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Generalized module homomorphisms of triangular
matrix rings of order three

Jianmin Xing

Abstract—Let T,U and V be rings with identity and
M be a unitary (T,U)-bimodule, N be a unitary (U, V )-
bimodule, D be a unitary (T, V )-bimodule . We characterize
homomorphisms and isomorphisms of the generalized matrix ring

Γ =

(
T M D
0 U N
0 0 V

)
.

Keywords—generalized module homomorphism, ring homomor-
phism, isomorphisms, triangular matrix rings.

I. INTRODUCTION

THROUGHOUT the paper all rings are assumed to have
identity and all modules are unitary. The additive map

δ : R −→ R is called a derivation, if for each a, b ∈
R, δ(ab) = aδ(b)+δ(a)b . For an element x ∈ R, the mapping
Ix, given by Ix(a) = ax − xa, for each a ∈ R, is called an
inner derivation of R. Derivations of the algebra of triangular
matrices and some class of their subalgebras have been the
object of active research for a long time [1, 2, 3, 4,5]. Coelho
and Milies provided in [2] a description of the derivations
in Tn(R), the upper triangular matrices over R. They proved
that every derivation is the sum of an inner derivation and
another one induced from R. Jondrup in [5] gave a new proof
of this result. A similar result for full matrix rings appears in
[3],and the special case where R is an algebra over a field,
with char(R) �= 2, 3and n > 2, is given in [1]. The case
of upper triangular matrix rings over a simple algebra finite
dimensional over its center appears in [3].

A large class of ring extensions which have a generalized tri-
angular matrix representations is investigated by Birkenmeier
et al. in [6]. A description of homomorphisms and derivations

of generalized matrix rings T :=

(
R M
0 S

)
assuming no

restrictions on R,S,M , other than the existence of the identity
element in [7]. Analysts have studied these derivations in the
context of algebras on certain normed spaces. Many widely
studied algebras, including upper triangular matrix algebras,
nest algebras and triangular Banach algebras, may be viewed
as triangular algebras.

In this paper, we generalized the result of [7],and give a
description of homomorphisms and isomorphisms of general-

ized matrix rings of three, denoted by Γ :=

⎛
⎝ T M D

0 U N
0 0 V

⎞
⎠
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assuming no restrictions on T, U, V and M,N,D , other
than the existence of the identity element, which devoted to
determine the derivations of generalized matrix rings of order
three.

II. GENERALIZED MODULE HOMOMORPHISMS

In order to describe homomorphisms of the generalized matrix
rings, firstly we introduce the generalized matrix rings of order
three [8]. Let T, U, V, be rings, M an (T, U)-bimodule,N an
(U, V )-bimodule, D an (T, V )-bimodule and η :M ⊗N −→
D is a (T, V )-bimodule homomorphism. We defined Γ :=⎛
⎝ T M D

0 U N
0 0 V

⎞
⎠. For any

⎛
⎝ t1 m1 d1

0 u1 n1
0 0 v1

⎞
⎠ ,

⎛
⎝ t2 m2 d2

0 u2 n2
0 0 v2

⎞
⎠ ∈

⎛
⎝ T M D

0 U N
0 0 V

⎞
⎠ ,

we define the addition and multiplication operations as fol-
lows: ⎛

⎝ t1 m1 d1
0 u1 n1
0 0 v1

⎞
⎠+

⎛
⎝ t2 m2 d2

0 u2 n2
0 0 v2

⎞
⎠ =

⎛
⎝ t1 + t2 m1 +m2 d1 + d2

0 u1 + u2 n1 + n2
0 0 v1 + v2

⎞
⎠ ;

⎛
⎝ t1 m1 d1

0 u1 n1
0 0 v1

⎞
⎠
⎛
⎝ t2 m2 d2

0 u2 n2
0 0 v2

⎞
⎠ =

⎛
⎝ t1t2 t1m2 +m1u2 t1d2 + η(m1 ⊗ n2) + d1v2

0 u1u2 u1n2 + n1v2
0 0 v1v2

⎞
⎠ .

It is clear that Γ is a ring based on the addition and multipli-
cation operations above.

Next we study the notion of generalized module homomor-
phisms.

