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Abstract—Based on the theory of intuitionistic fuzzy sets, the
concepts of intuitionistic fuzzy subalgebras with thresholds (A, ) and
intuitionistic fuzzy ideals with thresholds (A, p) of BCl-algebras are
introduced and some properties of them are discussed.
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I. INTRODUCTION

HE notions of BCK/BCl-algebras were introduced by

Iséki [1], [2] and were extensively investigated by many
researchers. They are two important classes of logical algebras.
The concept of fuzzy sets was introduced by Zadeh [3], which
had been extensively applied to many mathematical fields. In
1991, Xi [4] applied the concept to BCK-algebras. From then
on Jun, Meng, E. H. Roh, H. S. Kim [5]-[9] applied the concept
to the ideals theory of BCK-algebras. K. Atannassov [10] later
introduced the concept of intuitionistic fuzzy sets, with the
development of this theory; it was applied to algebras by
several researchers recently. K. Hur [11] investigated
intuitionistic fuzzy subgroups and subrings, some meaningful
results are obtained.

In this paper, we introduce the notions of intuitionistic fuzzy
subalgebras with thresholds (A, p) and intuitionistic fuzzy
ideals with thresholds (A, ) of BCl-algebras and investigate
their properties. We discuss the relations between intuitionistic
fuzzy subalgebras with thresholds (A, 1) and intuitionistic fuzzy
ideals with thresholds (A, p). The necessary and sufficient
conditions about that an intuitionistic fuzzy set on BCI-algebra
is an intuitionistic fuzzy ideal with thresholds (A,pt) on it are
given, the intersection and Cartesian product of intuitionistic
fuzzy ideals with thresholds (A,it) on BCl-algebra are still
intuitionistic fuzzy ideals with thresholds (A,p) of it are proved.

II. PRELIMINARIES
Analgebra (X;#*,0) oftype(2,0) is called a BCI- algebra if
it satisfies the following axioms:
(BCI-1)((x*y)*(x*2))*(z+y) =0,
(BCI-2) (x*(x*y))*y=0,
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(BCI-3) x*x=0,
(BCI-4) x*y=0 and y*X=0implyx =Y,
forall x,y,z e X .InaBCl-algebra X, we can define a partial
ordering < by putting X < y if and only if x*y =0.
If a BCl-algebra X satisfies the identity: 0+ x =0, for all
x e X ,then X is called a BCK-algebra.
In any BCl-algebra X, the following hold:
(D (x*y)*z=(x*2)*y,
2)x*0=x,
(3) 0 (x*y) = (0*x)*(0*y),
forallx,y,z e X.

In this paper, X always means a BCl-algebra unless
otherwise specified. For more details of BCI-algebras we refer
the reader to Meng [7]. A nonempty subset | of X is called an

ideal of X if (I,):0el, (I,):x*yel and yel imply
Xel. An ideal | of X is called a closed ideal if (l;):
xe | implyO*x e l. A nonempty subset S of Xis called a
subalgebra of X if the constant 0 of X is in S, and (I,):
x*yeSforanyX,y €S.

Definition 1 [10] Let S be any set. An intuitionistic fuzzy
subset A of S is an object of the following form
A= {<X,yA(X),vA (X)> 1Xe S} . where s, : S — [0,1]
and v, :S —[0,1]define the degree of membership and the
degree of non-membership of the element X € S respectively
and forevery x e S, 0< 1, (X)+v,(x)<1..

Denote(l) = {(a,b): a,be[O,l]} )

Definition 2 Let A={(x,4,(x),v,(x)):xeS} be an
intuitionistic fuzzy set in a set S. For (a,8) (1), the set
Ay = {xeS:u,(X)2a,v,(x) < B}is called a cut set of A

Proposition 1 [8] Every fuzzy ideal A of X is order
reversing.

Proposition 2 [9] Let A be a fuzzy idea of X . Then
x*y < zimplies A(X) > A(y) A A(z) forall x,y,z € X.

III. INTUITIONISTIC FUZZY SUBALGEBRAS (IDEALS) WITH
THRESHOLDS (A4, 1) OF BCI- ALGEBRAS

Definition 3 Let A,z € (0,1] and A < . An intuitionistic

fuzzy set A in X is said to be an intuitionistic fuzzy
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subalgebra with thresholds (4, #) of X if the following are
satisfied:

#A(X*y)Vﬂ’ZﬂA(X)AﬂA(y)Aﬂa
VA(X*y)/\ySVA(X)\/VA(y)\/ﬂ,
forallx,y e X.

