International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:11, No:10, 2017

Generalized Fuzzy Subalgebras and Fuzzy Ideals of
BCI-Algebras with Operators

Yuli Hu, Shaoquan Sun

Abstract—The aim of this paper is to introduce the concepts of
generalized fuzzy subalgebras, generalized fuzzy ideals and
generalized fuzzy quotient algebras of BCl-algebras with operators,
and to investigate their basic properties.
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[. INTRODUCTION

HE fuzzy set is a generalization of the classical set. After

the introduction of fuzzy sets, there have been a number
of generalizations of this fundamental concept, especially, in
the branches of mathematics. Imai and Iseki [1], [2]
introduced the concept of BCK/BCl-algebras, which are
generalizations of BCK-algebras. In 1980, Ming et al. [13]
introduced the neighbourhood structure of a fuzzy point.

In 1991, Xi [3] applied the fuzzy sets to BCK-algebras;
fuzzy BCK/BCl-algebras have been widely researched. Meng
et al. [4] introduced the concept of fuzzy implicative ideals of
BCK-algebras in 1997. Liu and Meng [6], [7] introduced the
notions of fuzzy positive implicative ideals and fuzzy
implicative ideals of BCl-algebras. Zheng [5] defined
operators in BCK-algebras and raised the concept of BCI-
algebras with operators and gave some isomorphism theorems
of it. In 2002, Liu [8] introduced the concept of the fuzzy
quotient algebras of BCI-algebras. In 2004, Jun [9] introduced
the (a, p)-fuzzy ideals of BCK/BCl-algebras and established

the characterizations of (e,e vq) -fuzzy ideals. In 2006, Liao
et al. [11] introduced the (e,e qu)) -fuzzy normal subgroup.

In 2009, Jun et al. [12] introduced the concept of (e,evq)-

ideals of BCl-algebras. In 2011, Liu and Sun [10] introduced
the concept of generalized fuzzy ideals of BClI-algebra and
investigate some basic properties. In 2017, Hu et al. [14]
introduced the fuzzy subalgebras and fuzzy ideals of BCI-
algebras with operators.

In this paper, we give the notions of generalized fuzzy
subalgebras, generalized fuzzy ideals and generalized fuzzy
quotient algebras of BCI-algebras with operators, in particular,
discuss the basic properties of generalized fuzzy BCI-algebras
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with operators and give several results about it.

II. PRELIMINARIES

We recall some definitions and propositions which may be
needed.
An algebra(x;«0) of type (2,0) is called a BCl-algebra, if

forall x,y,z e X, it satisfies the following conditions:
((xxy)*(x=2))*(zxy) =0;
(xe(xey))y =0
3. Xx*xx=0;
4. Xx*y=0andy*x=0imply X =Y.
We can define x*y =0 if and only if x <y, then the above

o=

conditions can be written as:
L (xxy)#(xxz)<z*y;
2. xx(xxy)<y;
3. X<x;
4. X<yandy<XimplyXx=y.

If a BClI-algebra satisfies 0*Xx =0, then it is called a BCK-
algebra.
Definition 1. [5] (X;«0)is a BCl-algebra, M is a non-empty
set, if there exists a mapping (m,x)—>mxfrom mxxto X
which satisfies m(xxy)=(mx)*(my),vx,ye X,meM. then M is
called a left operator of X, X is called a BCI-algebra with left
operator M, or M —BCl-algebra for short.
Definition 2. [13] (x;«0) is a BCl-algebra, a fuzzy subset A
of X of the form

A(y)z{t(;«to),y:x,

0,y #X,

is said to be a fuzzy point with support x and value t,and is
denoted by X,.
Proposition 1. [10] Let(x;0)be a BCl-algebra, if Ais a

fuzzy generalized ideal of it, and X *Yy <z, then
AX)VA=A(Y)AA(Z)Ap,X, Y, 2€ X.

