T))} +

r(t—T)) 1
2p-1

r2y?
Zferr-0 1} (45)
2r
« b2
1__1 Vars[X¢ (N]+5-(1-e7T-0) (46)
vy (a7 / 2B (1_eza6(r—r))((a—7)2—27k2(a—r)—rkz)
a
i 2rfk* +(a—r—27k2)(e27B(E-T)—g2aB(t=T))
|
|

+(@-r-27k?) (e BT —1) = (e2eF(t-T)-1))

|
_ K247k2 (a=1)~(a=1)? |
+(26+1){ (ezaptt T>—1)(%) } I

ark2B
ser(T—t) _ 1 _ _
\k = {(1_er(t n) ZB_lkeer(t T) _gr(t T))}

Ees X ()] = G(t,x,5) = xe" 770 4+ (2{1 - 770}
pr 2072007 ,p(T~ r)dl_) ( -2B(q—r)? {1 zr[;(t—T)}) 47

t w-wy-T 2rByk?
Substituting (46) into (47) we obtain the efficient frontier:

a —
:{1 — -0} —

T2w—2wo—-T —
) 2072007 S r(T-Ddr
t w-wo-T

Eprs[X¥ ()] = xe™ 79 +

zB(a ) (1 _
Zrﬁk2
* b2 =
eZTﬁ(t—T)) Vary,s[X? (T)]+;(1_ezr(T ) (48)
25 (1_8Zaﬂ(t_T))((u—r)ZfzrkZ(a—r)—rkZ)
a
2Tﬁk4{+(a_r_z.rkZ)(eer(t—T)_EzaB(t—T))}
2pe1) (ezaﬁ(t—T)_1)(”‘2*”‘52(“*;)*(0!*7‘)2)
= - a
ark2p +(a—r—2rk2)(%(eZrﬁ("T)—l)—i(ez"ﬁ(["r)—l))
\ SEr(Z’”{(I_er(r—r)) N (e2rB-T)_r(t-1))
T 2p-1
Lemmal. Suppose (a—71)>0,x > 0,k%s%f >0, er(“T) >

0,[1+“2 (1 — 2l T))]>00<r<1ﬁ<0then <0

— e2rB(t=1) Var (X (1]+3(1-e27T-0)
28 (1_ezaﬂ(t_7-))((u—r)2—2rk:(u—r)—rkZ)
2rpkt +(@—r—2rk?)(e2rB(t-T)—¢2aB(t-1))
+(2ﬁ+1) (ezaﬂ(t—T)_1)(rk2+rk2(£:;2r)*(ll—r)z)
ark2p +(a— T._zrkZ)(l(EZrB(t—T)_l)_l(ezaB(t—T)_l))
\ Ser(T ”{(1 r(t= T))_ (e2r(t-T)r(t-T))
Proof.
« _ _la=7) r(t—T)[ (a=1) 2rB(t-T) ]
P = ae e 1+ " (1 e )
de” _ @-1  _r@-T (a-1) 2rB(t-T)
B = e L (1 e )

Since —2="_¢7(t=T) > 0 gnd [1 +&0 (1 - ezrﬁ(t_ﬂ)] >0
14 r

ZXRZSZK
ae” <0
ay
Lemma2. Suppose (a¢—71)>0,x > 0,k%s% >0, er(“T) >
0,[1+“22(1-2E7)| > 0,0 <7 < 1,5 <0 then 2 < 0
Proof.
« _ _(a=1) -1 [ @=7) 1 _ 2rp(t-T) ]
e L 1+ (1-e )
a9’ _ @71 re-m) [ @1) (1 _ g2rB(t-T) ]
dx xzykzszﬁe 1+ T (1 € )
Since 552560 > 0 and |1+ (1 - 2 ED)] > 0
di <0
dx
Lemma3. Suppose (a—7)>0,x>0,k%s% >0,e"¢"1) >
(@=1) () _ ,2rp(t-T) de”
01+ (1 )]>0,0<r<1,6<0then >0
Proof.
v _  (a-1)

=@ r@e-m g _
e L [1 + (1-e
Q" r(t-T)[_(py _ 2rB(t=T) _ (ry _ +\p2rB(t=T)
bl [ (a—r1)pe (a—r1)e +
al

Sincef < 0,a > 0, —(a —r)Be?FED 4+ o > (a -
r)e2™B=T) hence dd% > 0.

Zrﬂ(t—T))]

V.DISCUSSION

Lemma 1 and 2 show that the proportion of the wealth
invested in the risky asset increases as the risk-averse level
and initial wealth decrease. The implication here is that if
members have high-risk averse level, they will prefer to invest
in a risk-free asset and that will reduce the proportion of the
wealth to be invested in the risky asset. Similarly, when the
initial wealth is high, members prefer to invest in risk-free
asset to reduce risk but if the initial wealth is low, members
will take the risk and invest in the risky asset to increase their
final wealth.

Lemma 3 shows that as time increases, the optimal
investment strategy increases as well, meaning that as time
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goes on and there is return of premium, the fund manager will
increase the proportion of the wealth to be invested in the
risky asset to increase the overall pension wealth to satisfy the
remaining members still alive.

From (46) we observed that the surplus from the death
members after retirement increases the initial wealth of the
pension fund and as such increases the risk-averse level, this
implies that the surplus decreases the optimal investment
strategy. This is in agreement with Lemma 2. Also from (45)
and (48), we observed that the higher the risk-averse level, the
lower the variance and the expected return of the members and
vice versa.

VI. CONCLUSION

The optimal investment strategy for a DC pension scheme
with multiple contributors and with the return of premium
clauses under CEV model is studied using mean-variance
utility function. We consider the return clause which permits
members to claim their accumulated contributions after death.
We also consider that before the investment, the surplus
includes funds from members who died after retirement. In
addition, we considered the investment in a risk-free asset and
a risky asset to achieve the expected returns of the remaining
members and we obtained an optimized problem with the help
of Hamilton's equation Jacobi Bellman. By using a stochastic
optimal control technique, we obtain the optimal investment
strategies for the two assets and the efficient frontier of the
members. Furthermore, we studied the effect of the various
parameters of the optimal investment strategies and the effect
of the risk-averse level on the efficient frontier. We observed
that the optimal investment strategy is the same in [7],
secondly, we observed that the surplus decreases the
proportion of the wealth invested in the risky asset.
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