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Lagrangian geometrical model of the rheonomic
mechanical systems
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Abstract—In this paper we study the rheonomic mechanical sys-
tems from the point of view of Lagrange geometry, by means of its
canonical semispray. We present an example of the constraint motion
of a material point, in the rheonomic case.

Keywords—Lagrange’s equations, mechanical system, non-linear
connection, rheonomic Lagrange space.

I. INTRODUCTION

HE main purpose of the present paper is to study the

rheonomic Lagrangian mechanical systems. The geome-
tric study of the sclerhonomic mechanical systems given by
Lagrange equations with the external forces a priori given has
been investigated in many papers, as [4], [6], [8], [10]. The
works [2], [3], [9], [11], [13] extend the geometric investi-
gation of nonconservative sclerhonomic mechanical systems,
using the associated evolution non-linear connection.

In this paper, we study the dynamical system of the
rheonomic Lagrangian mechanical systems, whose evolution
curves are given, on the phase space TM x R, by Lagrange
equations. Then one can associate to the considered mecha-
nical system a vector field S on the phase space, which is
named the canonical semispray. The integral curves of the
canonical semispray are the evolution curves of the rheonomic
mechanical system.

The article is organized as follows. In the next section
we briefly recall some basic notions on rheonomic Lagrange
geometry. In the third section we employ a method similar
to that used in the geometrization of sclerhonomic Lagrange
mechanical systems, [11], and we obtain a non-linear con-
nection for the rheonomic Lagrangian system with external
forces. The geometry of the semispray will determine the
geometry of the associated dynamical system on the phase
space. We obtain the canonical non-linear connection and the
metrical connection which depends by the external forces of
the mechanical system.

In the last section, we apply these results to a concrete
rheonomic mechanical system: the constrained motion of
a material particle on a time varying surface. The kinetic
potential as a difference of the system’s kinetic energy and
its potential energy express the Lagrange function introduced
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in the geometrical approach of the dynamical system. It is
visible that for the considered rheonomic mechanical system
is easy to apply the previous theory for obtaining geometrical
descriptions of this mechanical system.

II. PRELIMINARIES

We start with a short review of the basic used notions and
concepts of the Lagrange geometry and their terminology. For
more, see [12].

Let M be a smooth C'°° manifold of finite dimension n, and
(T'M,m, M) be its tangent bundle. We consider the manifold
T M x R and we shall use the differentiable structure on 7'M x
R as the product of the manifold 7'M and R.

In this paper the indices i,j,k,... run over the set
{1,2,...,n}.

The manifold

E=TM xR

is a (2n 4 1)dimensional, real manifold and the local coordi-
nates in a chart will be denoted by (2%, 3%, t).

The natural basis of tangent space 7', F' at the point u €
U x (a,b) is given by

9 98 9
Oxt’ Oyt ot )

X(E) is the C*°(E)-module of (smooth) vector fields
defined on E.

On the manifold E a vertical distribution V is
introduced, generated by m + 1 local vector fields

o 0 g 0
oy’ oy’ T oyn ot )’
ViueE—-V,CTFE (1)

as well as the tangent structure, [1],
J:x(E) — x(E),
given by

0 0 0 0
() () -0s(3) o o

fori,j,k=1,2,...,n.

The tangent structure J is globally defined on E and it is
an integrable structure.

A semispray on E, [12], is a vector field S € x(FE) which
has the property

JS=¢C, 3

e
where C' = y"a—yi is the Liouville vector field.
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Locally, a semispray S has the form
0 0 0
i Tel yal 4
pys G(l‘:%)fay G(ﬂﬁ%)at “4)

where G¥(z,y,t) and G°(z, y,t) are the coefficients of S.
The integrals curves of the semispray S are the solutions of
the following system of differential equations

S=y

W e 26 ).yl 1) = 0
& @ alr) () ) =0 ©

A non-linear connection on E is a smooth distribution:
N:ue F— N, CT,F, (6)
which is supplementary to the vertical distribution V:
T.E=N,®V,, Yu=(z,y,t)€E. @)

