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H, State Estimation of Neural Networks with
Discrete and Distributed Delays

Biao Qin, Jin Huang

Abstract—In this paper, together with some improved
Lyapunov-Krasovskii ~ functional and effective mathematical
techniques, several sufficient conditions are derived to guarantee the
error system is globally asymptotically stable with Heo
performance, in which both the time-delay and its time variation
can be fully considered. In order to get less conservative results of
the state estimation condition, zero equalities and reciprocally
convex approach are employed. The estimator gain matrix can be
obtained in terms of the solution to linear matrix inequalities. A
numerical example is provided to illustrate the usefulness and
effectiveness of the obtained results.
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I. INTRODUCTION

N recent years, neural networks have been extensively

studied due to its wide application in various areas such
as associative memories [1], smart antenna arrays [2], pattern
recognition [3], and so on, these applications greatly depend
on the dynamic behaviors of the underlying neural networks,
therefore, great efforts have been made to analyze the
dynamics on NNs and many elegant results have been
reported (see e.g.,[4]-[5] and the references therein). In
reality, time-delays are frequently encountered in various
engineering and scientific fields, time delay, which may
results in complex dynamic behaviors, often occurs in neural
networks, so, the main focus of attention is on the stability
analysis of neural networks with delays and many interesting
results have been proposed [7]-[18].

In general, while signal propagation is sometimes
instantaneous and can be modeled with discrete delays, it
may also be distributed during a certain time period so that
distributed delays are incorporated into the model [19], on
the other hand, a neural network is a highly interconnected
network with a large number of neurons, as a result, most
neural networks are large-scale and complex networks. In
fact, only partial information about the neuron states is
available in the network outputs of large-scale neural
networks. Therefore, it is important to estimate the neuron
states through available measurement outputs, and there are
many remarkable attempt to design the state estimator for
various types of neural network [19]-[31]. The authors in
[19] discussed the problem of H, state estimator for a class
of neural networks with mixed time-varying delay. In [20]
Lakshmanan investigated the estimation problem for neural
networks with leakage, discrete and distributed delays.

Biao Qin and Jin Huang are with the School of Mathematics Science,
University Electronic Science and Technology of China, Chengdu 611731,
PR China.

Email address: ginbiaolixin@ 163.com.

Further, the state estimation problem for fuzzy cellular
neural networks with time delays in leakage term, discrete
and unbounded distributed delays is deeply reported in [25].
Moreover, in literature [30], the existence, uniqueness and
stability analysis of recurrent neural networks with time
delays and leakage term under impulsive perturbations has
been investigated. However, some integrals that appeared in
the derivative of Lyapunov functional are over bounded, and
this leads to conservative results. For example,
— ftt,d eT(s)Re(s)ds is enlarged as — f;’id(t) el (s)Re(s)ds,

the term — tt::(t) eT(s)Re(s)ds is omitted. And, it should
be pointed out that under the precondition that the
time-derivative of the delay smaller than 1 due to the term
fttiT(t) eT(s)Qe(s)ds was always chosen in the
Lyapunov-Krasovaii functional, the derivation is always
positive when 7(¢) < 1, which is contrary to our ultimate
goal V(t,e;) < 0. So, removing the above conservation
limitations has become urgently necessary.

Based on the above discussions, the H., state estimator
problem for a class of neural networks with discrete and
distributed delays is considered in this paper. By using a new
analysis method based on the lower and upper bound of the
time delay and a appropriate Lyapunov-Krasovaii functional
with triple integral terms, introducing free-weighting
matrices and using reciprocally convex approach, several
stability criteria for neural networks with mixed time-varying
delays are derived in terms of LMIs. A numerical example is
given to illustrate the effectiveness and less conservation of
the proposed method.

Notations: Throughout this paper, the superscripts / — 1’
and "T" stand for the inverse and transpose of a matrix,
respectively; P > 0, (P > 0, P < 0, P < 0) means that the
matrix P is symmetric positive definite(positive-semi
definite, negative definite and negative-semi definite); R"
denotes n-dimensional Euclidean space; R™*™ is the set of
m x n real matrices; I denotes the identity matrix with
appropriate dimensions; * denotes the symmetric block in
symmetric matrix; Lo denotes the space of square integrable
vector functions on [0,00) with norm

0= o™ I 12de) 7.

