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 
Abstract—By using the two existing operators, we have defined 

an operator, which is an extension for them. In this paper, first the 
operator is introduced. Then, using this operator, the subclasses of 
multivalent functions are defined. These subclasses of multivalent 
functions are utilized in order to obtain coefficient inequalities, 
extreme points, and integral means inequalities for functions 
belonging to these classes. 
 

Keywords—Coefficient inequalities, extreme points, integral 
means, multivalent functions, Al-Oboudi operator, and Sãlãgean 
operator. 

I. INTRODUCTION 

E have defined the operator ࢖ࡰሺࣅ, ,ࢗ  ሻ, which is an࢔
extension of operators of Al-Oboudi Operator [1] and 

Sãlãgean Operator [9]. Also we define two subclasses 

௣ࣨ
ఒሺ݉, ݊, ,ߙ ,ߚ ܾ, ,ሻ and ෩ࣨ௣ఒሺ݉ݍ ݊, ,ߙ ,ߚ ܾ,  ሻ using the aboveݍ

mentioned operator. These operator’s subclasses mentioned 
are extension of ௣ࣨ

ఒሺ݉, ݊, ,ߙ ,ሻ and ෩ࣨ௣ఒሺ݉ߚ ݊, ,ߙ  ሻ, whichߚ
are introduced by Eker and Seker [5]. 

Let ࣛ௣ be the class of functions ݂ of the form 
 

݂ሺݖሻ ൌ ௣ݖ ൅ ∑ ௝ܽ
ஶ
௝ୀ௣ାଵ ,௝ݖ 	 ሺ ݌ ∈ Գ ൌ ሼ1,2,3, . . . . ሽሻ  (1) 

 
which are analytic and ݌ -valent in the open unit disc  ࣯ ൌ ሼݖ ∈
ԧ : |ݖ|  ൏ 	1ሽ.  
Definition 1. Let ߣ, ݍ   ∈ Թ, ߣ   ൒ 0, ݍ   ൒ 0, ,݌     ݊ ∈ Գ  and 

 
  ݂ሺݖሻ ൌ ௣ݖ ൅ ∑ ௝ܽ

ஶ
௝ୀ௣ାଵ     .௞ݖ

 
Then, we define the operator as: ܦ௣ሺߣ, ,ݍ ݊ሻ:ࣛ௣ ⟶ ࣛ௣  by 

 

,ߣ௣ሺܦ ,ݍ ݊ሻ݂ሺݖሻ ൌ ௣ݖ ൅ ∑ ቂ1 ൅
ሺ௝ି௣ሻఒ

௣ା௤
ቃ
௡

ஶ
௝ୀ௣ାଵ ௝ܽݖ௝, 	 ሺݖ ∈ ࣯ሻ. (2) 

 
Definition 2. The function ݂ ∈ ࣛ௣ is to be in the class 

௣ࣨ
ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  ሻ ifݍ
 

Ը൜1 ൅ ଵ

௕
൤
஽೛ሺఒ,௤,௠ሻ௙ሺ௭ሻ

஽೛ሺఒ,௤,௡ሻ௙ሺ௭ሻ
െ 1൨ൠ ൐ ߚ ฬଵ

௕
൤
஽೛ሺఒ,௤,௠ሻ௙ሺ௭ሻ

஽೛ሺఒ,௤,௡ሻ௙ሺ௭ሻ
െ 1൨ฬ ൅  (3) ߙ

 
for some 0 ൑ ߙ ൏ 1, ߚ   ൒ 0, ߣ   ൒ 0, ݍ   ൒ 0,   ݉ ∈ Գ,   ݊ ∈
Գ଴,   ܾ ∈ ԧ ∖ ሼ0ሽ and ݖ ∈ ࣯. 

Let ୮࣮ be the subclass of ࣛ୮ consisting of  
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fሺzሻ ൌ z୮ െ ∑ a୨
ஶ
୨ୀ୮ାଵ z୨, 	 ሺa୨ ൒ 0,    p ∈ Գሻ,    (4) 

 
which are p - valent in ࣯. Let Ω be the class of function ω 
analytic in ࣯ such that ωሺ0ሻ ൌ 0,  |ωሺzሻ| ൏ 1. 