In the following we set t = 3% and we introduce the Greek

indices a, 3, ... ranging on the set {0,1,2,...,n}.
The local basis adapted to the (7) decomposition is
o6 0
< i’ a o | (8)
oxt’ Qy™
h
T L0 el o
dui  On Y gy

and (Nf(z,y,t)) are the local coefficients of the non-linear
connection NV on E.
The dual basis of (8) is (5z*, 5y®), with
6" =da'; 8y’ = dy’ + Njda'; (10)
§y° = 6t = dt + NPdx".
A differentiable rheonomic Lagrangian is a scalar function

L:TM xR — R

of the class C™ on the manifold F = E \ {(x,0,0),z € M}
and continuous for all the points (x,0,0) € TM xR.
The d—tensor field with the components

1 6%L

2 Oyioyi an

gij(z,y,t) =

is of type (0,2) and symmetric.

It is called the fundamental or the metric tensor field of the
rheonomic Lagrangian L(z,y,t).

The rheonomic Lagrangian L(z,y,t) is called regular if

rank(gi;) = n,on E.

A rheonomic Lagrange space is a pair RL™ = (M, L(z,y,t)),
where L is a regular rheonomic Lagrangian and its fundamen-
tal tensor g;; has constant signature on E.

For a rheonomic Lagrange space RL™ = (M, L) exists
a non-linear connection N defined on E, whose coefficients
(N5*) are completely determined by L, called the canonical
non-linear connection, [12]. Its coefficients are as follows

C 10 [ &L . 9L\].
N = 4 9y’ [g (8yh8mky _@)}’ 12)

o 1 0°L

I 20tayi
The almost complex structure is a F(E)—linear mapping
F: x(E) = x(E),

given by

5 B 9 5 9
¥ (&x) T oy F(ayi) BT F(m) =043

A d—connection is a linear connection Dx, X € x(E) (in
Koszul’s sense) on £ = T'M x R which maps horizontal
vector fields onto horizontals ones and vertical vector fields
onto verticals ones.

An N —linear connection on E is a d—connection D on E,
such that

(DxF)(Y) := DxFY —F(DxY) = 0,VX,Y € x(E). (14)

0 o}
e I th
(W dy* ) ¢
N —linear connection has the coefficients

DT = (L;’h,(mvyv t)70;a($,yy t)) ’

With respect to the adapted basis

where the functions (L; n(z,y, t)P under a coordinate trans-
formation on F behave as the local coefficients of a linear con-
nection on the manifold M and the functions (C%,(x,y,1))
define d—tensor fields.

The h— and v—covariant derivatives of a d—vector field
(X Z'), with respect to the N —linear connection DI are given
by:

; X!
Xy =55+ X"Liy,
respectively
) oX' .
1 "= XhC'L , 0 — ).
| 8ya + ho (y )

An N —linear connection D is called the metrical N — linear
connection for a rheonomic Lagrange space if

Gijie = 05 Gij la= 0, (15)

where |5, and | are h— and v,-derivations, respectively.

The metrical N-linear connection CT = (L; s Cja), with
the coefficients:

i _ 1o (5911,1@ d9g;n 5gjk>.
2

7k = dxd oxk oxh
; 1 n (Ognk | Ogjn Ogjn
i— g i - ; 16
7k 29 (ay] 3yk 3yh ) ( )
i 1, 0g5n
0= 59 "o

is called the canonical metrical N— linear connection.
This connection depends only on the fundamental function
L of the Lagrange space.
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III. RHEONOMIC LAGRANGIAN MECHANICAL SYSTEMS

A rheonomic Lagrangian mechanical system is the triplet
Y= (M, L(z,y,t), F(z,y,t)), 17)

where RL™ = (M, L(z,y,t)) is a theonomic Lagrange space
and F(x,y,t) is a vertical vector field:

Fo.t) = o053 -
The tensor g;;(x,y,t) of the rheonomic Lagrange space
RL™ is the fundamental tensor of the mechanical system X.
Using the variational problem of the integral action of
L(z,y,t), we introduce the evolution equations of X by:
The evolution equations of the rheonomic Lagrangian me-
chanical system % are the following Lagrange equations:

d (0L oL . dai

(18)

where Fz(x7 Y, t) = gvj(xa Y, t)F](.’E7 Y, t)
Proposition 3.1: The Lagrange equations (19) are equiva-
lent to the equations

d2 X
dt?