Definition 3. [S] Let (x;+0) and <X;*,0> be two M —BCI-
algebras, if f is a homomorphism from (X;%0) 10 (X:%0)> and
fis called a

f(mx)=mf (x) for all xeX, meM,then

homomorphism with operators.
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Definition 4. If (x;x0) is a BCl-algebra, A is a non-empty
subset of X,and mxe Afor all xe AmeM, then (Ax0) is
called an M —subalgebra of (X;x0).

In the following parts, X always means a M —BCl-algebra
unless otherwise specified.

III. GENERALIZED FUzZY SUBALGEBRAS OF BCI-ALGEBRAS
WITH OPERATORS

Definition 5. (x;«0) is a BCl-algebra, let A be a fuzzy subset
of X, t,4,.€[0,1] and A< g if A(x)>t, we denoted x, € A;
if t>Aand A(x)+t>2y we denoted X!q(w)A; if x eAor
X4, A We denoted x e v, A

Definition 6. (x;+0) is an M —BCl-algebra, let A be a fuzzy
subset of X, if it satisfies:

1. x e Aand y, € Aimplies (xxy) evq, A IX Y€ X,

A.u)
t,ref0,1];

2. x, € A implies (mx) e v,  AVxeX te [0,1].
Then A is called an M —(e,e vq(M))— fuzzy subalgebra or a

generalized M — fuzzy subalgebra for short.

Proposition 2. A fuzzy subset Aof X is a generalized M —
fuzzy subalgebra of X if and only if it satisfies:

Lo A(x*y)v Az A(X)AA(Y) A X, Y € X5

2. A(MX)v A2 A(X)A u,Vxe X.

Proof. Suppose that A is a generalized M —fuzzy subalgebra
of X. We first verify that

A(x*y)v Az A(X)AA(Y) A YX Y € X.

Suppose  there  exists
A% *Yo) v A< A(X) AA(Yo) A s
A% * Yy ) VA<t <A(X)AA(Y,) A, then A(x xy,)<t, A<t<p,
A(x,)>t and A(y,)>t, therefore (x,) eA(y,) A Based on

X5 Yo € X such  that
choose t such  that

Definition 6, (x,*Y,), €vq, ,Abut we have A(x *y,)<t,
therefore  A(x,*y,)+t<t+t<2g4 this is a contradiction,
therefore we have A(xxy)vizA(X)AA(y)AauVx,yeX. We
shall now show that A(mx)v 2> A(x) A VxeX.

Suppose there exists X, € X such that A(mx,)v A <A(x,)A
choose t such that A(mx,)vi<t<A(x)amthen A(x)>t,
therefore (x, ), €A Based on Definition 6, (mx, )‘ vy, A but
we have A(mx,)<t, therefore A(mx,)+t<t+t<2y, this is a
contradiction, therefore we have A(MX)v Az A(X)Apxe X,
Conversely, assume that A satisfies condition 1, 2.

1). If (x), e Aly), e AvxyeX.t.t e[0.1], then
A(x)>t,A(y)=t,, choose T =t At),since A is a generalized

M —fuzzy subalgebra of X, we have

A(xxy)vAZ A(X)AA(Y)Au>t At AL,

if T<y, then A(x+y)>T,s0 we have (xxy) eA if 7>, then
A(x*y)>p, thus A(x=y)+T>u+T>2u, then (x=y) q ,A

therefore we have (x*y), e Va0 A

A4
2). If x eAvxeX,dte[o1], then A(x)>t,
generalized M — fuzzy
A(mx)v 2> A(x)au, If t<y, then A(mx)vaxt, since 4<t, so

since A is a

subalgebra of X,  then

we have A(mx)zt, hence (mx) eA if t>g, then

A(mx)vA>p, —since 2<uso we have A(mx)>p, —hence
A(MX)+t> p+t>2y, thus  (mx), Js,) A therefore we have
(mx), e vq,, A So Ais a generalized M —fuzzy subalgebra

of X.
Example 1. If A is a generalized M —fuzzy subalgebra of
X, then X, is a generalized M —fuzzy subalgebra of X,

define X, by

1,xe A

X, X —>[O,1],XA(X):{O ‘e

Proof. (1) Forall x,yex, if X,y € A, then X*Yy e A, thus
Xa(x#y)vA=12 X, (X)A X (Y) A s,

if there exists at least one which does not belong to A
between X and y, for example x ¢ A, thus