Definitions 2.1 Let T, T ′, U, U ′, V, V ′ be rings, M an
(T, U)-bimodule, M ′ an (T ′, U ′)-bimodule; N an (U, V )-
bimodule, N ′ an (U ′, V ′)-bimodule; D an (T, V )-bimodule
, D′ an (T ′, V ′)-bimodule , η : M ⊗ N −→ D is a (T, V )-
bimodule homomorphism . Assume that ϕ1 : T −→ T ′, ϕ2 :
U −→ U ′ and ϕ3 : V −→ V ′ be ring homomorphisms.
Then an additive mapping f = (f1, f2, f3) is called a
generalized module homomorphism related to (ϕ1, ϕ2, ϕ3), if
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f1 : M −→ M ′, f2 : N −→ N ′and f3 : D −→ D′ are
module homomorphisms such that

η(f1(m)⊗ f2(n)) = f3(η(m⊗ n)),

f1(tm) = ϕ1(t)f1(m), f1(mu) = f1(m)ϕ2(u);

f2(un) = ϕ2(u)f2(n), f2(nv) = f2(n)ϕ3(v);

f3(td) = ϕ1(t)f3(d), f3(dv) = f3(d)ϕ3(v)

for each t ∈ T, u ∈ U, v ∈ V,m ∈M,n ∈ N and d ∈ D.
Lemma 2.2 Let M an (T, U)-bimodule, M ′ an (T ′, U ′)-

bimodule; N an (U, V )-bimodule, N ′ an (U ′, V ′)-bimodule;
D an (T, V )-bimodule , D′ an (T ′, V ′)-bimodule and f =
(f1, f2, f3) is a generalized module homomorphism related to
(ϕ1, ϕ2, ϕ3). Then the mapping

ψ :

⎛
⎝ T M D

0 U N
0 0 V

⎞
⎠ −→

⎛
⎝ T ′ M ′ D′

0 U ′ N ′

0 0 V ′

⎞
⎠ ,

given by

ψ

⎡
⎣
⎛
⎝ t m d

0 u n
0 0 v

⎞
⎠
⎤
⎦ =

⎛
⎝ ϕ1(t) f1(m) f3(d)

0 ϕ2(u) f2(n)
0 0 ϕ3(v)

⎞
⎠

is a ring homomorphisms.
Proof Clearly ψ is additive. We have

ψ

⎡
⎣
⎛
⎝ t1 m1 d1

0 u1 n1
0 0 v1

⎞
⎠
⎛
⎝ t2 m2 d2

0 u2 n2
0 0 v2

⎞
⎠
⎤
⎦ =

ψ

⎡
⎢⎢⎣

⎛
⎜⎜⎝

t1t2 t1m2 +m1u2 t1d2
+η(m1 ⊗ n2) + d1v2

0 u1u2 u1n2 + n1v2
0 0 v1v2

⎞
⎟⎟⎠

⎤
⎥⎥⎦

=

⎛
⎜⎜⎜⎜⎝

ϕ1(t1t2) f1(t1m2 +m1u2) f3(t1d2)
+f3(η(m1 ⊗ n2))

+f3(d1v2)
0 ϕ2(u1u2) f2(u1n2 + n1v2)
0 0 ϕ3(v1v2)

⎞
⎟⎟⎟⎟⎠

=

⎛
⎝ ϕ1(t1) f1(m1) f3(d1)

0 ϕ2(u1) f2(n1)
0 0 ϕ3(v1)

⎞
⎠

⎛
⎝ ϕ1(t2) f2(m2) f3(d2)

0 ϕ2(u2) f2(n2)
0 0 ϕ3(v2)

⎞
⎠

= ψ

⎡
⎣
⎛
⎝ t1 m1 d1

0 u1 n1
0 0 v1

⎞
⎠
⎤
⎦ψ

⎡
⎣
⎛
⎝ t2 m2 d2

0 u2 n2
0 0 v2

⎞
⎠
⎤
⎦

Theorem 2.3. Let T, T ′, U, U ′, V, V ′ be rings, and M an
(T, U)-bimodule, M ′ an (T ′, U ′)-bimodule; N an (U, V )-
bimodule, N ′ an (U ′, V ′)-bimodule; D an (T, V )-bimodule
, D′ an (T ′, V ′)-bimodule. If

ψ :

⎛
⎝ T M D

0 U N
0 0 V

⎞
⎠ −→

⎛
⎝ T ′ M ′ D′

0 U ′ N ′

0 0 V ′

⎞
⎠

is a mapping. Then the followings are equivalent:

(1)ψ

⎡
⎣
⎛
⎝ t m d

0 u n
0 0 v

⎞
⎠
⎤
⎦ =

⎛
⎝ ϕ1(t) f1(m) f3(d)

0 ϕ2(u) f2(n)
0 0 ϕ3(v)

⎞
⎠

,where ϕ1 : T −→ T ′, ϕ2 : U −→ U ′, ϕ3 : V −→ V ′ are
ring homomorphisms and f = (f1, f2, f3) is a generalized
module homomorphism related to (ϕ1, ϕ2, ϕ3);

(2)ψ is a ring homomorphisms such that ψ(TE11) ⊆
T ′E11, ψ(UE22) ⊆ U ′E22 and ψ(V E33) ⊆ V ′E33.