+2PZ( z,Y, )77F1( z,Y, ) (20)

where _ _ _
' = 2G*(x,y,t) + N§(z,y, 1),

;1 0L oL
2Gt = = ih s 21
¢ 29 ((%/haxsy awh)7 @D
i O°L

and NO( 'Y ) 29 8yh-

The equations (20) are called the evolution equations of the

mechanical system Y. The solutions of these equations are

called evolution curves of the mechanical system X.
Theorem 3.1: a)The vector field S given by:

S=y1%72f’(x,y,t)aiyi+a% (22)
is a semispray on TM x R.

b) The semispray Sis a dynamical system on TM x R
depending only on the rheonomic Lagrangian mechanical
system .

c) The integral curves of S are the evolution curves of X
given by (20).

Proof:

a) As G* and N{ are the local coefficients of the canonical

semispray of the rheonomic Lagrange space RL™ and F* are

A
the components of a d—vector field it follows that G* — §F ¢

and N¢ are also a local coefficients of a local semispray.

The vector field S is globally defined on Eand JS =C.

So Sis a semispray on E.

c) The integral curves of S satisfy the system (20), so they
are the evolution curves of the rheonomic mechanical system
DI ]

We call this semispray the canonical evolution semispray
of the mechanical system X.

We can say:

The geometry of the rheonomic Lagrangian mechanical
system 3 is the geometry of the pair (RL", 5') where RL"™ is
a rheonomic Lagrange space and S is the evolution semispray.

Afterwards we investigate the variation of the energy

; OL
EL :ylayz — L

along the evolution curves of the rheonomic mechanical sys-
tem .
Straightforward calculations lead to the following results:
Theorem 3.2: On the evolution curves of the rheonomic
mechanical system X, the variation of energy Ej is given
oY dE oL
TtL = ylFi(x7y7 t) - a

Theorem 3.3: The canonical non-linear connection N of the
mechanical system ¥ has the coefficients (N7, N7):

Ni_ L O [ 0L OLN] 10F" _ el
I 49yl 9 ayhamky Oxh 40y~ oy’
(23

No_ 1 9L
720ty
. . 1_.
with G* = 2G"*(z,y,t) — §F2(1‘,y,t).

Let us consider the adapted basis to the distributions N and

V. .
o; O 0
- = = 24
{8x178y178t}7 ( )
where
) o o o 10Fi 9
=~ — Ni(z — —NY?
61-7, 81:1 ,7(17y7t)8y ( )8t+48y a(yzjs)

The Lie brackets of the local vector fields from the adapted
basis (24) are as the following:

DR T
[(sxamh = Fngys * oy’
5 ON'! ON?
i_ ,g = 7Ji 0 (26)
oxd Ot at dyt 5’t at’
5 9| oNj o  ON) o
R R Y
S 01 _Jo a]_[o 9] _,
Syl Toyh | |oyiot]  |ot’ot]
where
BND BN L, BNY 6N
Rjn = 5;ch Sxd”’ Rjn = Szh Sad @7

The dual basis {dz?,dy’, ot} is given by

o ) .. . 10F* . . . .

oyt = dy' + Nide! — =~ ——da?; o0t = dt + NPdz®. (28)
J 4 Jyd

One can demonstrate the following theorem
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9

Theorem 3.4: The canonical non-linear connection N is
integrable if and only if R}, =0 and R?,L =0.
Proof:
0 . o
As —— are generators for the horizontal distribution

dxd .
X"(TM x R) it results that N is integrable if and only if their

0

Sxi 7 Sxh
X"(TM x R). Using (26) we have the already mentioned
conclusion. |

On the manifold 7'M x R an important geometric structure,
whose existence is equivalent to the existence of the canonical
non-linear connection N, is given by the F(T'M x R)-linear
mapping F : x(TM x R) — x(TM x R),

) d d ) 0
! (a) “a% (ag) =5® () =0 @

The structure F has the following properties:

1F depends on the rheonomic Lagrangian mechanical sys-
tem X, only;

2) F is a tensor field of (1, 1)-type on the manifold TM x R

and Fol'= fld+%®dt;

3)It is an almost complex structure if and only if the
curvature tensor Rjo‘k of the evolution non-linear connection
vanishes.