II. PROBLEM STATEMENT AND PRELIMINARIES

Consider the following neural networks with mixed time-
varying delays:

#(t) = =Cu(t) + Big(x(t)) + Bag(a(t — h(t))
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¢
—|—W/ g(x(s))ds + J + Frw(t),
t—d(t)

y(t) = Dx(t) + Ex(t — h(t)) + Fhw(t),
z(t) = Hz (1),
x(s) =p(s), Vse[-7,0], 7=max{h,d} (1)

where z(t) = [v1(t),72(t),...,2,(t)]T € R" is the state
vector of the neural network with n neurons, y(t) € R™ is
the network output measurement, z(t) € RP to be estimated
is a linear combination of the state, w(t) € R? is a noise
input belonging to L2[0,00), C' = diag{c1,ca,...,c,} is @
diagonal matrix with positive entries ¢; > 0, D, E, Fi, F5
and H are real known constant matrices with appropriate
dimensions, the matrices By, By and W are connection
weight matrix, discrete connection weight matrix and

distributed  connection  weight matrix, respectively,
9(@(t)) = [g1(1(t)), g2(x2(1)). - -, gn(z4(1))]" denotes the
neuron activation function, J = [Ji,J,...,J,]T is an

external input vector, ¢(s) is the initial condition on
s € [-7,0], h(t) and d(t) is the discrete time-varying delays
and distributed time-varying delays, respectively. Satisfying

h(t) < p,

where h, ;v and d are constants scalars.

0 < h(t) <h, 0<d(t) <d, )

Assumption 1. The neuron activation function g¢(-) is
continuous and bounded, and there exist constants p; and
pi such that

— g,-(a) gi(b) +
PR = AL NS <
P = b <P

where a, b € R, a # b.

Here, we denote

pt = diag{pf,....pr}, p~ =diag{p7,....p,},

p = diag{maz{|p{],|p7 |}, ..., maz{|pf] 1o [}}. @)
Remark 1. It is seen from Assumption 1 that p; and p;
can be positive, negative or zero. when p; = 0 and pj‘ > 0,
Assumption 1 describes the monotone nondecreasing

activation. Moreover, monotone increasing activation
functions can be described when 0 < p;” < pf

We consider the following state estimator for the neural
networks:

&(t) = —Ci(t) + Big((1)) + B2g(&(t — h(t)))

+ W o 9(z(s))ds+ J + K(y — 9),
9(t) = D&(t) + Ez(t — h(t)),
2(t) = Hi(t),

f?(O) = 90(0)7 )]

where Z(t) € R™ is the estimated state, §({) € R™ is the
estimated output vector, 2(t) € RP denotes the estimated
measurement of z(t) and K € R™ ™ is the state estimator
gain matrix to be determined.

denote the errors by e(t) = z(t) —&(t) and the output signal
as zZ(t) = z(t) — 2(¢), then, based on (1) and (4), we easily

obtain the error system of the form
é(t) = —(C+ KD)e(t) — KEe(t — h(t)) + B1 f(t)
t
+ Bof(t—h(t)+W f(s)ds
t—d(t)
+ (F1 — KFg)w(t),
Z(t) = He(t), (6)
where f(t) = g(x(t)) — g(2(t)).
From Assumption 1, we can obtain the following

inequalities:

Spjv 221,27,71 (7)

where a € R and a # 0.

Before proceeding further, the following definition and
lemma are introduced.

Definition 1. [29]. Given a prescribed level of noise
attenuation y > 0, the error system [6] is said to be globally
asymptotically stable with H., performance -, if there is a
proper state estimator such that the equilibrium point of the
result error system with w(¢) = 0 is globally asymptotically
stable, and

I1Zll2 < llwll2
under zero-initial conditions for all nonzero w(t) € £2]0, o).
Lemma 1. [15]. For any positive symmetric constant matrix

M € R" ", a scalar h > 0, and a vector function w(s) € R"
such that the integrations concerned are well defined, then

f/t wl'(s)Mw(s)ds
t—h

g—%(/; w(s)ds)TM(/tt w(s)ds),

—h

h
/0 /t wl(s)Mw(s)dsdd
—h Jt+0
9 0 pt " 0t
< 7ﬁ(/7h/t+ew(s)dsd9) M(/% /Hew(s)dsdﬁ).

