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Material Failure Process Simulation by Improve
Finite Elements with Embedded Discontinuities

Juarez-Luna Gelacio, Ayala Gustavo, Retama-Velasco Jaime

Abstract—This paper shows the advantages of the material
failure process simulation by improve finite elements with embedded
discontinuities, using a new definition of traction vector, dependent
on the discontinuity length and the angle. Particularly, two families of
this kind of elements are compared: kinematically optimal symmetric
and statically and kinematically optimal non-symmetric. The
constitutive model to describe the behavior of the material in the
symmetric formulation is a traction-displacement jump relationship
equipped with softening after reaching the failure surface.

To show the validity of this symmetric formulation, representative
numerical examples illustrating the performance of the proposed
formulation are presented. It is shown that the non-symmetric family
may over or underestimate the energy required to create a
discontinuity, as this effect is related with the total length of the
discontinuity, fact that is not noticed when the discontinuity path is a
straight line.
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I. INTRODUCTION

HE idea of lumping a strain concentration into a line or

surface for 2D and 3D quasi-static damage mechanics
problems, respectively, has motivated the development and
application of solid finite elements with embedded
discontinuities (FEEDs) [2], [8]-[14], [26], [28], [29], [30]. An
extension of this technique was the development of finite
elements simulating hinges in beams [3], [5], [15] and [16]
and an extended formulation for the analysis of softening
hinge lines in inelastic thick plates [6]. More recently, FEEDs
have been used for dynamic fracture simulations [3], [4] and
[17]. In the formulation of these kinds of elements, there are
mainly two requirements which must be satisfied in the
localization zone: 1) equilibrium, traction continuity across the
discontinuity interface and 2) kinematics, free relative rigid
body motions of the two portions of an element split up by a
discontinuity.

A comprehensive study of FEEDs is found in [18], where
these elements are classified into three families: 1) statically
optimal symmetric (SOS), which satisfies equilibrium but
does not kinematics; 2) kinematically optimal symmetric
(KOS), which satisfies kinematics and apparently does not
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satisfy equilibrium; and 3) statically and kinematically optimal
non-symmetric (SKON), which satisfies both equilibrium and
kinematics. New symmetric FEEDs, including mixed and
assumed enhanced strain techniques, have been explored by
[24], showing that although these symmetric FEEDs reduced
the stress locking problem, the SKON formulations still
provide better results. Recently, [20] have shown that KOS
formulations satisfies both equilibrium and kinematics,
introducing a new definition of the traction vector, which is
dependent on the discontinuity length and on the direction;
with this formulation, the energy necessary to create a
discontinuity is coherent with its length.

This paper shows the advantages of the material failure
process simulation with FEEDs developed by [20] from the
KOS family. The equilibrium in the KOS formulation is
satisfied by a new definition of traction as a function of the
length of the discontinuity, in the sense that the two equations
at the residual are forces.

The outline of this paper is as follows. Section II provides
the equations defining kinematics and the boundary value
problem (BVP) of a solid with discontinuities and the discrete
constitutive model to describe the behavior of the material in
for the development of discontinuities. Section III presents the
energy functional of solids with strong discontinuities for the
KOS formulation. Section IV shows the finite element
approximation of the variational formulation with strong
discontinuities. Numerical examples of elements with
discontinuities, which validate the proposed formulation, are
presented in Section V. Finally, in Section VI, conclusions
derived from the work are given.

