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Geometric Properties and Neighborhood for Certain
Subclasses of Multivalent Functions
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Abstract—By using the two existing operators, we have defined
an operator, which is an extension for them. In this paper, first the
operator is introduced. Then, using this operator, the subclasses of
multivalent functions are defined. These subclasses of multivalent
functions are utilized in order to obtain coefficient inequalities,
extreme points, and integral means inequalities for functions
belonging to these classes.
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1. INTRODUCTION

E have defined the operator D,(4,q,n), which is an
extension of operators of Al-Oboudi Operator [1] and
Salagean Operator [9]. Also we define two subclasses
NA(m,n, a,B,b,q) and N,'(m,n,a,B,b,q) using the above
mentioned operator. These operator’s subclasses mentioned
are extension of ]\fp’l(m, n,a,f) and ]V‘p’l(m, n,a,f3), which
are introduced by Eker and Seker [5].
Let A, be the class of functions f of the form

f@=2P+3¥2,1a;2, (peN={123,...} (1)

which are analytic and p -valent in the open unit disc U = {z €
C: |z| < 1}.
Definition 1. Let 4, g€ R, 1 >0, ¢g=0, p, n€ N and

f(2) =z° + X710 2"

Then, we define the operator as: D, (4, g, n): A, — A, by

DA amf (@) =2 + Epn [1+ C2 a2, (zew. ()

Definition 2. The function f € A, is to be in the class
Nt (m,n,a,B,b,q) if

1 [Dp(Aqm)f(z)
1)
ER{ + b [Dp(/l.q,n)f(Z) > B

1[ppRamif(@) _ ”
b [Dp(/l.q.n)f(z) Hj+a®
for some 0<a<1 =20, 120, q=0 meN, ne
Ny, b € C\ {0} and z € U.

Let T, be the subclass of A}, consisting of
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f(z) =2°P =32 a7, (320, peN), 4)
which are p - valent in U. Let Q be the class of function w
analytic in U such that w(0) = 0, |w(z)| < 1.

For any two functions f and g in T, f is said to be
subordinate to g denoted f < g if there exists an analytic
function w € Q such that f(z) = g(w(z)) [2]. Further, if
f(z) = zP — X2 4187, then we have :

Dp(h,a M) = 2P = B2, [1+ LB a7, (zeW). (5)

For any function f €7,
neighborhood of fis defined s :

and 6=0, the (8) -

Ns(D) = {g(2) = 2P = T2, by7 € T T2, 1a; — byl < 8J(6)
In particular, for the function e(z) = zP, we see that :
Ny(e) = {g(2) = 2P = EiZp11bj2 €Tyt BiZp4171by] < 8}.(7)

The concept of neighborhoods was first introduced by
Goodman [6] and then generalized by Ruscheweyh [8].
Definition 3. A function f € T, is said to be in the class

J(8,n,m,p,q,A,B,}) if

Dp(A,q,m+n)f(z) 1+yz
Dp(Aqn)f(z) 1+Bz’

Z€U, ®)

where, y=(1—-B)A+PB,0<P<1 gneNy, meN, A=>1
and -1<B<A<1L

I1. COEFFICIENT INEQUALITIES FOR THE CLASS
2
Ngt(m,n, a,B,b,q)

Theorem 1. If f € A, satisfies, then

E:?lzr+1lpp (271n77llj161'lglbl(1)|CH1 < 2|17|(1 - CK) (9)

where,
Y,(4,m,n,j,a,B,b,q) = |(1 + ba) [1 +w]" - [1 *

p+a
ﬂ] |+([b(2—a)—1][1+w] +[1+w] ) +
rtq ptq

ptq
i)™ -1
2ﬁ|[1+op)] _[1+op)]
ptq ptq

|aj|20.

L. RELATION FOR N (m,n, a, B, b, q)

By Theorem 1 we introduce the class ]V}(m, n,a,f,b,q)
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as the subclass of Np’l(m,n,a,ﬁ,b,q) consisting of f
satisfying

Loy Amnj,aB,b,)|a] < 2|b|(1-a) (10)

where,
Il)p(/l'm'nﬁj' a,[)’, b, q) =
|+ by 1+ %]n —[1+ %m
+(be-o-1[1+L< W] +[1+ (pr(;’l] )
s2p e G- [+ 2|
for some a(0<a<1),pf=0meN neN;, and
b eC\{0}.