Lemma 2. [13]. For any constants positive definite matrices
WT = W > 0, U € R™" are arbitrary matrix with
appropriate dimensions and d > 0, 0 > d(t) > d, the
following inequalities hold:

—d t;dfT(S)Wf(S)dsS
_ |: ftt,d(t) f(s)ds T{ w U

t—d(t) T w :|

' d f(s)ds

St aey F(s)ds } .
S0 fs)ds

Lemma 3. [11]. Let the functions f1(t), fa(t),..., fn(t) :
R™ — R have the positive values in an open subset D of R™
and satisfy o%fl (1), a%fg(t), R ﬁfjv(t) : D — R with

ao; > 0 and Zi\; o; = 1, then the reciprocal technique of
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fi(t) over the set D satisfies
Zifi(t)EZfi +ngt Vg j(t) : R™ — R,
i @ ]
filt)  gi4(t) ]
{ ) fiw |2

III. MAIN RESULTS

In this section, a sufficient condition will be estimated
under which the estimation error system (6) is globally

asymptotically stable with an H., performance index ~.

Theorem 1. For given scalars h > 0,d > 0,y > 0, u > 0 and
7, the error system (6) is globally asymptotically stable with
an H, performance index  if there exist symmetric positive

definite matrices P, Ry, Ra, Q; = Q*“ 81‘2 > 01 =
1,2,3,4), diagonal matrices T = diag{t1,t2,...,tn} > 0
L = diag{ls,ls,...,ln} > 0, A = {A1, Aoy, An} G =
diag{al, a9, ..., Oén} > 0, ﬁ = diag{ﬁl, 52, e ,ﬁn} > 0
N; >0 (i = 1,2,3), any matrices G, M, T; (i = 1,2,3,4)

and S; (i =1,2,3,4) such that the following LMIs holds:

QO H
{ . _J } >0, (®
Qu Q2 Tv 1Ty
¥ Quz Ty Ty
> 0, 9
* * Qi1 Qr2 ©)
* * * Q13

where () = (Ql,k)17><17 with

Q11 =Ry + Re +2h%G(pT —p7) + BrA(pt — p)

- . 3n*.
+2h%ap + h*a + 75 +h*Q11 — Q13 + d*Qx

h4 d4 2 2T
+ ?Qm + 5@41 — h*Qs3 — h*Qas3 — 2p” Nipt
- MC-CMT —GD - DTGT,

No=0Qi13 Ty —GE, 3="1T;,
h4
Da=P—p T+p L+ pA+h*Qia+h?Qrz + 7@32
nCMT - nDTGT

Q15 = h*a + 5+d2Q22+ Q22+N1(p +p7)

+ MBlv
M6 =MBy, g=-Qly+hQss+hQi,
Qo =T+ hQs3 + hQis, Q12 =MW,
Q14 = —hQ5y — hQ32, Q17 = MF) — GF,
Doo=—(1—p)R1 —2Q33 + Ty + T4T — 2p7N2p+,
Qs =Qi3—Ty, Qos=-nE"GT,
Qo= NolpT +p7), Qs=Q, T,
Qoo=—-Qly+ T3, Q33=—Ro— Q13— 2p Nzp™,
Qs7=N3(p" +p7), Qs=T7, Q9=0Q7,
Qua = h*Quz + %4@33 —nM —nM",
Qus=T—L+A+yMBy, Qug=nMDBs,

Q4,12 = 77MW Q4 17 = 77MF1 —nGFy,

Q55 = ha + ﬁ+d2Q25+ Q45 — 2N,

= —2N>, Q7,7 = —2N3,

Qss = —2a(pt — p7) —2ap — Q11 — Q33 — QL
Qg0 =—2a(pT —p7) —2ap —T1 — Q33 — Qi,
Qs,14 = Q32 + Qs