II. PROBLEM DEFINITION

A. Boundary Value Problem

Consider a 3D body, defined by an open bounded domain,
Q e R?, and boundary, T, (Fig. 1a), loaded until it undergoes
a displacement discontinuity, [|u]], across a surface, S, where
the inelastic deformations are concentrated. This discontinuity
splits the domain into two sub-domains such that, Q= Q'+
Q'+S, with two boundaries, I'= I'+ T'. The boundary
conditions are the prescribed surface tractions, t', on
I, =T, +T; and the prescribed displacements, u’, on
r,=r, +T;, such that T, ul', =T and ', NI, =9.
This problem may be idealized using two different
approaches: Strong Discontinuity (SD) and Discrete

Discontinuity (DD). The first approach considers that Q
remains continuous after [|u|] initiates (Fig. 1b), with a
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material behavior described by non-linear stress-strain
constitutive equations. The second approach considers that Q
stops being continuous, due to the development of S (Fig. 1c)
and that, there is traction transmission, related with[|u]],
throughout the discontinuity borders. Consequently, the
constitutive behavior of the material around the discontinuity
is described by traction-separation constitutive laws, whereas

the rest of the domain, Q/S=Q" +Q, is described by
standard constitutive laws.

u €
L-; )
ﬁ'“” 15,(lupeny

5

Fig. 1 Continuum Q with: (a) boundary conditions, (b) SD and (c)
DD

The discontinuous displacement fieldu, with a jump [|ul]at a
given (material) pointS, induces an unbounded strain field.
Both fields can be expressed as:

u=u+Hs(x)[|u]](x,)

L . (1)
e=Vu=€+6,([|ul|]®n)

whereu is the continuous part of the displacements and € the
continuous part of the strains, Hy is the Heaviside function
defined on S (H(x)=0V¥x € Q™ y Hy(x)=1VYx € Q"), and dsis
the Dirac delta function.

The BVP for SD and DD formulations is defined by the
next equations and boundary conditions:

a)  Kinematical compatibility ge'-g=0 inQ/S
b)  Constitutive compatibility 6t -c=0 nQ/S
c) Internal equilibrium V-o+b=10 inQ/S
s cv=t" onT
d) External equilibrium oy c
c-v=t onl, (2)
e) Essential boundary condition u=u" onT,
Gy n—65-n=0
id) Inner traction continuity T on S

Gy ‘n—Cg-n=0
=

2) Outer traction continuity Gy 'N—6g--n=0 onS
N

llolla/sn

In the SD formulation, the tractions, given in (2), are

computed from the projected stresses 65, from a stress-strain
constitutive law, whereas in the DD, these tractions are
computed directly from a traction-displacement relationship.

B. Constitutive Discrete Damage Model

The isotropic discrete damage model, shown in Fig. 2, is
defined by [23]as:

-Q°-[[u]]

Discrete free energy density ¢([\u\],§):(l—w)%(&),{%(“u‘]) =3l[ul]
Q C-n

¢ =n.

Constitutive equation

z)

Damage variable w=1- %; we[-mo,l]

Evolution law (;:;:L%(!f), ae[0,:0]

Damage criterion fO=t1-q; 7= HTHQ‘-" _ T-Qei' T
Hardening rule g(@)=Ha; H

(a)<0
Loading-unloading

=9
f<0; 220, Af=0; Zf =0 (consistency)

conditions

where ¢ is the discrete free energy density, 7 is the traction
vector. The damage variable ® is defined in terms of the

hardening/softening Variablet} , which is dependent on the

hardening/softening parameter # . The damage multiplier 1
determines the loading-unloading conditions, the function
f(T,q), bounds the elastic domain defining the damage

surface in the tractions space.

(1-0)Q°

[ull
Fig. 2 Discrete damage model

The tangent constitutive equation, in terms of rates from the
model in (3) is:

T=C-[|u]] )
where C7 is the discrete tangent constitutive operator, relating

the traction and the jump displacement of the nonlinear
loading range, which is defined by

Ci=(1-0)Q -=2(Q - [[u]]®[|u]]-Q°) ()
and for the elastic loading and unloading range (@ =0 ):

Ci =(1-0)Q° (6)

T =D (- 0)Qt - [|u]] 3)
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III. VARIATIONAL FORMULATION

A. Symmetric Formulations

The KOS approximation is based on the displacement
functional [1], [19]-[21] and [31]:

O(u[lulh=[_ [¥E)-b-u]dQ

0
—jrct* -udF+IrS¢S([|u|])dF

where the free energy density W(g"),depends on the
continuous strain field €, and the free discrete energy density,
Ws([|u|]) depends on the jump given by:

¥(@) = jc(é) d%

HUHT ®
gs ()= [, " Ts([ul],,)d[|u]]
From which the elastic stresso, is defined by:

c=C:¢ )

The first variation of the functional given in (7) is:

m:—jQ/S(V-c+b)-5udQ+Ir (c-v—t*)~5udF

+[(o®-v—t)-6udl + [n-(cq. —0g-)-Sudl (10)
r, S
—_[FS(0'~n—C5 :[|u|]m )dF

which unlike non-symmetric formulation, it also includes the
inner traction continuity of the BVP.

IV. FINITE ELEMENT APPROXIMATION
A. Discretization
1) Regularization of the Displacement Kinematics
It is not possible to prescribe the boundary conditions, u”, in

only one of the displacement ﬁelds,aor[|u|], this difficulty is
overcome, according to [22], by defining the displacement
field as in (11), see Fig. 3aand b, i.e.,

u:ﬁ+MS(x)[|u|]x’y (11)
Then, the strain field is defined by:
S:VSu:VSﬁ+VSMS(x)[|u|]xy (12)

wheretiis the regular displacement field and M(x) is a
function given by:

M (x) = Hg(x) = ¢(x) (13)

where ¢ (X)is a continuous function such that:

d(x)=0 Vxe Q™

14
d(x)=1 VxeQ* (14

The function M, has two properties: Mg(x) =1 Vx e S and
Mg(x)=0 VxeQ uQ*(Fig. 3¢).

The continuous displacement field of (1) is now defined as:
ﬁzﬁ—¢(x)[|u|]x’y (15)

In the continuous part of the solid, which may be linear

elastic, the continuous strain field, Eis given by:
§=Vsu (16)
Substituting (15) into (16),

&€ =Via-Vi[[ul], , -¢V[lull,, (7

u=iEM e Q

Mg, ob Hs 0(x)

c)

Fig. 3 Graphic representation of: (a) continuous displacements, (b)
regular displacements and (c) function M.

If the displacement jump is constant in(17), the continuous
strain field may be rewritten as:

e=V3ii-vigl[[ul], , .

For 2D problems, the displacement jump and traction vector
are defined in a local system #,s or in a global system x,y as
shown in Fig. 4.

[lull,, =R[[ul],,

(19)
Tn,s = RTx,y
where R is defined as:
cos@ siné
R=| . (20)
—siné cosd

The traction T, in a global system is computed by:
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Tx,y =0c-n (21)
©)
®
9
@

a) c)

Fig. 4 Discontinuity: a) reference system, b) triangle element and c)
quadrilateral element

2) Approximation of the Displacement and Strain Fields
The regular displacement field is approximated by:

i=Nd (22)

where N is the standard vector of shape functions of the
element

N= TN e3)

and d, is the nodal displacement vector. The function, M(x), is
defined in the finite element approximation as:

M§(x) = Hg (x) - ¢ (24)

where ¢ “is constructed by:
o =2 N (25)

where N, are the shape functions corresponding to the nodes

placed on Q" of the finite element which contains the
discontinuity, in agreement with the definition of ¢ in (14).
The displacement field defined in (11) is given by

u=Nd+M[|u|] (26)

— Xy

N,
The continuous strain field in (18)is approximated as:
€=B-d-V¢'[|lu|]]  VvxeQ/S 27N
—— 24
B,
and the unbounded strain field as:

gl =5 (n®[ul],,) vxes (28)

where B, is the standard strain interpolation matrix, containing
the derivatives of the standard shape functions 6(Nd)=Bd.