Proof (1) =⇒ (2) is clearly follows from Lemma 2.2.
(2) =⇒ (1) The mapping ϕ1 : T −→ T ′, ϕ2 :

U −→ U ′, ϕ3 : V −→ V ′ defined by ψ(tE11) =
ϕ1(t)E11, ψ(uE22) = ϕ2(u)E22 and ψ(vE33) = ϕ3(v)E33

for each t ∈ T, u ∈ U and v ∈ V . By considering the

effect of ψ on

⎛
⎝ t1 + t2 0 0

0 u1 + u2 0
0 0 v1 + v2

⎞
⎠, we see that

ϕ1, ϕ2, ϕ3 are additive and

ψ

⎡
⎣
⎛
⎝ t1t2 0 0

0 u1u2 0
0 0 v1v2

⎞
⎠
⎤
⎦

= ψ

⎡
⎣
⎛
⎝ t1 0 0

0 u1 0
0 0 v1

⎞
⎠
⎤
⎦ψ

⎡
⎣
⎛
⎝ t2 0 0

0 u2 0
0 0 v2

⎞
⎠
⎤
⎦

So we have⎛
⎝ ϕ1(t1t2) 0 0

0 ϕ2(u1u2) 0
0 0 ϕ3(v1v2)

⎞
⎠

=

⎛
⎝ ϕ1(t1)ϕ1(t2) 0 0

0 ϕ2(u1)ϕ2(u2) 0
0 0 ϕ3(v1)ϕ3(v2)

⎞
⎠ .

Hence we have ϕ1(t1t2) = ϕ1(t1)ϕ1(t2), ϕ2(u1u2) =
ϕ2(u1)ϕ2(u2) ϕ3(v1v2) = ϕ3(v1)ϕ3(v2) and ϕ1, ϕ2, ϕ3 are
ring homomorphisms.

Now assume that

ψ(mE12) =

⎛
⎝ α1(m) f1(m) g1(m)

0 β1(m) h1(m)
0 0 γ1(m)

⎞
⎠

for some α1 : M −→ T ′, β1 : M −→ U ′, γ1 : M −→
V ′, f1 : M −→ M ′, g1 : M −→ D′, h1 : M −→ N ′. Then ,
for each m ∈ M , we have , ψ(mE12) = ψ(E11mE12) =

ϕ1(1)E11ψ(mE12). So,

⎛
⎝ α1(m) f1(m) g1(m)

0 β1(m) h1(m)
0 0 γ1(m)

⎞
⎠ =

⎛
⎝ ϕ1(1)α1(m) ϕ1(1)f1(m) ϕ1(1)g1(m)

0 0 0
0 0 0

⎞
⎠ and hence

β1(m) = 0, γ1(m) = 0, h1(m) = 0. So ψ(mE12) =
ψ(mE12E22) = ψ(mE12)ϕ2(1)E22. Thus, we have⎛
⎝ α1(m) f1(m) g1(m)

0 β1(m) h1(m)
0 0 γ1(m)

⎞
⎠ =

⎛
⎝ 0 f1(m)ϕ2(1) 0

0 β1(m)ϕ2(1) 0
0 γ1(m)ϕ2(1) 0

⎞
⎠

and so g1(m) = 0. Therefore ψ(mE12) = f1(m)E12, we
have ψ(tmE12) = ψ(tE11)ψ(mE12) and hence f1(tm)E12 =
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ϕ1(t)f1(m)E12. Thus f1(tm) = ϕ1(t)f1(m). Similarly
f1(mu) = f1(m)ϕ2(u).

Next ,we assume that

ψ(nE23) =

⎛
⎝ α2(n) h2(n) g2(n)

0 β2(n) f2(n)
0 0 γ2(n)

⎞
⎠ for some α2 :

N −→ T ′, β2 : N −→ U ′, γ2 : N −→ V ′, h2 : N −→
M ′, g2 : N −→ D′, f2 : N −→ N ′. By the same method
,we proof that β2 = γ2 = α2 = g2 = h2 = 0 and f2(un) =
ϕ2(u)f2(n) and f2(nv) = f2(n)ϕ3(v) for some u ∈ U, v ∈
V .