Definition 4 Let A4, u € (0,1] and A < . An intuitionistic

fuzzy set A in X is said to be an intuitionistic fuzzy ideal with
thresholds (A, ) of X if the following are satisfied:

(1) ,uA(O)v/i > yA(X)/\,u,

(IFy) g (X)V A2 gy (X*Y) A 1y (Y) A s
(IF) vy (0) A <v,(X)Vv A,

(IF) va(X)Au<vy(xxy) v, (Y)v 4,
forallx,y e X.

Definition 5 Let A4, 4 €(0,1] and A < . An intuitionistic
fuzzy ideal A with thresholds (4, ) in X is said to be an
intuitionistic fuzzy closed ideal with thresholds (A, ) of X if
the following are satisfied:

1 (0% X)Vv A= g, (X) A s,
VA(O*X)/\,USVA(X)VZ,
forallx € X.

Proposition 3 Let A be an intuitionistic fuzzy ideal with
thresholds (A4,x) of X. If X<y holds in X, then

OV AZ (A p, vi()Ap<y,(Y)v A
Proof. For all x,y e X, if X<y, then x*y=0, so by
Definition 4,

MOV A2, (X* V) A, () A pt
= 1y (0) A, (Y) A
V) Ausv,(xxy)vy, (y)va
=V OV, () A
Since p,(X)v A=A, v,(X) A u < p,therefore
(O 2= (1, (0) A 1, (Y) A i)V A
= (U, O)V A) A (1, (Y)V A) A (v 2)
2 (A A p (V) A p
= (V) A s
V(X)) Apu< (VA(O)VVA(y)V/l) AU
= (A (O ANV (v, (V) A )V (A A 1)
S (VA VYY) v A

=v,(y)v i
Proposition 4 Let A be an intuitionistic fuzzy ideal with
thresholds (4, ) of X. If the inequality X*y <z holds
in X, then forallx,y,z € X,

HAOOV A2 i, (Y) A p, (2) A p,
VX)) Ausv,(Y)vv,(D)va.
Proof. Forall x,y,z € X, if x*y <z, then

A (X)V A=y (X)v 2)v A
> (ptp (X*Y) A (Y) A ) v 2
= (U, O V)V D) A, (Y)Y A A (v 2)
2 pp (Y) A pp(2) A ps

Va(X)Au=(va(X)Ap)Au
<(va(xxy)vva(y)vA)au
= (VK Y) A )V V(D) A )V (A A )
v (V) Vv, (2) VA

Proposition 5 Let X be a BCK-algebra. Any intuitionistic
fuzzy ideal A with thresholds (4,4) of X must be an

intuitionistic fuzzy subalgebra with thresholds (A4, ) of X .
Proof. Since x * y < x, by Proposition 3, we get
HA(XEY)V A2 1, (X) A p
2 A (V) A
VaXEY) A<y, (X)v A
v, (X)) vy, (y)v A

It means that Ais an intuitionistic fuzzy subalgebra with
thresholds (A, 1) of X.

Proposition 6 Let X be a BCK-algebra. An intuitionistic
fuzzy subalgebra A with thresholds (4, ) of X

intuitionistic fuzzy ideal with thresholds (4, #) of X if and

is an

only if, for all x,y,z € X, the inequality X*y <z holds
in X implies
U\ V A2 1, (Y) A, (2) A p,
VX)) Ausv,(Y)vv,(2)va.
Proof. Necessity: It follows from Proposition 4. Sufficiency:

Assume that A is an intuitionistic fuzzy subalgebra with
thresholds (A, 1) of X , and satisfying that X * y < z implies

UV A2 1, (Y) A, (2) A p,

V(X)) Ausv,(Y)vv,(D)va.

Since 0*Xx < xand x *(x * y) <y, it follows that
U0V A2, (X) A p,

VaO)Apusv,(X)v A,

HAOV A2 p, (X*Y) A, (Y) A p,
VaX)AuSv, (Xxy)vv,(Y)vAa.

Hence A is an intuitionistic fuzzy ideal with thresholds
(A, u) of X.
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Proposition 7 Let A be a fuzzy set of X, then A is an
intuitionistic fuzzy ideal with thresholds (4, ) of X if and

only if, for all (a,ﬂ) IS (I ), where o, B (l,y] , A<W,> is either

empty or an ideal of X.
Proof. Suppose that A is an intuitionistic fuzzy ideal with
thresholds (4, 1) of X and A, , #, forany (a,p)e(l). 1t

is clear that 0 € '%w)' Let xxye A<a_ﬁ> andy e A<a,/]>7
Then p,(X*y) 2 a, y,(Y)Za, v,(X*y)< B, v,(y)< B. It
follows from (IF, ) that
OV A2, (XE A p, (V) Au>a,
Va(X)A Sy, (X* y)va(y)vﬂsﬂ.
Namely, ¢, (X) 2 a, v,(X) < fand Xe A<aﬁ>. This shows that
A<M> is an ideal of X.