Qoo = —2a(p" —p7) = 2ap — Q11 — Q33 — Q3.
Qo1 = Q2+ Q3. Qoo =—Qa, Qo1 =—51,
Qo2 = —Q22, Qo = —52, Qi1 = —Qa,
Qe =—53, Q113 =—Q2, Q212 =—Qas
Q213 = =51, 313 = —Qas,
Qa1a = —4B(p" — p7) —4Bp — Qa1 — Q3
Qsas = —Qu — Qf, Q516 = —Qaz — Qlo,
D616 = —Qus — Qi3 Qurar = 1

Furthermore, the gain matrix K can be designed as

K=M"1G.

Proof: Introduce the Lyapunov-Krasovskii functional:
(10)

where

Vi(t) =e” (t)Pe(t),

Va(t) = / t . TR+ [ ) Racls)is,
2Zt / [fi(s) — p7 slds
+2Zzi | tots = ioas
+2ZA /0
2hz// cei(s)fi(s) - o7
+2h2 / / aies(s)[pt es(s) —
+2h2 / [ e 156)+ pis (o)

s) + pislds,

e;(s)]dsdf

fi(s)]dsdb

+2h2z / / Bied()i(s) = pi ex(s)ldsdAdp

+2h22 / / Biei(s)pfex(s) = fi()]dsdrdd

+2h22 / ) / Bies(5)[f(s) + pies(s)]dsdrad,
$dsdt

o] f
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" (5)Qs((s)dsdAdd

0 /00 tj—/\
+d2/_ /0 /H—)\ 7" (5)Qan(s)dsdAdb,
LT, n(s) = [e7(s), f1(s)]T.

Under the zero-initial condition, it is obvious that

V(t)|t=0 = 0.
For dealing easily, let

Joo = /Ot[ZT(s)Z(s) —

Then, we can get

Joo < /0 (27 (5)2(s) — 2w (s)w(s)|ds + V (t) — V(t)]s=0,

t> 0.
(12)

2wt (s)w(s)]ds, t>0. (11)

Then for any w(t) € L3[0,00), we can achieve:

Joo §/0 [ET(S)Z(S) — 2wT(s)w(s) +

Now, calculating the time-derivative of V(¢) along the
trajectories of (6) yields

V(s)ds.  (13)

Vi(t) =2¢" (1) Pé(t), (14)
Va(t) <e” (t)Rie(t) — (1 — pe” (t — h(t)) Rie(t — h(1))
+ €T (t)Rae(t) — €X' (t — h)Rae(t — h), (15)
Va(t) =2[f7(t) — e"(0)p 1 Te(t) + 2" ()pT — FT (1) Lé(t)
+ 201 (1) + " () plAé(t). (16)

By using Lemma 1 in V(t), we get

(t) =2h* Z ;e ()] fi(t)
—2h Z/ aei(s
+ 2K2 Z a;e(t

n

- QhZ; [ | cuei(s)lp eils) = fils)lds

= p; ei(t)]

— p; ei(s)]ds

— fi®)]

o ei(t

+2h22avez t) + piei(t)]
_2h2/ cies(8)[Fi(s) + pies(s)]ds
+ 27 Zﬁzez PZ 62( )]

,ghzz/ Biei(s)1fils)
+2’L42n:5261 iptes(t) — fi(t)]
_2h22 / fieils
+2—Zﬂzez

_2h2z / Biei(s

p; €i(s)|dsdd

fi(t)]dsdo

p1 61()—

+ pzez( )]

( )"‘Pz&( )]dsd@

- _ Gh? n _
<27 (D[ (5" — p7)Jelt) + 27 () g (o — p et
2T pe() 270312110+ 2T )
+2eT( —pe / /+9 s)dsddp(pt —p7)

//H 5)dsdf — 2h/t heT(s)df(s)ds

t—h(t)
s eT(s)dslla(pt = p~
[/th(t) 7 (s)d +/t (s)ds][a(o* — p)]

h

[ /t t " e(s)ds + /t thh(t) e(s)ds]

