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Abstract—A steady two-dimensional magnetohydrodynamics
flow and heat transfer over a stretching vertical sheet influenced by
radiation and porosity is studied. The governing boundary layer
equations of partid differential equations are reduced to a system of
ordinary differential equations using similarity transformation. The
system is solved numerically by using a finite difference scheme
known as the Keller-box method for some values of parameters,
namely the radiation parameter N, magnetic parameter M, buoyancy
parameter A, Prandtl number Pr and permeability parameter K. The
effects of the parameters on the heat transfer characteristics are
analyzed and discussed. It is found that both the skin friction
coefficient and the local Nusselt number decrease as the magnetic

parameter M and permesbility parameter K increase. Heat transfer
rate at the surface decreases as the radiation parameter increases.

Keywor ds—Keller-box, MHD boundary layer flow, permeability
stretching.

|. INTRODUCTION

HE study of heat transfer over a stretching sheet has

gained considerable attention due to its applications in
industrial manufacturing processes, such as paper production,
the aerodynamics extrusion of plastic sheet, glass blowing and
metal spinning. The production of sheeting material arisesin a
number of industrial manufacturing processes and includes
both metal and polymer sheets. The quality of the final product
depends on the rate of heat transfer at the stretching surface.

Numerous researchers have investigated the heat transfer

over stretching surface by considering the effect of magnetic
field. The radiation effects are considered by Ghaly [1] for the
magnetohydrodynamics free-convection flow and Raptis et al.
[2] for the steady MHD asymmetric flow of an electricaly
conducting fluid past a semi-infinte stationary plate. Liu [3]
analyzed the hydromagnetic fluid flow past a stretching sheet
in the presence of a uniform transverse magnetic field. Chen
[4] investigated the fluid flow and heat transfer on a stretching
vertical sheet, and his work has been extended by Ishak et al.
[5] to hydromagnetic flow and they found that as the magnetic
field increases, the surface skin friction as well as the surface
Nusselt number decrease.
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The radiative effects have important applications in physics
and engineering particularly in space technology and high
temperature processes [6]. Effects of radiation have been
studied by Abdul Hakeem and Sathiyanathan [7], Seddeek and
Abdelmeguid [8], Mamun Molla and Anwar Hossain [9], Chen
[10], Cortell [11], Sgjid and Hayat [12] and Bataller [13].
Chamkha [14] analyzed the steady hydromagnetic two-
dimensional flow and heat transfer in a stationary electrically-
conducting and heat-generating fluid driven by a continuously
moving porous surface immersed in a fluid-saturated porous
medium. It was shown the heat transfer characteristics can be
enhanced by the porous medium. Ouaf [15] obtained an exact
solution of thermal radiation on magnetohydrodynamics flow
over a dtretching porous sheet. Abbas and Hayat [16]
investigated the magnetohydrodynamics boundary layer flow
in a porous space. They found that the velocity and
temperature increase for large value of radiaton parameter and
the local porosity parameter.

Motivated by the above investigations and application, this
study extends the work of Soid and Ishak [17] by considering
the effect of radiation and porous media on the
magnetohydrodynamics boundary layer flow and heat transfer
over astretching vertical sheet.

Il. MATHEMATICAL FORMULATION

Consider a steady two-dimensional boundary layer flow
over avertical stretching surface in an incompressible, viscous
and electrically conducting fluid in the presence of atransverse
variable magnetic field B, and thermal radiation embedded in
porous media.  The stretching surface is assumed to have the
velocity of the form U(x):ax where a is a constant. The

ambient temperature T_ and the surface temperature T,, are

assumed to be constant. Under these assumptions, the
governing equations of partial differential equations are
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along with the boundary conditions

u=U(x)=ax, v=0, T=T,,
u-0 , T-T,

aty=0,
4)

asy — 00,

whereU andV are the velocity components along tkeand

Substituting (8) into (1), (2) and (7) we obtaie tinansformed

nonlinear ordinary differential equations as foltow

£7(7)+ (7)1 "(7) = £2(7) =M £'(17) + Aél) - KE '(7) =0 (20)

@)+ tr)e'(n) = 0 (1)

y -axes, respectivelyg is the acceleration due to the gravity,

Q@ is the thermal diffusivity of the fluidy is the kinematic
viscosity, ois fluid electrical conductivity is the
coefficient of thermal expansiorg is the fluid density k is

porous medium permeabilil(]4p is the specific heat at

constant pressure, is the radiative heat flux] is the fluid

temperature,802 is the magnetic induction and, is the
surface temperature of the stretching surface.