Theorem 3.5: The canonical metrical N —connection of the
rheonomic mechanical system 3, CI‘(N ), has the coefficients
given by the generalized Christoffel symbols:

i 1 <59hk dg;n 59jk>
2 - 7

Lie brackets are horizontal, which means that

ik = dad dxk  Sxh

«i 1 i (Ognk  Ogjn  Ogjk

ik ( Oyl Oyk oyt )’ 30)
“i _ 1 ;,00n
o =59" 3¢

The relation between the coefficients (30) and the co-
efficients of the canonical metrical N—connection of the
rheonomic Lagrange space RL™ is given by the following
theorem.

Theorem 3.6: The local coefficients of the canonical metri-
cal N —linear connection D of the mechanical system X have
the following form

2 OyJ oy’

oF" oF" aF") .
G

o 1
ik =L + 597 (Cskh% + sthW = Cikn—o—~

i v i i
Cix = Clrs Clo = Clo,

where CT(N) = (L};,C%,) is the N—canonical metrical
connection of Lagrange space RL™ and

1<39z‘k 09ij 8gjk)

oyl Oyk oyt

Cijr = 3

Proof:
If we use the Lagrange equations and the coefficients Lj i of
the /N — canonical metrical connection of rheonomic Lagrange
space we obtain first equality (31).

The equalities C’;k = Cl; Cty = C, are straightforward.

u

The metric tensor g;;(z,y,t) of the rheonomic Lagrange

space RL™ and the canonical non-linear connection N allow

us to introduce a pseudo-Riemannian structure G on the

manifold TM x R. This is given by the N-lift G of the
fundamental tensor g;;:

G = gijde’ @ di’ + g;;0y° @ oy’ + 5t @t (32)

The metric N —lift G has the following properties:

1) G depends on the rheonomic Lagrangian mechanical
system X only;

2) G is a pseudo-Riemannian structure on the manifold
TM x R.

The model (TM x R,G, IF) gives a fair geometric descrip-
tion of the rheonomic Lagrangian mechanical system.

IV. EXAMPLE OF RHEONOMIC MECHANICAL SYSTEM

Let us consider the concrete theonomic mechanical system
of a constrained motion of a material particle of mass m
and position vector 7 = z'i + %] + 2%k, [14], with the
rheonomic constraint given by f(z!,22,23,t) = 0. The
material particle is under the action of the linear, or non-
linear spring force with potential I = —U (7). The material
particle cannot move subject to constraints without considering
certain constraint reaction due to the constraint expressed by
Fon = Agrad f (', 2% 23,t), for ideal constraint, where A
is Lagrange’s multiplier.

For non ideal constraint, with friction coefficient pu, the
constraint reaction due to the constraint can be expressed by

Fu=Fuyn+ Fur = Agrad f(z*, 2, 23 t)—
fuﬁ|)\gradf(x1,x2,:r37t)|.

The material particle is under the external dumping force, lin-
ear proportional with the material particle velocity, expressed
by F,7 = —bv. Let F(t) = Xi+ Yj + Zk be the active
force.

In the considered case, the material particle is limited by
rheonomic constraint as the moving surface, and their position
is defined by three coordinates z', 22 and 3, but the material
particle have two degrees of freedom and we need to chose
two coordinates as the generalized coordinates of their motion.
Let the generalized coordinates be:

gt =2t % = a2
and because the constraint is of rheonomic nature, we consider
a rheonomic coordinate ¢° = ¢(t). Therefore we can express
the third position coordinate z® = f(q", ¢%, ¢°), as [7].