For any two functions f and g in ୮࣮, f is said to be 
subordinate to g denoted f ≺ g if there exists an analytic 
function ω ∈ Ω such that fሺzሻ ൌ gሺωሺzሻሻ [2]. Further, if 
fሺzሻ ൌ z୮ െ ∑ a୨

ஶ
୨ୀ୮ାଵ z୨,   then we have : 

 

D୮ሺλ, q, nሻfሺzሻ ൌ z୮ െ ∑ ቂ1 ൅
ሺ୨ି୮ሻ஛

୮ା୯
ቃ
୬

ஶ
୨ୀ୮ାଵ a୨z୨, 	 ሺz ∈ ࣯ሻ. (5) 

 
For any function  f  ∈ ୮࣮  and  δ ൒ 0,  the  ሺδሻ  - 

neighborhood of  f is defined s : 
 

ஔࣨሺfሻ ൌ ൛gሺzሻ ൌ z୮ െ ∑ b୨
ஶ
୨ୀ୮ାଵ z୨ ∈ ୮࣮:     ∑ jஶ

୨ୀ୮ାଵ |a୨ െ b୨| ൑ δൟ.(6) 
 
In particular, for the function  eሺzሻ ൌ z୮,  we see that : 
 

ஔࣨሺeሻ ൌ ൛gሺzሻ ൌ z୮ െ ∑ b୨
ஶ
୨ୀ୮ାଵ z୨ ∈ ୮࣮:     ∑ jஶ

୨ୀ୮ାଵ |b୨| ൑ δൟ. (7) 
 
The concept of neighborhoods was first introduced by 

Goodman [6] and then generalized by Ruscheweyh [8]. 
Definition 3. A function f ∈ ୮࣮ is said to be in the class 
  ሺ࣮β, n,m, p, q, A, B, λሻ if 

 
ୈ౦ሺ஛,୯,୫ା୬ሻ୤ሺ୸ሻ

ୈ౦ሺ஛,୯,୬ሻ୤ሺ୸ሻ
≺ ଵାஓ୸

ଵା୆୸
, 	 z ∈ ࣯,       (8) 

 
where, γ ൌ ሺ1 െ βሻA ൅ βB,  0 ൑ β ൏ 1,    q,  n ∈ Գ଴,   m ∈ Գ,   λ ൒ 1 
and  െ1 ൑ B ൏ A ൑ 1. 

II. COEFFICIENT INEQUALITIES FOR THE CLASS 

௣ࣨ
ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  ሻݍ

Theorem 1. If ݂ ∈ ࣛ௣ satisfies, then 
 

∑ ߰௣
ஶ
௝ୀ௣ାଵ ሺߣ,݉, ݊, ݆, ,ߙ ,ߚ ܾ, ሻหݍ ௝ܽห ൑ 2|ܾ|ሺ1 െ  ሻ   (9)ߙ

 
where, 

߰௣ሺߣ,݉, ݊, ݆, ,ߙ ,ߚ ܾ, ሻݍ ൌ 	 ቚሺ1 ൅ ሻߙܾ ቂ1 ൅ ሺ݆െ݌ሻߣ

ݍ൅݌
ቃ
݊

െ ቂ1 ൅
ሺ݆െ݌ሻߣ

ݍ൅݌
ቃ
݉

ቚ 	൅ ቀሾܾሺ2 െ ሻߙ െ 1ሿ ቂ1 ൅ ሺ݆െ݌ሻߣ

ݍ൅݌
ቃ
݊

൅ ቂ1 ൅ ሺ݆െ݌ሻߣ

ݍ൅݌
ቃ
݉

ቁ 	൅

ߚ2 ቚቂ1 ൅ ሺ݆െ݌ሻߣ

ݍ൅݌
ቃ
݉

െ ቂ1 ൅ ሺ݆െ݌ሻߣ

ݍ൅݌
ቃ
݊

ቚ 	 0.ja   

III. RELATION FOR ෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  ሻݍ

By Theorem 1 we introduce the class ෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  ሻݍ
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as the subclass of ௣ࣨ
ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  ݂ ሻ consisting ofݍ