Conversely, suppose that for each {@,)e(l), where
a,Be(u. A<M> is either empty or an ideal of X.
For any xeX, let a=u,(X)Au, B=v,(X)vA .Then
M (X)Za,v,(X)< B, hence Xe '%ﬁ) and AXM,) is an ideal
of X, therefore 0 e A< ie.,, #,(0)>aand v,(0)< B.
We get
OV A2 p, (0) 2 a = p, (X) A p,
v, Apusv,(0)< B=v,(X)V 4,

(z,/i>’

e, u,(0O)vAz2u,(X)Au and v,(0)Au<v,(X)v A forall
x € X. Now we only need to show that A satisfies (IF,) and
(IF,).

Let & = 1, (¥ Y) A 1, (V) A ft, f=v, (K5 )V, (N)V A
Then u,(X*Y)2a, p,(Y)Za, v,(Xx*y)<B, v,(y)<p,
hence x*y e A<a’ﬂ> and y e '%M)' Since A<a_ﬂ> is an ideal of
X, thusx € A<aﬁ>, Le., u,(X)za, v,(X)< B. We get

OV AZ w,(X)Za =, (X*Y)A L, (Y)A 4y
V,(X)Ausy,(X)S B=v,(x*y)vv,(Y)Vv AL
e 1, (X)V A2 1, (X Y) A1, (Y) A 2,

Vo)A p v, (Xxy)vv,(Y)v A

Summarizing the above arguments, A is an intuitionistic
fuzzy ideal with thresholds (4, ) of X.

Proposition 8 Let A be a fuzzy set of X, then A is an
intuitionistic fuzzy closed ideal with thresholds (4, ) of X if

and only if, for all (a,s) € (l), where a, f € (4,u] . A, p i
either empty or a closed ideal of X.
Proof. It is similar to the proof of Proposition 7 and omitted.

Definition 9 [10] Let S be any set.

If A= {(X,yA(X),vA(X)>: XeS} and B = {<X,,uB(X),VB(X)>: XeS}
be any two intuitionistic fuzzy subsets of S, then
ACBIiff VxeS, u, (x) < gy (x)and v, (x) 2 v (),

A=Biff VxeS,u, (x) = p5 (x) and v, (x) = v, (x),
AN B = {(X(ta s )(X). (Vs )(X)): XeS |

= {06 ()A 15 (X), Va(X)vva (X)) XS,
AU B = {{x,( Ut )(X). (Varw )(X)): xS

= {(x,yA(x)v,uB(x), Va(X)Avg(X)): XGS}.

Proposition 10 Let A and B be two intuitionistic fuzzy
ideals with thresholds (A4, #) of X. Then AN B is also an

intuitionistic fuzzy ideal with thresholds (4, ) of X.
Proof. For all x,y € X. Then

Upg(O)V A= (,uA(O)/\yB(O)) v A
= (U (0) v A) A (15 (0) v 2)
2 (py(X) A ) A (pg (X) A 1)
= (U () A ptg (X)) A p
= Hp g (XA 1
and
Uy g(X)V A
= (U (X) A g (X)) v 4
= (U, () VA A (5 (X) v A)
2 (U (XEY)A py (V)N ) A (g (X*Y) A g (V) A 1)
= (A (X*Y) A g (XY A (U (Y) A pg (Y)) A p
= Hprng (XX Y) Aty g (V) A

Again

Vas (O Ap= (VA(O)\/VB(O)) AU
= (VA(O)Ay) v (VB (O)Ay)
SV, (VA V(s (X)vA)
=, () vv,(x)v i
=v,sg(X)v4a

and

Vag () A

= (va(X)vva(x)) A u

= (va()nu) v (va(x)au)

S Y VY () VAV (Ve (XxY) v (Y) v 4)
= (X Y) Vv (Xxy) v (v, (Y) v (Y) v 4

=V (XEY) vy, (Y)Vv A
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Hence AN B is an intuitionistic fuzzy ideal with thresholds
(A, ) of X.

In the following, we give two Propositions, which display
close relations between the intuitionistic fuzzy subalgebras
with thresholds (A, ) , intuitionistic fuzzy ideals with

thresholds (A4, ) and intuitionistic fuzzy closed ideals with
thresholds (A, ) of BCI-algebras.

Proposition 11 Let A be an intuitionistic fuzzy ideal with
thresholds (A4, ) of X, then A is an intuitionistic fuzzy

closed ideal with thresholds (A, ) of X if and only if, A is
an intuitionistic fuzzy subalgebra with thresholds (4, z£) of
X.

Proof. Suppose that A is an intuitionistic fuzzy closed ideal
with thresholds (4, g£) of X .