0t
— 2h2/ / eT(s
h Jt+0

<2 (H)ah?(p*

Bht

= el + 26T O3 (0" = plelt

Lot >dh2pe< )+ 2eT< )ah2f< )+ 26T (1 )5”

/ /+9 s)dsdf + h/t . eT(s)de(s)ds

t—h(t)
o / PO / T sasa(t )

t t—h(t)
[/ e(s)ds + / e(s)ds]
t—h(t) Jt—h

t

0 gt
T\~ 2 T
+h t_hf (s)af(s)ds+ h /_h/Hee

f@®)

+2e

s)Be(s)dsdd
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s)dsdf

+h2/0 +ng $)Bf(s)dsdd — 4/ /H)

Bp/ / e(s)dsdf — 2| e (s)ds
—hJt+o t—h(t)

t—h(t) t
—|—/ eT'(s)ds]ap| e(s)ds+/
t—h t—h(t) t

Vs (t) = h2e (t)ae(t) — h,/t,; el (s)ae(s)ds

t

fT( Jaf(s)ds

'*/ [

t—h(t)

e(s)ds],
a7

+h2fT( t)af(t) -

s)dsdf

+7fT( - [ +ng< )3 f(s)dsdd.
(18)

i =[50 ][4 81§Hééi%]

L] e Sl ]

ce[ o) [ &)

o[ LT % g ]

ST e g e ]

e LT [ ][ o

sl ] [ & lli]

e[0T [ 82 ][50 e

<[] [ ][]

e[ [ &

mra e =]l

L) 1o ]l

:

_ Ji_p e(s)ds ! { Qn
e(t = h(t)) — e(t — h) *

{ 0 e(s)
e(t —h(t)) —e(

Ql? :|
QlS

_2[ ft n(t) € e(s)ds
e(t) —e(t — h(t))

ftt__:(t) e(s)ds
e(t = h(t)) — e(t

s)dsdf

s)ds — t— h(t)

f ft+9

e(s)ds —

Qa2 }
Qa3

<>ds}
s)dsdf

t—h(t)
ft ) € t—h e(s)ds}

} {Qfl

[ [ e !
B ftﬂz(t) £(s) ds
t—d(t) | e(s)
i t—d (s)
[ Qa1 Q2 S Sa
¥ Qo3 Sz Sy
* * Q21 Q2
* * * Q23
_9 [ f ft+€
~fiee
{ Q31 Q32 }
* Q33
f ft 0 e(s)dsdo
f ft +9 f(s)dsdf
{ J° fw s)dsdf } (19
Joallio
Noting that, for positive diagonal matrices Ny, No, N3 and
using Assumption 1, we can achieve the following inequalities:

s)dsdf

0 < —=2fT(B)NLf(t) + 2T ()N (pF +p7) (1)
—2eT(t)p~ NypTe(t), (20)

0<—2f(t = h(t)Naf (t — h(t))

+2¢7(t = h(t))Na(p™ + p7) f(t = (1))

—2e"(t = h(t))p~ NapTe(t — h(1)), 21
0<—2fT(t—h)Nsf(t—h)

+2¢"(t = h)N3(p* +p7)f(t = h)

—2eT(t — h)p~ N3pTe(t — h). (22)

Moreover, for any matrix M with appropriate dimension
and scalar 7, one has

20e” ()M + ne (t)M][~(C + K D)e(t) —

4 Byf(t) + Baf(t— h(t)) + W t f(s)ds

t—d(t)
é(t)] = 0.

KEe(t — h(t))

4 (F - KFR)uw(t) - 23)

From (13)-(24) and using G = M K, one can deduce that
ZL()2(t) — YT (w(t) + V(t) < 0T (#)A0(t), (24)

where Ay = Q+ HTH, H = [H,0,0,0,0,0,0,0,0,0,0,0,0,
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0,0,0,0]”