Theorem 2. If f €A, then ]\E,’l(m, n,a, By, b,q) C
]\71!,’1 (m,n,a, By, b, q) for some f; and f,, such that

0<p <P

Proof. For 0 < 3, < f3,, we have

Zﬁp+1 ¢p (/L m, n,j: a'ﬁl‘b' q)lajl <
Z?‘;p_'_ll/)p (/L m,n;jr a, ﬁZ' b' Q)laj|

Therefore, if
f € Mjm,n,a,B1,b,9).

fe ]\7171(7"' n,a, B2, b, q), then

IV. EXTREME POINTS

The determination of extreme points of a family F of
univalent functions enables us to solve many external
problems for F.

Theorem 3. Let f,(z) = zP and

2A-as G=p+Lp+2..;

A =P 4 ) | =
f}(Z) z +1pp(l,m,n,j,a,ﬁ,b,q) ’ |gJ| 1)'

Then, f € N'(m,n,a,B,b,q) if and only if it can be
expressed in the form

f(@) = 4pfp(2) + Xipi1 4 £ (2),
where, 4; >0and 4, = 1=, 4.
Proof. Suppose that

2|b|(1-a)e; :
f@) =2/ (2) + Eipi1 4 f1(2) = 2P + Xilpia 4 m 2.

Then,

o . 2|b|(1-a)e;
@ pa1tpy (m,n,j,, B,b,q) !

Yp(Amnjapbq) I

=2ilp+121b|(1 — @)%
=26l - ) Xpi1 dy

=2|b|(1 - a)(1 - 24,)
< 2|b|(1 - ).

Thus, fe ]\~fp(m, n,a,f,b). Conversely, let

f € NA(mn a,B,b,q). Since

|a-| < 2[b|(1-a)

i S G Gmn o’ G=p+1p+2...)

we put '
3=t e (lsl=1)
and
Ap =1=X5pi .
Then,

f(2) = Lpfp(2) + Xiipi1 4 £ (2).

Corollary 1. The extreme points of N*(m, n, o, B, b, q) are the
functions f;,(z) = zP and

2|b|(1-)s;

X =gPp 4 7
() =20 + g s

2 G=p+Lp+2...; |€j| =1).

V.DISTORTION AND COVERING THEOREMS
Theorem 4. If f e T(B,n,m, p,q, A, B, 1), then

rro— r-8 r <|f(2))<
1+ 1 ﬂ)"{(lfB)(l+ 1 /1)'"7(17}/)}
p+q p+q
reos r-B r'? 3em(0<|z|=r<1),

1+ !
p+q

ﬂv{a—sx1+ Ly —-y)
p+q

with equality for
y—B

/1)”{( B)(1+
q p+

f(z)=2z"- r'*? 3cm(z = +r)

(1s— 2" —(1-7)
p+

(11)

Proof. In Theorem 1, we have

1
-3.5cm(1+—A4)"{(1-B)(1 D" =(1- a
(+p+q){( )(+p )" —( 7)}Zk

k=1+p

<y {1+M} {(1_5){“("“’”} —(1—7)}% <7-B
Gl P pra

Hence
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-3.7em| f(2)[<rP+ D ar <rP+r*? Y a,

k=1+p k=1+p

y—B
1 1
I+—— )" (1-B)(1+——A)" —(1-
(+p+q){( )(+p+q) ( 7)}

lem<r®+ rP

and
=37em f()rP- D art=rt - 3 a,
k=l+p k=1+p
Iem>rP — y—B
(I+ 1 /1)"{(1—8)(1+ ! l)m—(l—y)}
p+q p+q

This completes the proof.
Theorem 5. Any function f € T(£,n,m,p,q, A, B, 1) maps

the disk | ZI<1 on to a domain that contains the disk

-B
lwi<1- r

(1+J./1)”{(1—B)(1+jﬂu)m —(1—7)}
p+q p+q

Proof. The proof follows upon letting I —> 1 in Theorem 4.