At last , assume that

ψ(dE13) =

⎛
⎝ α3(d) h3(d) f3(d)

0 β3(d) g3(d)
0 0 γ3(d)

⎞
⎠

for some α3 : D −→ T ′, β2 : D −→ U ′, γ3 : D −→ V ′, h3 :
D −→ U ′, f3 : D −→ D′, g3 : D −→ N ′. Then for each
d ∈ D, we have

ψ(dE13) = ψ(E11dE13) = ϕ1(1)E11ψ(dE13).

So ⎛
⎝ α3(d) h3(d) f3(d)

0 β3(d) g3(d)
0 0 γ3(d)

⎞
⎠

=

⎛
⎝ ϕ1(1)α3(d) ϕ1(1)h3(d) ϕ1(1)f3(d)

0 0 0
0 0 0

⎞
⎠

and hence β3 = g3 = γ3 = 0.So

ψ(dE13) = ψ(dE13E33) = ψ(dE13)ϕ3(1)E33.

Thus we have⎛
⎝ α3(d) h3(d) f3(d)

0 β3(d) g3(d)
0 0 γ3(d)

⎞
⎠ =

⎛
⎝ 0 0 f3(d)ϕ1(1)

0 0 g3(d)ϕ1(1)
0 0 γ3(d)ϕ1(1)

⎞
⎠ ,

and so α3 = h3 = 0. Therefore, ψ(dE13) = f3(d)E13.
We have ψ(tdE13) = ψ(tE11)ψ(dE13), and hence f3(td) =
ϕ1(t)f3(d) for each t ∈ T .

Similarly, we have f3(dv) = f3(d)ϕ3(v) for each v ∈ V .
Since ψ is a ring homomorphism , for each m ∈ M,n ∈
N , ψ(mE12nE23) = ψ(mE12)ψ(nE23), and we know that
ψ(mE12nE23)

= ψ

⎡
⎣
⎛
⎝ 0 m 0

0 0 0
0 0 0

⎞
⎠
⎛
⎝ 0 0 0

0 0 n
0 0 0

⎞
⎠
⎤
⎦

= ψ

⎡
⎣
⎛
⎝ 0 0 η(m⊗ n)

0 0 n
0 0 0

⎞
⎠
⎤
⎦ = f3(η(m⊗ n))E13,

ψ(mE12)ψ(nE23)

= ψ

⎡
⎣
⎛
⎝ 0 m 0

0 0 0
0 0 0

⎞
⎠
⎤
⎦ψ

⎡
⎣
⎛
⎝ 0 0 0

0 0 n
0 0 0

⎞
⎠
⎤
⎦

=

⎛
⎝ 0 f1(m) 0

0 0 n
0 0 0

⎞
⎠
⎛
⎝ 0 0 0

0 0 f2(n)
0 0 0

⎞
⎠

=

⎛
⎝ 0 0 η(f1(m)⊗ f2(n))

0 0 0
0 0 0

⎞
⎠ = η(f1(m)⊗ f2(n))E13

Therefore f3(η(m⊗ n)) = η(f1(m)⊗ f2(n)). Therefore, we

have ψ :

⎛
⎝ t m d

0 u n
0 0 v

⎞
⎠ −→

⎛
⎝ ϕ1(t) f1(m) f3(d)

0 ϕ2(u) f2(n)
0 0 ϕ2(v)

⎞
⎠

and that ϕ1, ϕ2, f1, f2, f3 satisfy the required condition.
Proposition 2.4 If⎛

⎝ T M D
0 U N
0 0 V

⎞
⎠ and

⎛
⎝ T ′ M ′ D′

0 U ′ N ′

0 0 V ′

⎞
⎠

have the identify elements and

ψ :

⎛
⎝ T M D

0 U N
0 0 V

⎞
⎠ −→

⎛
⎝ T ′ M ′ D′

0 U ′ N ′

0 0 V ′

⎞
⎠

is a ring homomorphism such that ψ(E11) = E11, ψ(E22) =
E22, ψ(E33) = E33. Then ψ satisfies the condition (1) and (2)
of Theorem 2.3.