07 (t) =[e" (), (t — h(t)), " (t — h), " (1), f7 (1),

.ﬂa—hmxﬁﬁ—hylmﬂgwwa

t—h(t) t t—d(t)
/ eT(s)ds,/ eT(s)ds,/ el'(s)ds,
t—h t—d(t) t—d

¢ t—d(t)
| s [ s

d(t)
/ / dsd@/ / s)dsdb,

t+0 t+0

0t
/ T (s)dsdb, w™ (t)]. (25)
—d Jt+0
By using Schur complement, the LMIs (8) and (9) can
guarantee A; < 0. In this case, when A; < 0, we can ensure
the error system (6) with the guaranteed H., performance
defined by Definition 2. Next, we will show that the
equilibrium point of (6) with w(t) = 0 is globally
asymptotically stable if A; < 0 holds. When w(t) = 0, the
error system (6) becomes

é(t) = —(C + KD)e(t) — KEe(t — h(t)) + By f(t)

C fs)ds,

t—d(t)
2(t) = He(t), (26)

We still consider the Lyapunov-Krasovskii functional in (10)
and calculate its time-derivative along the trajectories of (26),
then we can easily get

V(t) < 0T (t) A0, (1), 27)

+ Baf(t—7(t)+ W

where
07 (1) =[e7 (8), 7 (¢ — h(1)), €7 (¢ — B), (1), 7 (1),
FafmmJWer[%mJ@w&

t—h(t) t t—d(t)
/ eT(s)ds,/ eT(s)ds,/ el'(s)ds,
t—h Jt—d(t) t—d

t t—d(t)
[ e [ s

t—d(t)
/ / dsdﬂ/ / s)dsdp,

+9 t+0

/ ¥ (s)dsas),
—d Jt+6

and Az = (Ajk)16x16 With
Aig = Ry + Ry +2h2a(pT — p7) + Bh*(pT —p7)
3ht -
+2h%Gp + hPa+ =B+ hQun — Qus + d* Qo
h4 d4 2 2T
+ 7@31 + 5@41 — h?Q33 — W*QL, —

- MC-CMT -GD - DTGT,

2p” Nip*

Mo=Qi3—T4—GE, Aj3=Ty4,
h4
Ma=P—p T+ptL+pA+h°Qi2+ h°Qra + ?Q32
- M —nCMT —yDTGT,

I d* _
Ay s = h*a+ 35 +d*Qaz + ?Qm + Ni(pT +p7)

+ M By,
A= MB;, Aig=—Q,+hQs3+ hQi,
Ao =Ts+hQss + hQ3s, A1 =MW,
A1 1s = —hQ3, — hQs2,
Aoo=—(1—p)Ry —2Qs3 + Ty + Tf —2p" Nop™,

Ap 3 = Q13 — Ty,
Az = No(p* +p7),
Moo =—Ql, +Ts,

As7=Ns(p™+p7),

A274 = —’I]E'TC':T7
Nog =Ql, — Ty,
As3=—Ry; — Q13 —2p N3p™,
Ass =T, Aszg=Q,

2 h4 T
Aga=h"Quz+ ?ng —nM — M7,
A4’5:T—L+A+77]M-Bl7 A4’6:’I7MB2,

Ay 12 =MW,
h* - dt
As 5 =h?a + 7/3 + d*Qa3 + 5@43 — 2Ny,

A6 = —2N3, A77 = —2Ns3,

Asg = —2a(p" — p7) — 2ap — Qi1 — Q33 — Q1s,

Ago = —2a(pT —p7) —2ap —Th — Q33 — Q.

Ag14 = Q32 + Q3Tz:

Aoy = —2a(p™ — p7) = 2ap — Q11 — Q33 — Q13,
MNo1a = Q32+ QL Moo =—Qa1, Ao =51,
Moz = —Qa2, Aio13 = =52, A1 = —Qoa1,
Ai112 = —Sg, A1z = —Q22, A2 = —Qa3,
A2z = =S4, Az = —Q23,

4Bp — Q31 — Q4,
A1s16 = —Qa2 — Q1s,

ANiga = —4B(pt —p7) —
Ais15 = —Qu1 — Q11
A6,16 = —Quz — Q1.