Xa(xxy)vaz0=X,(x)aX,(y)ru
(2) Forall xe X, me M, if xe A, then mx € A, therefore
XA(mX)vA:IZXA(X)/\,u,

if xgA then X,(mx)vi>0=X,(x)ap therefore X,is a

generalized M — fuzzy subalgebra of X.

Proposition 3. A is a generalized M —fuzzy subalgebra of
X ifonly if A isa M —subalgebra of X, where A isa

non-empty set, define X4 by
A ={x|xeX,A(x)2t},Vte(4,u).

Proof. Suppose A is a generalized M —fuzzy subalgebra of
X, A is a non-empty set, te(d,u], then we have

A(x*y)v 2= A(X)AA(Y) AL If xeA,yeA, then
A(X)2tA(y)2t, thus A(xxy)a>A(X)AA(y)au>t, thus we
have x*yeA.

For all xeX,meM,if A is a generalized M —fuzzy
subalgebra of X, hence A(mx)vizA(x)au>t, thus mxeA,
therefore A is an M —subalgebra of X. Conversely, suppose

A is an M —subalgebra of X,then we have x*yeA.Let
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A(x)=t, then A(xxy)vi>t=A(x)>A(x)AA(y)au For all
xe X, meM,if A is an M —subalgebra of X,then we
have A(mx)vA>t=A(x)>A(x)au, therefore A is a generalized

M — fuzzy subalgebra of X.
Proposition 4. Suppose X,Y are M —BCl-algebras, f is a

mapping from X to Y,if A is a generalized M —fuzzy
subalgebra of the Y, then f-'(A) is a generalized M —fuzzy

subalgebra of X.

Proof. Let yeY,suppose f is a epimorphism, then there
exists Xin X, we have y=f(x). If A is a generalized M —
fuzzy subalgebra of Y , then we have

A(xxy)v A= A(X)AA(Y) A A(MX)v A > A(X) A p

Forall X,y e X,me M, we have
(l)f’l( )(xxy)va=A(f(x)*f(y))vAi
2 A(FOO)A AT (V) A k= T (A) ) A T (A)(y) A
@' (A)(mx)va= A( (mx))v 4= A(mf (x))v 2
( )/\y—f 1 )/\y.
Therefore () is a generalized M —fuzzy subalgebra of
X.

IV. GENERALIZED Fuzzy IDEALS OF BCI-ALGEBRAS WITH
OPERATORS

Definition 7. (X;x0)is an M —BCl-algebra, let A be a fuzzy
subset of X, if it satisfies:

L. x €A implies 0, e vq, ,AVxe X te [0,1];

2. (x»y),eA andy, €A implies X, evq, AVXYyeX,
t,re0,1];

3. x €A implies (mx), evq, Avxe X,t,e[0,1].

Then A is called a M —(e,e vq(/.””))—fuzzy subalgebra or a

generalized M — fuzzy subalgebra for short.

Proposition 5. A fuzzy subset Aof X is a generalized M —
fuzzy ideal of X if and only if it satisfies:

L A0)vA2A(X)ApYxe X;

2. A(X)VAZ A(xxy)AA(Y)Au VX, Y e X;

3. A(MX)v A2 A(X)Ap VX e X.

Proof. Suppose that A is a generalized M —fuzzy ideal of
X. We first verify that A(0)vAi>A(x)auVxeX. Suppose

there exists X, € X such that A(0)vi<A(x,)au choose t
such that A(0)vi<t<A(x)ap then A(x)>t and A<t<p,
)A, but we

A(0)+t<t+t<2y4 this is a

therefore (x,) e A Based on Definition 7, 0, € vq, ,
have A(0)<t<y, therefore
contradiction, therefore we have A(0)vA2A(x)auvxeX. We

shall now show that

A(X)v A= A(x*y)AA(Y) A X,y € X.