Proof. Let ψ(tE11) =

⎛
⎝ α1(t) g1(t) h1(t)

0 β1(t) μ1(t)
0 0 γ1(t)

⎞
⎠ for

some α1 : T −→ T ′, β1 : T −→ U ′, γ1 : T −→ V ′, h1 :
T −→ D′, g1 : T −→ M ′, μ1 : T −→ N ′ . We have

ψ(tE11)ψ(E11). So

⎛
⎝ α1(t) g1(t) h1(t)

0 β1(t) μ1(t)
0 0 γ1(t)

⎞
⎠

=

⎛
⎝ α1(t) g1(t) h1(t)

0 β1(t) μ1(t)
0 0 γ1(t)

⎞
⎠E11 = α1(t)E11.

Hence
g1 = h1 = β1 = μ1 = γ1 = 0.

So ψ(tE11) = α1(t)E11, and ψ(tE11) ⊆ T ′.
Similarly, we have

ψ(uE22) =

⎛
⎝ α2(u) g2(u) h2(u)

0 β2(u) μ2(u)
0 0 γ2(u)

⎞
⎠

for some α2 : U −→ T ′, β2 : U −→ U ′, γ2 : U −→ V ′, h2 :
U −→ D′, g2 : U −→M ′, μ2 : U −→ N ′ .

But, ψ(uE22) = ψ(E22)ψ(uE22), and⎛
⎝ α2(u) g2(u) h2(u)

0 β2(u) μ2(u)
0 0 γ2(u)

⎞
⎠

= E22

⎛
⎝ α2(u) g2(u) h2(u)

0 β2(u) μ2(u)
0 0 γ2(u)

⎞
⎠ = α2(u)E22.

So,
g2 = h2 = β2 = μ2 = γ2 = 0.

Thus, ψ(uE22) = β2(u)E22 and hence ψ(uE22) ⊆ U ′E22.
At last, we assume that ψ(vE33) =⎛

⎝ α3(v) g3(v) h3(v)
0 β3(v) μ3(v)
0 0 γ3(v)

⎞
⎠ for each v ∈ V ,where
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α3 : V −→ T ′, β3 : V −→ U ′, γ3 : V −→ V ′, h3 :
V −→ D′, g3 : V −→ M ′, μ3 : V −→ N ′ . By the
same method , we have ψ(vE33) = γ3(v)E33 and hence
ψ(vE33) ⊆ V ′E33. Therefore ψ satisfies the condition (2) of
Theorem 2.3.

Example 2.5 The converse of Proposition 2.4 is not true,
in general. Let M be a unitary (T, U)-bimodule,N be a
unitary (U, V )-bimodule and D be a unitary (T, V )-bimodule
. Then, we make M,N,D unitary T × U × V -bimodules
by defining (t, u, v)m := tm,m(t, u, v) := mu; (t, u, v)n =
un, n(t, u, v) = nv, (t, u, v)d = td and d(t, u, v) = dv,
respectively, for each m ∈ M,n ∈ N, d ∈ D, t ∈ T, u ∈ U
and v ∈ V . Define ϕ1 : T −→ T × U × V, ϕ2 :
U −→ T × U × V, ϕ2 : U −→ T × U × V , given by
ϕ1(t) = (t, 0, 0), ϕ2(u) = (0, u, 0) and ϕ3(v) = (0, 0, v)
for each t ∈ T, v ∈ V and u ∈ U . Then, ϕ1, ϕ2 and ϕ3

are ring homomorphisms. Let f1 ∈ Hom(TMU ,T MU ),f2 ∈
Hom(UNV ,U NV ) and f3 ∈ Hom(TDV ,T DV ) , such that
η(f1(m)⊗ f2(n)) = f3(η(m⊗ n)) for each m ∈ M,n ∈ N .
Now we see that f = (f1, f2, f3) is a generalized module
homomorphism related to (ϕ1, ϕ2, ϕ3). Since

f1(tm) = tf1(m) = (t, 0, 0)f1(m) = ϕ1(t)f1(m),

f1(mu) = f1(m)u = f1(m)(0, u, 0) = f1(m)ϕ2(u);

f2(un) = uf1(n) = (0, u, 0)f2(n) = ϕ2(u)f2(n),

f2(nv) = f2(n)v = f2(n)(0, 0, v) = f2(n)ϕ3(v);

f3(td) = tf3(d) = (t, 0, 0)f3(d) = ϕ1(t)f3(d),

f3(dv) = f3(d)v = f3(d)(0, 0, v) = f3(d)ϕ3(v).