Using the Rosseland approximation[17], the radéatigat flux

__ 4o a1t

oot 5
e (5)

where Ois the Stefan-Boltzman constant arl* is the
absorption coefficient. The temperature differenagthin the

flow are assumed to be sufficiently small such ihat may be
expressed as a linear function of temperatu'rlé‘,1 (may be
expanded in a Taylor's series. Expandﬁﬁé about T, and
neglecting higher orders we get)

T* =417 -3r,% (6)
Substituting (5) and (6) into (3) yield
2-
ua—T+va—T:a(l+N)a—T, (7)
ox oy ay?

3
where, - X and =167

. is the radiation parameter.
3k*K

0

We introduce the similarity transformation as felo

1

r,:(ajzy W= (n),0(r) =1 = @
\" woe

where/} is the similarity variable { is the stream function

fand f are dimensionless temperature and stream function, 1

respectively . The stream functigh is defined by

yo

- _9y
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where B, =Y is the Prandtl number and prime indicates
a

differentiation with respect tof]. A==+ G is the
Re,
_ 3
buoyancy parameter,erzw is the Grashof

v

number,p _ka

v
parameter and\ is the radiation parameter [18]. To make the

equation simpler, we takel asK, represent permeability
D

is the local Darcy numbeiyl is the magnetic

parameter.

The new transformed boundary conditions (4) become

fo)=0, f'(0)=1,
f'(7)) -0, 6(n) -0

The physical quantities of interest are the skiictifn
coefficient C; and the local Nusselt numbd¥u, defined

by

6 (0)= 1

as 77 - . (12)

= fw = X 13
pU2/2' Nu, kt(TW—Tw)' (13)

Cy

respectively, where the surface shear stfgssand the surface

heat flux d,, are given by

ou aT
rw = N ' Ow = _kt (j ’
ayJ y=o dy y=0

with 4 and K being the dynamic viscosity and the thermal
conductivity, respectively.

(14)

Using non-dimensional variable in (8) we obtain

5Ci Re"*=£"(0), Nu, /Re"*=-6(0) @5)

where Re, =Ux /u is the local Reynolds number.

I1l. RESULT AND DISCUSSION

The transformed system (10) and (11) subjected2d dre
solved numerically using a finite-difference scheknewn as
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the Keller-box method. To verify the validity andcaracy of
the present analysis, the result for the valuebeait transfer
rate are compared with the exact solution giveshybka and
Bobba (1985) and the numerical of Soid and Ish&d.12 by
using Runge Kutta Fehlberg with shooting technigiewn in
Table 1.1t can be observed that the result by te#eK Box
method are in excellent agreement with the reduli'd] and
[19].

transfer rate at the surface increases as the PramdberpPr
increases. This is because increaings to increase the fluid
viscosity but reduces the thermal conductivity, aind
consequent increases the heat transfer rate asutface.
Opposite behaviors are observed for the effech@fradiation
parameteN. As the radiation parameter increases, the fluid
temperature inside the boundary layer increased, this

Table | presents the values of the heat transter ahthe reduces the temperature gradient at the surface.
surface for various values Bf andN. It is seen that the heat
TABLE |
VALUES OFHEAT TRANSFERRATE FORVARIOUSVALUE OF Pr AND N
N Exact solution Numerical solution
Grubka and Bobba [19] Soid and Ishak [17] Present
(1985) (2011)
Pr=0.7 Pr=1 Pr=3 Pr=0.7 Pr=1 Pr=3 Pr=0.7  Pr=1 Pr=3
0 0.453¢ 0.582( 1.165: 0.453¢  0.582(  1.165: 0.453¢  0.582( 1.165:
0.5 0.3%64 0.438: 0.911¢ 0.336:  0.438:  0.911¢ 0.336¢ 0.438! 0.911¢
1 0.2688 0.3544 0.7603 0.2688  0.3544  0.7603 0.26883544 0.7603
5 0.105: 0.144¢ 0.354¢ 0.105;  0.144¢  0.354¢ 0.105:  0.144¢ 0.354¢
10 0.0599 0.0836 0.2195 0.0599  0.0836  0.2195 0.05900836 0.2195
TABLE I