Suppose  there  exists

A(Xn)\/ﬂ“< A(Xo*yo)/\A(YO)/\#:
A(x)vA<t<A(x*y,)AA(Y,)Ap,  then

Xp» Yo € X such  that
choose t such  that

A(x)<t, A<t<p,
A(%*y,)>t and A(y,)>t, therefore(x, =y,) e A(y,) A Based
(%), EVU

therefore A(x,)+t<t+t<2y, this is a contradiction, therefore

on Definition 7, A but we have A(x,) <t
we have A(x)vA>A(x*y)AA(Y)Au V% yeX.

Next, we shall show that A(Mx)v A= A(X)Au,Vxe X,
Suppose there exists X, € X such that A(mx,)va<A(x)An
choose t such that A(mx,)vi<t<A(x)au then A(x)>t,
X, )t € vq(ﬂ’y)A
but we have A(mx,)<t, therefore A(mx )+t<t+t<2g, thisis a

therefore (x,) e A Based on Definition 7, (m

contradiction, therefore we have A(mx)va>A(x)AuVxeX.
Conversely, assume that A satisfies condition 1, 2, 3.

). If xeAwxeX,te(o1], then A(x)>t, since A is a
generalized M — fuzzy ideal of

AO)VAZA(X)ApztAp,

X, we have
if t<ythen A(0)>t,s0 we have
0,€A, if t> g then A(0)>p, thusA(0)+t>t+u>24 then
th A, therefore we have 0, € VA () A
2). If (xxy), €Ay, e AVx,yeX.t.t, e(4,1],then
choose T =t At,, since A is a
fuzzy ideal of X. We have
A(Y)Au>tat,ap, if T <p, then A(x)>T,

A(xxy)=t,A(y)>t,
generalized M —
A(X)v A= A(X*y)A
so we have X, eA, if T>y

Xy a (A.1) A’

then A(x)>p, thus
A(X)+T >pu+T >24, then therefore we have
Xr €vq M

3). If x eAwxeX,ite(a1], then A(x)>t, since A is a
generalized M —fuzzy ideal of X. We have
A(mx)v A2 A(x)ap, if t< g, then A(mx)vaxt, since 4 <t, so

we have A(mx)>t, hence (mx) eA if t>g, then

A(mx)v >y, since A<p,so we have A(mx)>y hence

A(X)+t>pg+t>2u, thus (mx)tq(z.mA’ therefore we have
(mx), e

X.
Example 2. If A is a generalized M —fuzzy ideal of X, then

A. So, A is a generalized M —fuzzy ideal of

X, is a generalized M —fuzzy ideal of X, define X, by

1,xe A

X, X —>[0,1],XA(X):{O g A

Proof. (1) Forall X,y e X,if X,y € A then x*Yy e A thus
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if there exists at least one which does not belong to A
between x and Yy, for example X ¢ A, thus

Xa(0)va=12X,(x)Au,
XA(X)VEZXA(X*y)/\XA(y)/\,u:O;

thus
then

(2)For all xeX, meM, if xeA,
Xa(mx)va=12 X, (X)Ap If

then mxeA,
Xg A,

Xp(mx)va20=X,(x)au therefore X, is a generalized

M —fuzzy ideal of X.

Proposition 6. A is a generalized M —fuzzy ideal of X if
only if A isan M —ideal of X, where A is non-empty set,
define A by A ={x|xeX,A(x)2t},Vte(1,u].