Let G = MK, it is obvious that if A; < 0, then Ay < 0.
Consequently, the error system (26) is globally
asymptotically stable. On the other hand, if Ay < 0, then the
state estimator (5) for the neural network (1) guarantees H,
performance and also guarantees that the error system (6) is
globally asymptotically stable. This completes the proof. B

Remark 2. Compared to [20], the constructed
Lyapunov-Krasovskii functional in Theorem 1 is more
general and desirable, the time-delay and its time variation
can be fully considered, we introduced the following integral
terms:

22)\/ [fi(s) + pis]ds

2h2/ / ae;(s

i(s) + piei(s)]dsdf
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2h? Z / / 5267 ) fi(s) + piei(s)]dsdAdo

h
Remark 3. In this paper, the constraint on derivative of
time-varying delay less than one is removed. In addition, the
time-varying delay is assumed to be bounded and
differentiable, these results become non-differential when
Ry = 0 in Lyapunov-Krasovskii functional (10).

Remark 4. Using Lemma 2, the term — tt ;(t) eT(s)

Re(s)ds is not omitted. Moveover, Lemma 3 is used, more
. . t t—h(t)
information on cross terms ftih(t) e(s)ds, [,_, " e(s)ds,
e(t), e(t — h(t)) and e(t — h) are employed. Through the
numerical examples, the effectiveness of this method was
demonstrated.

When W = 0, the system (1) can be described as follows:
i(t) = —Ca(t) + Big(x(t)) + Bag(z(t — h(t))

+J + Frw(t),
y(t) = Dx(t) + Ex(t — h(t)) + Fhw(t),
z(t) = Hx(t),
x(s) = p(s), Vse[-7,0], 7=mazx{h,d} (28)

then, the error system becomes

é(t) = —(C + KD)e(t) — KEe(t — h(t)) + Bif(t)
+ Baf(t — h(t)) + (F1 — KF2)w(t)
2(t) = He(t). (29)

We consider the Lyapunov-Krasovskii functional for system
(29) as follows:

Z Vi(t) + Vot (30)

5 0 t
Va(t) =h / ] @i san

0 0 gt
2 T N(ls
+h /—h/e t+>\(: (8)Q2((s)dsd\db.

By a similar method to that employed in Theorem 1, it is easy
to have the following results.

Corollary 1. For given scalars h > 0, v > 0, ¢+ > 0 and 7,
the error system (29) is globally asymptotically stable with

an H,, performance index + if there exist symmetric

positive definite matrices P, Ry, R,

Q; = Q*il gﬂ > 0(i = 1,2), diagonal matrices
i3

T = diag{tl,tQ, .. .7tn} >0, L= diag{ll,lg,. . ,ln} > 0,

A = {d A2, ) & = diag{log,ag,. .00} >0,

= diag{p1,P2,...,06n} > 0, N; > 0 (i = 1,2,3), any

matrices G, M and T; (i = 1,2,3,4) such that the following
LMI holds:

[H,0,0,0,0,0,0,0,0,0,0]"

* 2

H
o ] >0, 31

where H = and ) =

(Qr)11x11

with
11 = R+ Ry +20%a(p" — p7) + Bh*(pt — p7)

_ _ 3nt s
+ 2h%ap + h*a + 7,3 + h2Q11 — Qus

h4
+ 7@21 — h?Qas — h*QJ; —2p” Nip*
- MC-CcMT -GD - DTGT,
Do=0Qu3-Ty—GE, 3="1Ty,

Qa=P—p T+p"L+pA+h*Qiz+h*Quz + %Qm

—nCMT —nDTGT,

ht -

Q5 =h*a+ ?5 + Ni(pT +p7) + MBy,
Qe =MBy, g=-Qly+hQas+hQs,
Qo =Ts+ hQ2s + hQJ3, Q10 = —hQ3, — hQa2,
M= MF — GFy,
Qoo =—(1—p)Ri —2Qo3 + Ty + T —2p Nop™,
Qs =Qi3— Ty, Qos=-nE"G",
Qo =No(pt +p7), Qos= Ql, — T4,
Qoo=—-Qly+ T3, Q33=—Ro—Q13—2p Nsp™,

Qa7 =Ns(pt +p7), Qas=T4, Q9=0QL,
h4

Qua=h*Qi3 + 3@23 —nM —nM7”,

Ws=T—L+AN+nMBy, Qu¢=nMDBs,

ht -
Q4711 ZT]MFl —T]GFQ, 9575 :h20~é+?5—2N1,

Q6,6 = —2N3, 77 = —2N3s,

Qs = —2a(p" — p7) = 2ap — Qu1 — Q23 — Q3.
Qs = —2a(p* — p7) — 2ap — Ty — Q23 — Q33,
Q5,10 = Q22 + Q1.