The kinetic energy of the material particle motion can be
expressed by the two generalized coordinates and the third
rheonomic coordinate in the following form:

Ep=-—mv® = (33)
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Fig. 1.

1
When the constraint is defined by 23 = Z( ! —éQt)

we can introduce the rheonomic coordinate ¢° = ¢Qt and the
1 0\2
—q ) .

2
P

previous constrain will become as follows 2> = 7 (q
The kinetic energy can be written

B= gm | @)+ (@) + 5 @~ ") (0 =)’
The matrix of the mass inertia moment tensor is:
1 (d = a)’
A=m| O 1
—E (@ -a)" 0
The virtual work 6W of the active force on the virtual
displacements 67"

57 — éqlf—i— 6q2;+ % [5(11 (ql _ qO) — 8¢ (ql o QO)} k
is given by:
SW — (ﬁ 577) ¢

2 2
oW = | X + ZZ (q1 — qo)} 8¢t +Yoq? — ZZ (q1 — qo) 5¢°.

The generalized components of the active force, for the gen-
eralized coordinates ¢! and ¢® and the rheonomic coordinate

q°, are given by

2 2
Ql=X+ZZ(Q1*QO)§Q2=Y;Qo=*zz(q1*qo)~

For the active force induced by the spring:

., . . 1 -
F = —ci=—cq'i —cq®j — g (¢" = q0)2 +mg| k,

the generalized force components are:

2 2
Q1= —cq' — % (" —¢°)° - 7m9 (¢' = q°); Q2 = —cg*;

The potential energy can be expressed in the form:

= %fQ = g {(ql)2 + () + Z% (¢" — qO)“} .

The kinetic potential is difference of the kinetic energy
and the potential energy and we can express the Lagrangian
function in the following form:

L=Ey—E,=E, ~ (¢4 f(¢' 4% %) =
= g | @)+ @)+ g (@ ) (=) -

C

5@ @) =)
| |

L is a rheonomic regular Lagrangian.
The matrix of the d-tensor field with the components

1 O’L
204047
is the fundamental (or metric) tensor field of the La-

grangian corresponding to the mechanical rheonomic system
of one material particle moving along moving surface, 2> =

Gij

2 . .
- (q1 - EQt) as a rtheonomic constraint:

l
G = (g__)|ﬂj:1,2,o _ (182[/)—0:1,2,0
13/11i=1,2,0 28qzaq] im0
1
G = — —
2
1 4 1_ .0 2 0 N 10 5
+ = (q q ) 7 (q q )
=-m| O 10
#( =) 0 &(d-4)
where
. ! 4 1 0\ 2
g =gon(9) =5m |1+ 5 (¢~ )
_ 1 (@) = 1
922 = 2a22 q 2m

1 1 4 02
gooziaoo(Q):imﬁ (q —Q),

1
gi2 = -ai12(q) =0

2
1 1 4 02
gor = 5001 (@) = —57”?2 (q —q ) >
1
Jo2 = 5002 (q) =0,

where (q) = (¢*, 4% ¢°) and ¢° is the theonomic coordinate,
depending of time ¢.
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We can see that the fundamental tensor field of the consi- we obtain:
dered Lagrangian is half of the mass inertia moment tensor i of o*f . i o%f 0 f
matrix. No(g,4,t) =m 25957 4o
Th ded L. f diff ial i f o1 g ot 0410t 9
e extended Lagrange system of differential equations o 5 5 5
the second order, has the following form: +4? 2 O°f 8f o°f ﬂ o°f of +
020t gt 9q'ot ot ' Ot2 dg'
d OF OF OE,
M—.{“—a—ff =Qu g (228 OF o o OF OF o O Of
q q dq2 920t dq' 0t 0q2 0q20t Oq!
d OEk aEk aEp 62 o 62 o
T T a3 T aa — @2 I or f o1 =
dt 042 dq> dq> 2 +8q28t ot T o 8q 1 =1,2. (35)
d 0B, OBy, 0E, One obtain
dt 9" 9gP o = Qo Qoo S N B (4 — "% (¢' = ¢").
y 4 + v 4 - 7
and for ¢° = ¢Qt, ¢° = 49, §° = 0, it becomes: (¢:4,) 0(a:4,1) = Iz [ i (¢ —¢° 2
02