Proof. Suppose A is a generalized M —fuzzy ideal of X, A
is non-empty set, te(4, |, then we have A(0)vi>A(x)Au>t,
thus Oe A. If Xx*yeA,yeA, then A(xxy)>t,A(y)>t, thus
A(X)vA2 A(x*y)AA(y)auzt, thus we have xeA.For all
xe X, meM,if A is a generalized M — fuzzy ideal of X,
hence A(mx)vi>A(x)au>t, thus mxe A, therefore A is an
M —ideal of X. Conversely, suppose A is an M —ideal of
X, then we have (e A,A(0)>t. Let A(x)=t, thus xe A, we
have A(0)vA2t=A(X)Ap, suppose  there is  no
A(X)vA2 A(xxy)aA(y)au, then there exist x,,y,eX, we
have A(x,)va<A(X,* Y, )AA(Y, ) A 1€8 1 = A(x, %y, ) AA(Y,) AL
then A(x,)vA<t,=A(x,*y,) AA(Y,) Asif x %y, € Ay, e A, then
we have X,€A

A(X())Vl<to:A(Xo*yn)/\A(yo)A,u’
A(X)va>A(x*xy)AA(y)ap Forall xe X,meM, if A is an
M —ideal of X,then we have A(MX)vA>t=tap=A(X)Au,

then A(x,)>t,, which is inconsistent with

then we have

therefore A is a generalized M — fuzzy ideal of X.
Proposition 7. Suppose X,Y are M —BCl-algebras, f is a
mapping from X to Y, A is a generalized M —fuzzy ideal of
Y,then f™'(A) isa generalized M —fuzzy ideal of X.
Proof. Let yeY,

exists xe X, we have y= f(x). If A is a generalized M —

suppose f is an epimorphism, then there

fuzzy ideal of Y, then we have

A(O)vl 2 A(y)/\,u;A(X)vﬂ, 2 A(X* y)/\ A(y)/\y;
A(Mmx)v A= A(X)A .

For all x,ye Xx,meM, we have

M (A)(0)va=A(f(0)vi=A(0)vA
>A(f(x )A/.l* (A (X) A

)
)vl

@f " (A)(x)v2=A(f(x) ( ()= ()~ AT (y)) A u
= A(F (e y)) A AT ( A)(xxy) A T (A)(y) A s
G (A)(mx)v A=A(f(mx ))vxl A(mf (x))v 2

)
(
y))au=f
f
> A(f () ru= T (A)(X) n
Therefore f~ ( ) is a generalized M — fuzzy ideal of X.

V. GENERALIZED Fuzzy QUOTIENT BCI-ALGEBRAS WITH
OPERATORS

Definition 8. Let A be an M —(e,e vq(M))-fuzzy ideal of

X, for all aeX, fuzzy set A on X defined as:
A : X —[0,1] A (X)=A(a*x)AA(x*a)Apu,Vxe X.
Denote X/A={A :aeX};A(x)> 1.

Proposition 8. Let A,A € X/A,then A =A if only if
A(axb)AA(b*a)Au=A(0)Apu

Proof. Let A =A, then we have A (b)=A(b), thus
A(axb)aA(bxa)au=A(b*b)AA(bsb) A= A(0)Au,  that s
A(axb)aA(bxa)au=A(0)au  Conversely, that
A(axb)aA(bxa)au=A(0)au.  For all
(axx)*(bxx)<a=b,(x*a)*(x*b)<h=a. It
Proposition 1 that

suppose
xe X, since

follows  from

A(axx)=A(a*x)vi=A(bxx)AA(a*b)Apu,

A(x*a)=A(x*a)vi=A(xxb)AA(b*a) s

Hence
A (X)=A(a*x)AA(x*a)Apu
2 A(bxx)AA(x*b)A A(a*b)AA(b*a)Au
=A(b*x)AA(Xx*b)AA(0)A g = A(b*xX)AA(X*D)A 1
= A (),

thatis A, > A . Similarly, for all x € X, since
(b*x)*A(a*x)<b=a,(x*b)*A(x*a)<axh.
It follows from Proposition 1 that

A(b*x)=A(b*x)vi=A(a*x)AA(b*
A(x=b)=A(x*b)v A=

a)Au,
A(x*a)AA(axb) A

Hence
A (x)=A(b*x) AA(X*b) A u
> A(a*x)AA(x*a)a A(b*a)a A(a*b)au
=A(a*x)AA(x*xa)A A(0)A u
=A(a*x)AA(x*a)Apu

= A, (%),
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thatis A > A,. Therefore, A, = A. We complete the proof.
Proposition 9. Let A, =A,,A = A, then A, =A.,,.