satisfying 
 

∑ ߰௣
ஶ
௝ୀ௣ାଵ ሺߣ,݉, ݊, ݆, ,ߙ ,ߚ ܾ, ሻหݍ ௝ܽห ൑ 2|ܾ|ሺ1 െ  ሻ     (10)ߙ

 
where, 

߰௣ሺߣ,݉, ݊, ݆, ,ߙ ,ߚ ܾ, ሻݍ ൌ 

ቚሺ1 ൅ ሻߙܾ ቂ1 ൅
ሺ௝ି௣ሻఒ

௣ା௤
ቃ
௡
െ ቂ1 ൅

ሺ௝ି௣ሻఒ

௣ା௤
ቃ
௠
ቚ

൅ ቀሾܾሺ2 െ ሻߙ െ 1ሿ ቂ1 ൅
ሺ௝ି௣ሻఒ

௣ା௤
ቃ
௡
൅ ቂ1 ൅

ሺ௝ି௣ሻఒ

௣ା௤
ቃ
௠
ቁ

	 ൅2ߚ ቚቂ1 ൅
ሺ௝ି௣ሻఒ

௣ା௤
ቃ
௠
െ ቂ1 ൅

ሺ௝ି௣ሻఒ

௣ା௤
ቃ
௡
ቚ

  

 
for some ߙ ሺ0 ൑ ߙ ൏ 1ሻ, ߚ  ൒ 0,  ݉ ∈ Գ,   ݊ ∈ Գ଴  and 
ܾ ∈ ԧ ∖ ሼ0ሽ. 
Theorem 2. If ݂ ∈ ࣛ௣, then ෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ଶߚ ܾ, ሻݍ ⊂
෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ଵߚ ܾ,  ଶ, such thatߚ ଵ andߚ ሻ for someݍ

 
0 ൑ ଵߚ ൑  .ଶߚ

 
Proof. For  0 ൑ ଵߚ ൑  ଶ, we haveߚ

 

∑ ߰௣
ஶ
௝ୀ௣ାଵ ሺߣ,݉, ݊, ݆, ,ߙ ,ଵߚ ܾ, ሻหݍ ௝ܽห ൑
∑ ߰௣
ஶ
௝ୀ௣ାଵ ሺߣ,݉, ݊, ݆, ,ߙ ,ଶߚ ܾ, ሻหݍ ௝ܽห.  

 

Therefore, if ݂ ∈ ෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ଶߚ ܾ,  ሻ, thenݍ

݂ ∈ ෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ଵߚ ܾ,  .ሻݍ

IV. EXTREME POINTS 

The determination of extreme points of a family ࣠ of 
univalent functions enables us to solve many external 
problems for ࣠. 
Theorem 3. Let   ௣݂ሺݖሻ ൌ  ௣  andݖ
 

௝݂ሺݖሻ ൌ ௣ݖ ൅
ଶ|௕|ሺଵିఈሻఌೕ

ట೛ሺఒ,௠,௡,௝,ఈ,ఉ,௕,௤ሻ
,௝ݖ  	 ሺ݆ ൌ ݌ ൅ 1, ݌ ൅ 2, . . . . ;   หߝ௝ห ൌ 1ሻ.  

 

Then, ݂ ∈ ෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  ሻ if and only if it can beݍ
expressed in the form 

 
݂ሺݖሻ ൌ ௣ߣ ௣݂ሺݖሻ ൅ ∑ ௝ߣ

ஶ
௝ୀ௣ାଵ ௝݂ሺݖሻ,  

 
where,  ߣ௝ ൐ 0 and ߣ௣ ൌ 1 െ ∑ ௝ߣ

ஶ
௝ୀ௣ାଵ . 