L c q' 2¢ (¢" — ¢°)°
A 1 2] Tme 1, o2
{1+€—2(q fq)} {1+£—2(q fq)}
4 (¢ fq0)2(qlfq°)_g 9(¢" —4¢°)
Iz 4 ] 1
{1+72(q1—q°)2] [1+€—2(q1—q°)2}

.. c
i+ —q* =0,
m

and from the third equation of the Lagrange system we can
find the rheonomic constraint force QQgg
d 4 .1 0 1 02 440 21 0
&{_ﬁ(q —@") (¢ =d") |+ 5 (@ =d") (¢ —d") =
2c 3 2
=5 (@ =) = Jma (' =) + Qoo (39
The theoretical form of the Lagrange equations is:

2G*(q,4,t) + Ng (¢,4,t) = 0.

We define the following functions

0
"= QGZ(Qaq7 t) + NO(qaq> t) - iQ (qv(Iat)

0
So, S given by

o .o 0 o 0
S—y%—2f (I7y’t)@+§

is the evolution semispray of the mechanical system Y.

The integral curves of S are the evolution curves of the
mechanical system (ZJJ.

The canonical non-linear connection ]Q[ of mechanical sys-

0
tem, 3, depending only on the rheonomic Lagrangian mecha-
0 0

nical system, has the coefficients (N7, NY) given by

/ o 9G'(q.4.t)  19F(g,4,1)
R i . i . 1 i . . ClqZ {2 5 — ) s 4 _
G +2G"(q,4,t) + No(a, 4, 1) = 5Q°(a:4,1); ' = - N (a,4,) it 4 9gl
with the coefficients = mg'! Qﬁ *f qt + 242 *f of
Gila 9q' 9(q')? 9q'0q* 9q*
+mg™? (241 o o5+ 20 o
al, a2 O%f o2 O%f f 1. 9(q")? 9q T 0q 04 0g
=mg'" | (d) 7+ (47) 255554 4+ N ) .
d(q") d(¢?)?  9q'0q 0*f of _ of *f )\ _10Q"
0qtot 02 Oq' 0q20t 2 g’
>*f e aof mg'! >*f of — mal? >*f of ‘
0q2ot" | agt ¢ ot ot g0t 02 O 0GUg, ;1) 10F(q,4,t)
N2 (Q7Q7t) - aqz 4 aq -
0? 0? 0?
" {(.1)2 {2 + (@) 52 23 lafﬂl‘f+ — gt (220 T o g 0T OF
d(q") 0(¢?) q0q dq! 9q10g? ()2 0"
Pf 2] 0F o O OF oo O°F OF Lor f  &f ﬁ)
aqlat a2~ " agat ot 8420t g’ dq' 020t 0q't g
2 2 i
) | G 1 | L Of 5 Of . n i2<2. o°f of 92 o0°f ﬁ)_laQ
o Gt g (0 G ) g =1 "M o 0 T ol 0?) 2 06
Using the theoretical form of coefficients 1=12 0
) . 0L Clearly, the canonical non-linear connection N determines
% 3 0 0
Nolg,d:t) = 29 8q"3t the metrical N-linear connection CT'(N).
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V. CONCLUSION

We present the Lagrangian geometric model of the rheo-
nomic mechanical systems and apply it to a concrete rheo-
nomic mechanical system: the material particle motion along
moving surface.

We can see that the fundamental (or metric) tensor field of
the considered Lagrangian is half of the mass inertia moment
tensor matrix. o

The integral curves of the evolution semispray S are the
evolution curves of the mechanical system.

The canonical non-linear connection for the concrete rheo-
nomic mechanical system have the coefficients expressed using
the rheonomic constraints of the mechanical system.

It is visible that for considered rheonomic mechanical
system is easy to obtain geometrical description and the
dynamical properties.
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