Proof. Since

((a b)*(a’*b ))*(a*a'):((a*b)*(a*a'))*(a’*b’)
<(afb)(a'+b') <b'sb,
((a'#b')*(a*b))*(b*b")=((a"*b")*(b=*b"))*(axb)

(a'*b)*(a*b)<a’*a.

Hence
A((avb)+(a'+1)) = A((ab)s(a+b)) v 2
> A(a*a’)AA(b'+b) A,
A((@#b)+(axb)) = A((@'sb) +(axb)) v 2
> A(b*b)AA(a'*a) A

Therefore

A((axb)*(a'+b)) A A((a"*b")*(a*b)) A u
=A(a*a’)aA(a'*a)aunA(b=b ) AA(b *b) A A p
= A(O) AU,

it follows from Proposition 8 that A, = A, we completed
the proof. Let A be a generalized M —fuzzy ideal of X, the
operation "' of R/A s
VAL A ERIAA A = A,
operation is reasonable.
Proposition 10. Let A be a generalized M —fuzzy ideal of
X, then R/A={R/A;x A} is an M —BCl-algebra.

Proof. Forall A,A A eR/A,

defined as follows:

By Proposition 8, the above

((&*A/)*(&*AZ)) (Al A/) ﬁx*y x*z))*(z*y):A);
(A<*(AA*A/))*A\/:Axx*(x*y))*y:'%i
AxA=AL=A;

it OAYA=AA A=A, then A, =AA A, i
follows from Proposition 8 that A(x*y)=A(0),A(y*x)=A(0),
hence A(xxy)AA(y*x)au=A(0)au then A =A . Therefore
R/A={R/A;%A} is a BCl-algebra. For all A eR/A,meM,
we define mA = A_ . Firstly, we verify that mA =A,
reasonable. If A = A ,then we verify mA =mA ,that is to
verify A, = A, . We have

A(mxxmy)au=A(m(x*y))auzA(x*y)au=A(0)Au,
A(my=mx)apu=A(m(y*x))Au>A(y*x)au=A(0)A u,
so we have

A(mxxmy) A A(my*mx)ap=A(0) Ay, that is,

A, =A,,.Inaddition, forall me M,A A eR/A,

M(A A ) =MAL = A =Am)
= A, *A, =MA *mA,.

Therefore R/A={R/A;* A }is an M —BCl-algebra.
Definition 9. Let ube a generalized M —fuzzy subalgebra of
X,and A be a generalized M —fuzzy ideal of X, we define a
fuzzy set of X/A as follows:

u/A:X/A—[0,1],
y/A(A)vﬂ:ilig‘y(x)/\y,VA e X/A.
Proposition 11. 12/ Ais a generalized M — fuzzy subalgebra of
X/A.
Proof. Forall A,A e X/A,we have

*y)\//lz sup u(z)Apu
A=Ay

sup u(s)Au(t)Aru
=AcA=A

1/ A(A A 2= ] A(A

> sup p(s*t)Au>
A=AGA=A A

= sup u(S)A sup y(t)/\,u:,u/A(AA)/\y/A(A/)/\y.
A=A A=A,
Forall me M, A eR/A, we have

u/A(AL )V A= sup u(mz)Ap

z X

> sup p(z)Apr=u/A(A) A p.
A=A,

Therefore u/A is a generalized M —fuzzy subalgebra of
X/A.
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