Proof. Suppose that 
 

݂ሺݖሻ ൌ ௣ߣ ௣݂ሺݖሻ ൅ ∑ ௝ߣ
ஶ
௝ୀ௣ାଵ ௝݂ሺݖሻ ൌ ௣ݖ ൅ ∑ ௝ߣ

ஶ
௝ୀ௣ାଵ  

ଶ|௕|ሺଵିఈሻఌೕ
ట೛ሺఒ,௠,௡,௝,ఈ,ఉ,௕,௤ሻ

  .௝ݖ 

 
Then, 

∑ ߰௣
ஶ
௝ୀ௣ାଵ ሺߣ,݉, ݊, ݆, ,ߙ ,ߚ ܾ, ሻݍ ฬ

ଶ|௕|ሺଵିఈሻఌೕ
ట೛ሺఒ,௠,௡,௝,ఈ,ఉ,௕,௤ሻ

  ௝ฬߣ 

 

ൌ ∑ 2ஶ
௝ୀ௣ାଵ |ܾ|ሺ1 െ ௝ߣሻߙ

ൌ 2|ܾ|ሺ1 െ ∑ሻߙ ௝ߣ
ஶ
௝ୀ௣ାଵ

ൌ 2|ܾ|ሺ1 െ ሻሺ1ߙ െ ௣ሻߣ

൑ 2|ܾ|ሺ1 െ .ሻߙ

  

 

Thus, ݂ ∈ ෩ࣨ௣ሺ݉, ݊, ,ߙ ,ߚ ܾሻ. Conversely, let 
݂ ∈ ෩ࣨ௣ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  ሻ. Sinceݍ

 

ห ௝ܽห ൑
ଶ|௕|ሺଵିఈሻ

ట೛ሺఒ,௠,௡,௝,ఈ,ఉ,௕,௤ሻ
, 	 ሺ݆ ൌ ݌ ൅ 1, ݌ ൅ 2, . . . . ሻ  

 
we put 

௝ߣ ൌ
ట೛ሺఒ,௠,௡,௝,ఈ,ఉ,௕,௤ሻ

ଶ|௕|ሺଵିఈሻఌೕ
௝ܽ, 	 ൫หߝ௝ห ൌ 1൯  

 
and 

௣ߣ ൌ 1 െ ∑ ௝ߣ
ஶ
௝ୀ௣ାଵ .  

 
Then, 

݂ሺݖሻ ൌ ௣ߣ ௣݂ሺݖሻ ൅ ∑ ௝ߣ
ஶ
௝ୀ௣ାଵ ௝݂ሺݖሻ.  

 

Corollary 1. The extreme points of ෩ࣨ୮஛ሺm, n, α, β, b, qሻ are the 
functions f୮ሺzሻ ൌ z୮ and 

 

f୨ሺzሻ ൌ z୮ ൅
ଶ|ୠ|ሺଵି஑ሻகౠ

ந౦ሺ஛,୫,୬,୨,஑,ஒ,ୠ,୯ሻ
 z୨, 	 ሺj ൌ p ൅ 1, p ൅ 2, . . . . ;   หε୨ห ൌ 1ሻ.  

V. DISTORTION AND COVERING THEOREMS 

Theorem 4. If ),,,,,,,(  BAqpmnf T , then 
 

1),<|=<|(0.3

)(1)
1

)(1(1)
1

(1

)(

)(1)
1

)(1(1)
1

(1

1

1

rzcmr

qp
B

qp

B
r

zfr

qp
B

qp

B
r

p

mn

p

p

mn

p





















































 
with equality for 

 

)=(.3

)(1)
1

)(1(1)
1

(1

=)( 1 rzcmr

qp
B

qp

B
zzf p

mn

p 


















 





(11) 
 

Proof. In Theorem 1, we have 
 

k
pk

mn a
qp

B
qp

cm 

















1=

)(1)
1

)(1(1)
1

(13.5 
 

 

.)(1
)(

1)(1
)(

1
1=

Ba
qp

pk
B

qp

pk
k

mn

pk




































 






 
 
Hence 
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k
pk

ppk
k

pk

p arrrarzfcm 










1=

1

1=

|)(|3.7
 

 

p

mn

p r

qp
B

qp

B
rcm 


















 1

)(1)
1

)(1(1)
1

(1

1





 
 
and 

k
pk

ppk
k

pk

p arrrarzfcm 










1=

1

1=

|)(|3.7
 

 

.