Qoo =—2a(p" —p7) —2ap — Qu1 — Q23 — Q3.

Qg 10 = Q22 + Q3
Q10,10 = —4B(p" —p~) —
Q11,11 = —’Y2I~

4Bp — Q21 — Q3

Furthermore,
K=M"1G.
Remark 5. In this paper, when the term Vj(¢) changed as

—thZ:; /Oh /t; arie;(8)[fi(s) — p; ei(s)]dsdd
2h§ [ [ aseisiiote -

2h§": /_0 /:eamei(s)[fi(g)+piei(5)]d5d9
+2h22/ / 51,@ )fils) —

+2h22 / / Buelprels) -

the gain matrix K can be designed as

fi(s)]dsd6

p; €i(s)]dsdAdf

£i(s)]dsdAdo
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9 n 0 0 t
+2h ;/h/g s Bsiei(s)[fi(s) + piei(s)]dsdAdb,

the constructed Lyapunov-Krasovskii functional in Theorem
1 and in Corollary 1 can more general and desirable. In the
future, we will do some further research on state estimation
problems about this generalized Lyapunov-Krasovskii
functional.

IV. NUMERICAL EXAMPLES AND SIMULATION

In this section, a numerical example and its simulations are
given to show the effectiveness of the result.
Example 1. Consider the error-state system (6) with the
following parameters

14 0 1073
C*{ 0 1.2]’ Bl*[fo.z; 1.2}’

~0.7 0.4 ~0.3 0.2
Bz = { ~0.5 0.15 } W= { —0.3 0.2 }
~0.2
Flz{ 05 ] F,=02, D=[-11 0],
11
E=[04 0] H:[O _1}7

here the activation functions are assumed to be g(x(t))
tanh(z(t)) with p;” = p; = 0and p]” = p3 = 1. We consider
the time-varying delay as h(t) = 0.5 + 0.5cost, which means
h =1 and g = 0.5, the distributed delay is chosen as 0 <
d(t) < d = 0.5. Furthermore, the noise distraction is taken
as w(t) = 0.01e70:9905%5in(0.02t), t > 0. By applying the
MATLAB LMI Tool box to solve the problem, the estimator
gain matrix is obtained as:

K= M- { —12.2869 ]

—6.7245

with the optimal H., index ~,,;, = 1.5969 and n = 0.15. In
addition, we can derive the minimum H., performance
index for different h and p with fixed d = 0.5, which are

summarized in Table 1. Figs. 1 and 2 show that the
trajectories of true state xy(f) and xo(t) and their
estimations #1(¢) and &2(¢) with initial conditions

[30, —25]T and [—17,5]7, respectively. The response of the
error e1(t) and es(t) are given in Fig. 3.

TABLE I
MINIMUM Hs, PERFORMANCE INDEX v WITH DIFFERENT (H, 1) AND
FIXED d = 0.5
Method (1, 0.3) 0.9, 0.3) 0.8, 0.5) 0.8, 1.2)
n=0.15 14517 1.3320 1.3212 1.6923
n=0.20 1.1348 2.2576 0.9565 1.1240

V. CONCLUSION

In this paper, the problem of H., state estimation for
neural networks with discrete and distributed delays has been
investigated, The presented sufficient conditions are based on
the appropriated Lyapunove-Krasovskii functional with triple
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Fig. 3. The state responses of the error system with different initial conditions
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integrals, appropriate free-weighting matrices, zero equalities
and reciprocally convex approach. Moreover, the time-delay
and its time variation can be fully considered. New
delay-dependent stability criteria are established in terms of
LMIs. A numerical example and its simulations are given to
demonstrate the usefulness and effectiveness of the proposed
results.
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