VALUES OF f"(O) AND —9(0) FORVARIOUS VALUES OFPRANDTL NUMBER P

P () -9()

0.7 -1.2280 0.2919
1 -1.2501 0.3604
3 -1.3402 0.7023
7 -1.4251 1.1780
10 -1.4607 1.4581

Table Il shows the numerical skin friction coeféint
f"(0) and the local Nusselt number 49'(0) for various

values of Prandtl number. It is seen that the eslof f"(0)

are always negative. Physically, negative sign
f"(0)implies that the stretching sheet exerts a dragefan
the fluid that cause the movement of the fluid & surface.

The absolute values of skin friction coefficientdatie local
Nuselt number increase with increasing Prandtl remb

It can be seen that the momentum and thermal boynda
layer thickness increase abl increases. These induce the
decrease in the absolute value of the velocitytangperature
gradient at the surface. Thus, the heat transftr at the
Uurface decreases with increasingdf.

Fluid flow and heat transfer towards porous stiietgisheet
have an important bearing on several technologioatesses.
Fig. 2 shows the effects of permeability parameterthe
velocity and temperature profiles. For temperapndailes, it

Fig. 1 presents the temperature and velocity mwfil is obvious that the presence of porous medium wstiube

respectively, for various values of radiation pagten when
all the other parameters values are fixed, .

temperature distribution. The thermal boundary ddlgekness
increases as permeability paramekerincreases.
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The rate of heat transfer at the surface decreases with an
increase of K. Conversely, the absolute value of the velocity
gradient at the surface increases with anincrease in K . Thus,
the fluid velocity increases.

Figs. 3 depicts the temperature and velocity profiles for
different values of magnetic parameter M. It is seen that the
thermal boundary layer thickness increases as M increases.
The heat transfer rate at the surface decreases with an increase
of M . Thetransverse magnetic field opposes the transport
phenomena [4]. Thisis related to the fact that the variation of
magnetic parameter |eads to the variation of the Lorentz force
due to magnetic field and the Lorentz force produces more
resistance to the transport phenomena.

Pr=1LM=1E=11=1

T T T T
N=LM=1.i=1

V. CONCLUSIONS

The steady laminar two-dimensional
magnetohydrodynamics (MHD) boundary layer flow over
stretching surface with presence of radiation and porous media
have been investigated. The system of coupled boundary layer
equations was solved using a finite difference method known
as Keller-box method. The influences of physical parameters
such as magnetic parameter, radiation parameter, buoyancy,
permeability parameter and Prandtl number were examined. It
can be concluded that both the skin friction coefficient and the
local Nusselt number increses as Prandtl number increases.
The temperature profiles for various values of magnetic
parameter, radiation parameter and permeability parameter
showed the same behaviour where the heat transfer rate at th e
surface decreases as the parameters increases. In the presence
of magnetic field and porous media, the fluid velocity
increases as magnetic parameter and permeability parameter
increases.

Pr=1,M=1K=1i=1

Flr) oaly

Fig. 2 Temperature and velocity profiles for various values of permeability parameter K
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Pr =1, N=1K=1.i=1

M=0
— —M=05
——————— M=15
—-—m=2

Fig. 3 Temperature and velocity profiles for vasaxalues of Magnetic parametdr

ACKNOWLEDGMENT

The authors would like to express their very siadéanks

to the editor and the anonymous referees for thalnable
comments and suggestions. The financial supportived
from Universiti Teknologi MARA under the Excellemé&und

600-RMI/ST/DANAS/3/Dst(141/2011)

and

RMI/ST/FRGS 5/3/Fst (9/2011) are gratefully ackneddged.