Thus, the mapping

ψ :

⎛
⎝ T M D

0 U N
0 0 V

⎞
⎠ −→

⎛
⎝ T × U × V M D

0 T × U × V N
0 0 T × U × V

⎞
⎠

given by

ψ :

⎛
⎝ t m d

0 u n
0 0 v

⎞
⎠ −→

⎛
⎝ ϕ1(t) f1(m) f3(d)

0 ϕ2(u) f2(n)
0 0 ϕ3(v)

⎞
⎠

is ring homomorphisms and we have ψ(E11) = ϕ1(1)E11 =
(1, 0, 0)E11, ψ(E22) = ϕ2(1)E22 = (0, 1, 0)E22, ψ(E33) =
ϕ3(1)E33 = (0, 0, 1)E33, Note that (1, 0, 0), (0, 1, 0) and
(0, 0, 1) are not the identity elements of T × U × V .

Proposition 2.6 Let T, T ′, U, U ′, V, V ′ be rings, and M
an (T, U)-bimodule, M ′ an (T ′, U ′)-bimodule; N an (U, V )-
bimodule, N ′ an (U ′, V ′)-bimodule; D an (T, V )-bimodule
, D′ an (T ′, V ′)-bimodule. Let ϕ1 : T −→ T ′, ϕ2 :
U −→ U ′, ϕ3 : V −→ V ′ are ring isomorphisms and
f = (f1, f2, f3) be a generalized module homomorphism
related to (ϕ1, ϕ2, ϕ3). Then the mapping defined in Lemma
2.2 is a ring isomorphism.

Proof. By Lemma 2.2, ψ is a ring homomorphism, we have

ψ

⎡
⎣
⎛
⎝ t m d

0 u n
0 0 v

⎞
⎠
⎤
⎦ = 0 and so ϕ1(t) = ϕ2(u) = ϕ3(v) =

f1(m) = f2(n) = f3(d) = 0.Thus

⎛
⎝ t m d

0 u n
0 0 v

⎞
⎠ = 0 and

hence ψ is injective.

If

⎛
⎝ t′ m′ d′

0 u′ n′

0 0 v′

⎞
⎠ ∈

⎛
⎝ T ′ M ′ D′

0 U ′ N ′

0 0 V ′

⎞
⎠ and

ϕ1, ϕ2, ϕ3, f1, f2, f3 are surjective, then there exist
t ∈ T,m ∈ M,d ∈ D,u ∈ U, n ∈ N, v ∈ V such that
ϕ1(t) = t′, ϕ2(u) = u′, ϕ3(v) = v′, f1(m) = m′, f2(n) =
n′, f3(d) = d′. So we have

ψ

⎡
⎣
⎛
⎝ t m d

0 u n
0 0 v

⎞
⎠
⎤
⎦ =

⎛
⎝ ϕ1(t) f1(m) f3(d)

0 ϕ2(u) f2(n)
0 0 ϕ2(v)

⎞
⎠

=

⎛
⎝ t′ m′ d′

0 u′ n′

0 0 v′

⎞
⎠ .

Therefore, ψ is surjective and hence a ring isomorphism.

ACKNOWLEDGMENT

This research was partially supported by natural science
foundation of Shandong Province in China (BS2009SF017) ,
Technology development project of colleges and universities of
ShanDong(J10LA57) and reward fund for outstanding young
and middle-aged scientists of ShanDong(BS2011DX011).The
authors would like to thank the referee for the encouraging
comments.

REFERENCES

[1] G. M. Benkart and J. M. Osborn, Derivations and automorphisms of
non associative matrix algebras, Trans. Amer. Math. Soc. 263 (1981)
411-430.

[2] S. P. Coelho and C. P. Milies, Derivations of upper triangular matrix
rings, Linear Alg. Appl. 187 (1993) 263-267.

[3] G. F. Birkenmeier and J. K. Park, Triangular matrix representations of
ring extensions, J. Algebra, 265 (2003) 457-477.

[4] S. Jondrup, Automorphism and derivations of triangular matrices, Linear
Alg. Appl. 22 (1995) 205-215.

[5] S. Jondrup, Automorphism of upper triangular matrix rings, Arch. Math.
49 (1987) 497-502.

[6] Giambruno and I. N. Herstein, Derivations with nilpotent values, Rendi-
coti, Del Circolo Mathematico Di palermo Serie II, Tommo XXX, (1981)
199-206.

[7] H. Ghahramant and A.Moussavi , Differential polynomial rings,Bulletin
of the Iranian Mathematical Society Vol. 34 No. 2 (2008), 71-96.

[8] SHI Mei Hua and ZENG Qing yi, Module Category over triangu-
lar matrix rings of order 3, Journal of Zhenjiang university(Science
,Editor),32(5),(2005)481-484.