B. Extremization of the Energy Functional

The equilibrium equations corresponding to this

formulation are obtained by substituting (26) and (27) into the
energy functional of (7), and setting the derivatives with
respect to the variables (dand[|ul]) to zero,

a_y- [ B'o(8)dQ— [NT-bdQ— [NT-tdl (29)
od
Q/s Q T,
or
—=0=- | Blo(%)dQ T, ,dl 30
et Qj/s (o(8)dQ+[ T, ,d (30)

As in (29) and (30), o(€)andT, ,are nonlinear, their

respective linearizations with Taylor series give:

(n,0)

—J'BT-C~B(‘dQ { Ad }(”")(31)

Qs
A
- [ BI-C-B4Q - [ Bl .C'B.dQ+ [R”.-T-Rdl [lull.,,
ars I's
(R
-1z

jBT.C.BdQ
Qs

Qs

where R; and R, are defined as:

R =F" - jBTc(z)dQW) (32)
Q/s
Ry = [ Blo(2)dQ"" — [T, ,dr" (33)
Q/s Ty

To reduce the size of the system given in (31), the
additional degrees of freedom, A[|u|], may be condensed. In
(32), R, means the equilibrium between the external and the
internal forces in the domain Q\S, whereas R,, in (33), the
equilibrium between the forces in the domain Q\Sand forces in
the discontinuity I's; R;and Rjhave units of force, unlike the
SKON formulation, which one equation have units of force
but the other equation has units of force/length2.

C. Tractions at Discontinuity

To consistently achieve equilibrium in the KOS
formulation, the R, forces given in (33), must be enforced to
zero. Then, according to [20]

[T dr = [ BlodQ (34)
Ty Qrs

Considering that tractions at the discontinuity are constant
values for this element, (34) becomes:

7., =L jB{.ch (35)

X,y
la Q/s

which expressed in the local system becomes

T NN j Bl6dQ (36)
d Qs
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the definition of traction given in (35) is different to those
used by [27]:

1
T, :E!c-ndz =c-n (37
1 . A
ry=— | 0-n"dQ=—*0c-n" (38)
Y hdeL hi,

where A, is the element area and n” the unit normal to a border.

V.NUMERICAL EXAMPLES

A. Triangle with Discontinuity Non Parallel to a Border

Fig. 5 shows a constant strain triangle with the following
mechanical properties: Young’'s modulus, E=1000 MPa,
Poisson ratio v=0.0, maximum tensile stress, t,=1 MPa and
fracture energy density G,=0.005MN/m. From its performed
elastic analysis, imposing a horizontal displacement of
d=0.000634755 at node 2, the stresses obtained were
0,=0.413251, 6,=0.082650 and 0,,=-0.198361. With these
stresses, the major principal stress direction is 6=-25.097° .
After this, the nonlinear analyses of this element with three
different locations of the discontinuity with direction
perpendicular to the major principal stress direction were
carried out. The locations of the considered discontinuities
with lengths: 1;,=0.179, 1,,=0.358andl;;=0.534, are shown in
Fig. 5b to d. In this example, the discontinuities are not
parallel to a border of the element.

The load Pvs. displacement d curves for each discontinuity
are shown in Fig. 6, these cases do not show numerical
problems when f, reaches the maximum tensile traction.
Nevertheless, different arecas under the Pvs.d curves are
obtained, which correspond to the energy necessary to produce
the respective discontinuity. The larger the discontinuity
length, the more energy is needed to produce the discontinuity.
The numerical solution with a SKON formulation corresponds
to the solution for the discontinuity length /;; obtained with
the KOS formulation, which is the case when the discontinuity
was place at the centroid of the element, showing that the
SKON may under or overestimate the energy as stated by [20].