Therefore, for all X,y € X,
1, (X)) v A = 1, (}$X)*y) v A

= 1, (0%y) v 2
> g, (y) A
and
Vi ((xy)x) n g = v, ((x=x)*y) A p
=V, (O*y) AU
<v, (y) vAa.

Since A is an intuitionistic fuzzy ideal with thresholds
(A, ) of X, we get:
Ha (X V)V A2 (g (=Y POA (X)) v A
= (1 (O*y YOV A) A (pp(X)VA) A (v A)
> 1, (X) A 1, (Y) A
and
Vv (X*y)Apu< (VA((X*y)*X)va(X)V/l) AU
= (ValOoryyx)a) v (va()Aw) v (Anu)
<v, (X)) vy, (y)va.

Hence A is an intuitionistic fuzzy subalgebra with
thresholds (4, x) of X .

Conversely, Suppose that A is an intuitionistic fuzzy
subalgebra with thresholds (4, z) of X .

Therefore, for all x € X,
#a (0% X) v A 2 (A, (A p) v A
= (,uA(O)V/I) A (,uA(X)v/l) A(pva)
> g, (X) A p
and
v,(0xX)A < (VA(O)VVA(X)\M) AU
= (VA(O)A,u) Y (VA(X)/\,LI) v (l/\,u)

<v, (x)v 4.

We have known that A is an intuitionistic fuzzy ideal with
thresholds (A4, ) of X, hence A is an intuitionistic fuzzy

closed ideal with thresholds (4, ) of X.

Proposition 12 Let K be an intuitionistic fuzzy
subalgebra with thresholds (A4,x) of X. If A is an

intuitionistic fuzzy ideal with thresholds (A, ) of X, then

K m A is an intuitionistic fuzzy closed ideal with thresholds
(4, 1) of K.

Proof. For all X, y € K, we have
/UKmA(X*y)V/lZ,uA(X*Y)Vﬂ
> g1, (X) ~ gt (Y) A pt

= Hyon (X) A (V) u
and
Virn(XEY) A < v, (X*Y) A u
<v,(X)vv,(y)va
=V ()vve (y)v A
Thus

e a OV A= g (XEX)V A
2 fry 0 (X) A p

and

Verna A<y, (XEX)A 1
v (X)vA.

Since A is an intuitionistic fuzzy ideal with thresholds
(A, 1) of X . Therefore, for all x,y € K, we have
U aX)VAZu,(X)vA

2 (XEY)Ap, (Y) A u
= M aXFY) A 2 (V) A
and
Vern AU SV, (X)A p
v, (xxy)vv,(Y)va
=ViaXEYI VY (VA

This means that K n A is an intuitionistic fuzzy ideal with
thresholds (A4, ) of K. Therefore, K m A is an intuitionistic

fuzzy closed ideal with thresholds (A4, i) of K.

Definition 6 Let A and B be two intuitionistic fuzzy sets
of a set X. The Cartesian product of A and B is defined by

AxB= {</UAXB (%, y)’vAxB (% Y)> X,y € X} where

Hps (% ¥) = 13 (X) A 15 (¥)s Vag (X Y) =va (X) v vg (1Y)
Proposition 13 Let A and B be two intuitionistic fuzzy
ideals with thresholds (A4, ¢) of X. Then AxB is also an

intuitionistic fuzzy ideal with thresholds (A4, ) of X x X.
Proof. For all (x,y) € X x X, by Definition 4, we get

Hps (0,0)v 2 = (1,(0)A115(0)) v 4

444



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:8, No:2, 2014

= (a(0)v2) A (112(0)v2)
> (a()A) A (1Y) )

/JAXB(X y) A,
Vae (00) A st = (va(0)vva(0)) A e
(VA(O /\y)v(vB(O )
S(VA /”L)v ve(y)V )

= Ve (XY)V 4,

for all (XI,XZ),(yI,yz) e X x X, we have

,quB(Xl,Xz)\//l

= (a () t2a(%2)) v 2

= (ua(x )V A) A (1a(%)V A)
2 g, (X4Y1) A 1 (V1) A g (Xa%Y2) A g (Y2) A
= 11, (%=1 A g (0%Y2) A 1y (V1) A g (Y2) A pt
= Hae (XY X0%Y2) A g (V1Y) A

Vi (X1:%0) A pt

= (va(4)vva (%)) A p

= (valx)au) v (va(x)as)

<V (v v (1) v v (oxyn) v vg (v2) v 4
=v, (X*y)) v vy (Xxy) vy, (y)vvg (Yo)v A

Ve 05Y150%Y2 ) Vv, o (V1Y) v 4.
Hence Ax B is an intuitionistic fuzzy ideal with thresholds
(A, 1) of X xX.
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