(1]
[2]
(3]

(4]

(5]

[6]

[71

(8]

(9]

REFERENCES

Ghaly, AYY. (2002). Radiation effects on a certaMiHD free-
convection flow. Chaos, Solitons and Fractals,pl,1843-1850.
Raptis, A. (2004). Effect of thermal radiation orH® flow. Applied
Mathematics and Computation, 153, pp. 645-649.

Liu, I.C. (2005). A note on heat and mass tranderaf hydromagnetic
flow over a stretching sheénternational Communicationsin Heat and
Mass Transfer, 32, pp. 1075-1084.

Chen, C.H. (1998). Laminar mixed convection adjacken vertical,
continuously stretching sheets. Heat and Mass Tean33, pp. 471-
476.

Ishak, A., Nazar, R., & Pop, |. (2008). Hydromagndlow and heat

[10]

[11]

FRGS 600-

[12]

[13]

[14]

[15]

[16]

transfer adjacent to a stretching vertical sheeatiMass Transfer, 44, [17]

pp. 921-927.

Mukhopadhyay, S., & Layek, G.C. (2008). Effectstiérmal radiation
and variable fluid viscosity on free convectivewl@nd heat transfer
past a porous stretching surface. Internationainiwf Heat and Mass
Transfer, 51, pp. 2167-2178.

Abdul Hakeem, a.k., & Sathiyanathan, K. (2009). a&walytic solution

of an oscillatory flow through a porous medium witidiation effect.

Nonlinear Analysis:Hybrid Systems, 3, pp. 288-295.

Seddeek, M.A., & Abdelmeguid, M.S. (2006). Effeofsradiation and

thermal diffusivity on heat transfer over a strétch surface with

variable heat flux. Physics Letter A, 348, pp. 1I73.

Mamun Molla, M., & Anwar Hossain, M. (2007). Radaat effect on

mixed convection laminar flow along a vertical wawurface.

International Journal of Thermal Sciences, 46 938-935.

[18]

[19]

Chen, C.H. (2010). On the analytic solution of MHIDw and heat
transfer for two types of viscoelastic fluid ovestaetching sheet wuth
energy dissipation, internal heat source and thiermaaiation.
International Journal of Heat and Mass Transfer pp3 4264-4273.
Cortell, R. (2008). Effects of viscous dissipatiand radiation on the
thermal boundary layer over a nonlinearly stretghseet. Physics
Letters A, 372, pp. 631-636.

Sajid, M., & Hayat, T. (2008). Influence of thermadiation on the
boundary layer flow due to an exponentially stretgh sheet.
International Communications in Heat and Mass Te&an85, pp. 347-
356.

Bataller, R.C. (2008). Radiation effects for theaBls and Sakiadis
flows with a convective surface boundary conditioApplied
Mathematic and Computation, 206, pp. 832-840.

Chamkha, A.J. (1997). Hydromagnetic flow and hestdfer of a heat-
generating fluid over a surface embedded in a poroedium.
International Communications Heat Mass Transfef6R4p. 815-825.
Ouaf, M.E.M. (2005). Exact solution of thermal ratittn on MHD flow
over a stretching porous sheet. Applied Mathemaiics Computations,
170, pp. 1117-1125.

Abbas, Z., & Hayat, T. (2008). Radiation effects MiD flow in a
porous space. International Journal of Heat andsMaansfer, 51, pp.
1024-1033.

Soid, S.K & Ishak, A. (2011). Thermal boundary lay®w along
stretching sheet, IEEE, ICBEIA, pg. 120-122.

Mukhopadhyay, S. (2009). Effect of thermal radiation unsteady
mixed convection flow and heat trabsfer over a psrstretching
surface in porous medium. International JournalHefat and Mass
Transfer, 52, pp. 3261-3265.

Grubka, L.J., & Bobba, K.M. (1985). Heat transféarcteristics of a
continuous, stretching surface with variable terapge. ASME J. Heat
Transfer, 107, pp. 248-250.

891