)(1)
1

)(1(1)
1

(1

1 1 p

mn

p r

qp
B

qp

B
rcm 
























 
This completes the proof. 
Theorem 5. Any function ),,,,,,,(  BAqpmnf T  maps 

the disk 1|<| z  on to a domain that contains the disk 
 

.

)(1))(1(1)(1

1|<|
























mn

qp

j
B

qp

j

B
w  

 

Proof. The proof follows upon letting 1r  in Theorem 4. 
 

Theorem 6. If ),,,,,,,(  BAqpmnf T , then 
 

1),<|=<|(0.3

)(1)
1

)(1(1)
1

(1

1

)(

)(1)
1

)(1(1)
1

(1

)(
1

1

1

1

rzcmr
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B
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mn
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



















































 
with the equality for 
 

)=(.3

)(1)
1

)(1(1)
1

(1

=)( 1

1

rzcmz

qp
B

qp

B
zzf p

mn

p 


















 

 


(12) 

 
Proof. We have 
 

.1||1|)(|
1=

1

1=
k

pk

k
k

pk

akrzakzf 










 

 
In Theorem 5, we have 
 



























)(1)
1

)(1(1)
1

(1 11= 


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B
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Thus 

.

)(1)
1

)(1(1)
1

(1

1|)(|
1

r
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qp

B
zf

mn


















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 



 
 
On the other hand, 

 

.

)(1)
1

)(1(1)
1

(1

1

1||1|)(|

1

1=1=

r

qp
B

p

B

akrzakzf

mn

k
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pk
k

pk



































 
 

This completes the proof. 

VI. NEW SUBCLASSES OF RADII OF STARLIKENESS AND 

CONVEXITY 

We calculate the radius of starlikeness of order   and the 

radius of convexity of order   for functions 
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VII. NEIGHBORHOODS FOR THE CLASS 

),,,,,,,(  BAqpmnT  

Theorem 9 A function pf T  belongs to the class 
),,,,,,,(  BAqpmnT  if and only if  
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 Hence,  
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Taking ,|=| rz  for sufficiently small r  with 1<<0 r , the 
denominator of (19) is positive and so it is positive for all r  

with 1,<<0 r  since )(z  is analytic for 1.|<| z  Then, the 
inequality (19) yields  
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Equivalently,  
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and (16) follows upon letting 1.r  Conversely, for 
1,<<0,|=| rrz  we have .< pj rr  That is, 
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From (16) we have  
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This proves that  
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and hence ).,,,,,,,(  BAqpmnf T   
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Solving (22) we get the result.  

VIII. CONCLUSION 

The following are the special cases of the class 

௣ࣨ
ఒሺ݉, ݊, ,ߙ ,ߚ ܾ,  : ሻݍ

1. ௣ࣨ
ଵሺ݉, ݊, ,ߙ ,ߚ 1,0ሻ ≡ ௣ࣨሺ݉, ݊, ,ߙ  ሻ, the class introduced byߚ

Eker and Seker [5]. 
2. ଵࣨ

ଵሺ݉, ݊, ,ߙ ,ߚ 1,0ሻ ≡ ௠ࣨ,௡ሺߙ,  ሻ, the class studied byߚ
Eker and Owa [3]. 

3. ଵࣨ
ଵሺ1,0, ,ߙ ,ߚ 1,0ሻ ≡ ࣭ࣞሺߙ, ሻ and ଵࣨߚ

ଵሺ2,1, ,ߙ ,ߚ 1,0ሻ ≡
ࣥࣞሺߙ,   .ሻ, the classes studied by Shams et al.[10]ߚ

4. ଵࣨ
ଵሺ1,0, ,ߙ 0,1,0ሻ ≡ ࣭⋆ሺߙሻ and ଵࣨ

ଵሺ2,1, ,ߙ 0,1,0ሻ ≡
ࣥሺߙሻ, the classes suggested by Robertson [7]. 

5. ଵࣨ
ଵሺ݉, ݊, ,ߙ 0,1,0ሻ ≡ ࣥ௠,௡ሺߙሻ, the class studied by Eker 
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and Owa [4]. 
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