Theorem 6. If fe T(IB’ n,m, pa q7 A7 Baﬂ’) ) then

| (7-B)

! ﬂ)""{(l—B)(H— !
p+q p+q

f'(z)| <

r<
I+ ﬂ)"'—(l—}’)}

7—B
1
A A=-B)(1+—— )" —(1-
q ) {( )(+p+q) ( 7)}

1 +

1
p+

(1+

with the equality for

b ikaks

r]+

r'3em0</z|=r<1),

(12)
r=8 2P 3em(z = 4r)

f(z)=2"-
i)”"{(l—B)(H

1
p+q

1
p+q

1+

" *(1*7)}

Proof. We have

| f'(2) <1+ D ka|z['<1+r ) Ka,.
k=1+p k=1+p
In Theorem 5, we have

y—B

" k=l+p (1+1ﬂ)nl{(l—B)(l-i-lﬂ)m_(l_}/)}
p+q P+a
Thus
’ }/_B
@)1+ "
(1+/1)”’{(1B)(1+1/1)m(17)}
p+q P+a
On the other hand,
@) 21- 3 kalz[P21-1 3 ka,
k=1+p k=1+p
y—B

>1-

r.
1 1

1+ )" (1-B)(1+—— )" —(1-

(+p){( )(+p+q) ( 7)}

This completes the proof.

VI. NEW SUBCLASSES OF RADII OF STARLIKENESS AND
CONVEXITY

We calculate the radius of starlikeness of order £ and the
radius of convexity of order £  for

T(B.n,m,p,q.A,B, 1)
Theorem 7. Let f € T(S,n,m, p,q,A, B, 1), then we have
p,(0<p<p) i

functions

starlike ~ of  order
|z|<r(B.,n,m,p,q,A B, 4 0) where

f as

1

{1+(k7 p)’q —.lcm{(l—B){HW} —.18cm——.18cm(1—7)}(p—p) o

r(g,n,m,p,q,A,B, 1, p) =inf

f'(2)
o P

Proof. We show that <p-p<p<p) for

|Z |< rl(ﬁanama paquaBalap).
We have

—.lcm
(k-p)r-B)

S (k- pa, |z

< k=1+p

- a2/

k=1+p

@
f(@)
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Thus orif
( ) -p=p-p k-p2T k-pa]" k—lip
f(z) [Hﬁ] ﬁlcm{U—B){Hﬁ} 7.180m—<18cm(1—y)}(p7p)
= k—p)7—B) ~em
if
- (k=pafz " | (kzl+p), (14)
S (e (13)

Theorem 8. Let f € T(8,n,m,p,q,A,B, 1), we proof that
Then by Theorem 1, will be true if f is convex of  order p,(0<p<p) in

| z |< rz(ﬂan3m’ p’qus Balsp) where
{H(k_p)’q (1—B){1+(k_p)/q —(1-7)
k-plz}* L P+a p+q

(p—p) (r-B)

.

{HM} —.lcm{(l—B){HW} —.18cm——.18cm(1—y)}(p—p) k=p

p+q
—.lcm

r(4.n,m.p,a,A B, p) =inf Kk -B)

(k=1+p)

Proof. We show that || + 7——~"2_ p| < p-p(0<p<p) for

f"(2)
f'(2)

VII. NEIGHBORHOODS FOR THE CLASS

|z[<5,(8.n,m. p,q. A B.2.9) we have T(8,n,m, p,q,A B, 1)

ik(k Ja |Z|k_p Theorem 9 A function €Ty belongs to the class
f"(2) ey )3, T(B,n,m,p,q,A,B, 1) if and only if
1+2z 2) -p| < =
1= 2 ka2l o[ GepaT] ol G-p2
k=ep Z[H} (1—5){ } —-(1-y)ta;<y-B
j=p+ p+q p+q
Thus (16)
fN(z)
I+z——=-p|<p-p
f'(2) where,
y=01-pA+B,0<<1,9,neN,,meN,A>1
if
k(k—p)a,|z]P and
<1. (15) _
& (P 1<B <Azl
Then by Theorem 1, will be true if Proof. Let feT(B,n,m, p,q,AB,1). Then,
D (A,q,m+n)f(z
s m} a-gj1- 02 p)} -y (AGMEDN D 1o ey,
k(kfp)‘z|k’p p+q p+ D,(4,9,n) f(2) 1+ Bz 17
(P-p) : (y-B)
" Therefore, there exists an analytic function @ guch that
ori
1
; m P D (A,q,mf(z)-D.(1,q,m+n)f(z
[H(k’—"”} —Jcm{(l—s{u‘k‘—p”} —.IScm——_lxcm(I*y)}(D*ﬁ) kP w(2)= p (1,8-WT(2)~ D, (2.9 )t(@)
el e g BD,(Z.0.m+n)f(2)-D,(1anf(2)  (18)
k(k - p)(» - B)