—70.607‘®

Fig. 5 Triangular element: a) geometric model, b) discontinuity /,;, )
discontinuity /,, and d) discontinuity /;;

0.6
== =0,;=0179
05 F N — ;= 0358
oal 1N == 3=0.534
] N
A \
Q03| \
\,,
02 F N
~e. N
0.1} el N
AER NS
- - .
1 1 1 L~

0
0 0.002 0.004 0.006 0.008 0.010
d

Fig. 6 Load vs. displacement curves

B. Specimen Under Shear

The rectangular specimen with geometry and boundary
conditions shown Fig. 7 is under a horizontal load applied at
its upper part. Because the specimen is fixed from the base to
the center of its height, shear stresses are localized along the
longitudinal axis. The mechanical properties of the material
were: Young's modulus, £=26.5MPa, Poisson ratio v=0.3,
maximum shear stress, 7,=20 kPa and shear fracture energy
density G;=52.083 N/mandG, =I100N/m. Plane strain was
considered for the analysis.

Three different meshes with 2D triangular elements where
used for the simulation of this specimen shown in Fig. §; two
of them were structured and the last one was unstructured. The
computed load vs. displacement curves are congruent with the
numerical results reported by [7], who applied a FEEDs of the
SKON family. The areas under these curves, shown in Fig. 9,
agree with the energy necessary to produce this discontinuity.
It is interesting to say that [7] used a plasticity surface with
softening, taking the ultimate shear stress as the yield stress.
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This failure mode is considered as II, where the computed
results were the same with both formulations, a fact attributed
to that the total discontinuity length is the same and that the
jump displacement is uniform.

u

;—>
& & & ©® & & & & &

=

Fi

- Sm -

Fig. 7 Simple shear specimen

a) )
Fig. 8 Meshes: a) undeformed and b) damaged

120 T T
, =Gy
100F —Gp
S /
= 80r -
£ .
2 60 -
o
]
40- -
20t s -

0.008 0.010 0.012

0.002  0.004 0.006
d (m)

Fig. 9 Load vs. displacement curves
C. Slopestability Problem

A more complex example was developed by [19] and [25]
using quadrilateral FEEDs of the KOS and SKON families,
respectively. This is an embankment with a rigid footing
placed on the crest, with dimensions and boundary conditions
as shown in Fig. 10. In this paper, the embankment was
discretized with triangular FEEDs as shown in Fig. 11 a. The
mechanical properties of the soil were: Young's modulus,
E=10 MPa, Poisson ratio v=0.45, maximum tensile stress,
0,=100 kPa and fracture energy density Gf=80 MN/m. In the
analysis, a downward displacement is applied at the centre of
the footing. Once the damage surface is reached, the material
failure starts at the right lower corner of the footing,
propagating along a curved path as shown in Fig. 11 b.

- 20m -t

Fig. 10 Slope (adapted from [19])

NN
N

G000 00V NNNNNNSN
D00 SRS

VOOV IO OISNNNNNNN
NNSSSSNSSSSSSSS

NN
NN

Fig. 11 Meshes: a) undeformed and b) localization zone

Fig. 12 shows the evolution of the load P, vs. the
displacement §, applied at the center of the footing. As can be
seen, the numerical results reported by [25] show that the
SKON formulation may overestimate the energy required to
create the slip line, attributed to the fact that the SKON
formulation does not include the length of the discontinuity as
the proposed formulation. In reality, the total length of the
discontinuity computed with the proposed formulation may be
shorter than the computed with the SKON formulation.

I I I—x— Proposled model

800 —e- Oliver e al. 2006 |
Z 600 -
Z 600
j =2
=}
)
‘24001
3]
]
5]
=4

200F

0 1 1 1 1
0 0.05 0. 0.15 0.2 0.25

18 (m)

Fig. 12 Load vs. displacement curves
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VI. CONCLUSIONS

The triangular element with discontinuities non parallel to a
border demonstrated that this formulation, member of the
KOS family of FEEDs, does not induce spurious tractions
when the discontinuity is placed in perpendicular direction to
the principal stress.

In is shown that the SKON family may over or
underestimate the energy required to create a discontinuity, as
this effect is related with the total length of the discontinuity,
fact that is not noticed when the discontinuity path is a straight
line.

When the discontinuity length is considered into the
analysis, the energy required to create a discontinuity may be
less than with a SKON formulation, because this energy is
directly related with the length of the path followed by the
discontinuity.
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