Hence,
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D,(4,0,mf(2)-D,(4,6.m+n)f(2) ‘
BD,(4.0.m+n)f (2)-1D, (48N f (2)|

[ G-pAl [, G-pa] j
1+ 1+ —1ta.
J;{ P+q H{ p+q } }ajz .

(}/ B)Z +Z|:1+(J p)l:|{ |:1+(Jp)/1:| _}/}ajzj

j=p+ p+q p+q

o G-pal ), G-pal L
1+ 1+ —1ta.
,;{ p+q H[ p+q } }a’z
o P /1 n P /1 m )
(y-B)z"+ Z[H(J P }{ 1+(Jp+p3 } —7’}3;2’

j=pHl p+q
Taking |Z[= T, for sufficiently small ' with 0<r <1, the
denominator of (19) is positive and so it is positive for all I
with 0 <r <1, since @(2) is analytic for | ZI<1. Then, the
inequality (19) yields

2 [l+(j_p)/1 {{H(J‘_p)ﬂ —1}a.rj
=l pg p+q ‘

—y i{n(j — p)/q ar'.

j=pH| p+q

0

Thus,

(19)

<(y-By"+B i{n“pjgﬂ ar’

j=pH|

Equivalently,

i{H(j—p)ﬂ} {(1_5{ K= p)ﬂ} . )}arj <5y
il p+q p+q

Conversely, for

and (16) follows upon letting I —1.
|Z[=r,0<r <1, wehave r' <r’. Thatis,

=P L=l
Zpﬂ{ " H(l B){ ot q} —(1- 7)}ar‘

<3 14*0_@/1]{(1—8)[1 (- p)T (- y)}qrp<(y B,
j=p+ p+q

From (16) we have

(,-_p)q {H(j—p)ﬂ} —l}ajzj
p+q p+q

ZTp+l|:1 +

<1.

2 <j—p)z}” { <j—p)z}”" j
< E 1+ 1+ —1a.r
jpi p+q { p+q !

<(y-Byr°+ i{ 1+(j—p)/1} _y}[n(j—p)/l} ar’

j=p+l p+q

<(;/—B)zp+i H(J—p)l} —y 1+(J—p)/1} az|
j=pl p+q p+q

This proves that

D,(4,q,m+nf(2) 1+
< >
D,(4,9,n f(2) 1+ Bz

and hence f € T(ﬂ’ n, m’ p’ qa A: Baﬂ’)
Theorem 10. If

5o (7-B)
4)”1{(1—5)(1+ !
q p+q

5

A" —(1—7)} (20)

(1+ !
p+

then T(ﬁa n,m, pa q: A, Bs/?“) c Nl)‘(e)'
Proof. It follows from (16) that if
fe T(ﬂa n,m, p’ qa Aa Baﬂ') N then

(I o1 /1)'”{(1 B)(Hfﬂ) (1—7)}2135(7 B).(2D)

j=p+

which implies,

ija]’ = = 1 -
e (1+z)"-1[(1—8)(1+ﬂ)”’—(l—ﬂ} @2)
p+q p+q

Solving (22) we get the result.

VIII. CONCLUSION

The following are the special cases of the class

]\fpz(m, na,fB,b,q):

1. Nj(m,na,pB,1,0) = N,(mn,a,pB), the class introduced by
Eker and Seker [5].

2. Ni(m,n,a B,1,0)=
Eker and Owa [3].

3. M(1,0,a,8,1,0) = §D(a,f) and N1(2,1,,8,1,0) =
KD(e, B), the classes studied by Shams et al.[10].

4. M41,0,4,01,0)=8*(e) and M'(2,1,4,0,1,0) =

¥ (a), the classes suggested by Robertson [7].

Nt (m,n,@,0,1,0) = K, (@), the class studied by Eker

Npn(a, B), the class studied by

b
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