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Abstract—This paper proposes a methodology for analysis of that a fuzzy rule-based model suitable for the to aproxiomati
the dynamic behavior of a robotic manipulator in continuous of a large class of nonlinear systems was introduced by Takag
time. Initially this system (nonlinear system) will be decomposed and Sugeno (1985). The TS model obtained for the robotic
into linear submodels and analyzed in the context of the Linear . . . .
and Parameter Varying (LPV) Systems. The obtained linear Manipulator in this paper was analyzed and validated ttiroug
submodels, which represent the local dynamic behavior of the analog simulation in order to demonstrate the effectiverés

robotic manipulator in some operating points were grouped in the proposed methodology to represent the nonlinear dynami
a Takagi-Sugeno fuzzy structure. The obtained fuzzy model was pehavior of the manipulator.
analyzed and validated through analog simulation, as universal

approximator of the robotic manipulator. Il. PROBLEM FORMULATION

Keywords: modeling of nonlinear dynamic systems, Takagi- . L
Sugeno fuzzy model, Linear and Parameter Varying (LPV) In this section it will be presented concepts related to the
System. robotic manipulator, the nonlinear system analog simorati

linearization in the LPV context and representation inestat

space and the Takagi-Sugeno fuzzy model rule-base formula-
Mathematical modeling is the study of methods of devetion for the manipulator.

opment and implementation of mathematical equations to rea ) .

systems. The development of models that adequately repredd Robotic Manipulator

the reality is an important task, since these mathematicalThe differential equation that represents the behaviohef t

models can be used for simulation, behavior analysis, desiganipulator is:

and control systems [1] [2] [9] [10]. Real systems are tylhjca . . .

nonlinear. Tr?le IineaE ’Ee[rr]n[ r]egeri to theyapplicabilityytg};th mi*6 + BlO + mglsin (0) = T @

Principle of SuperpositionThis means that: considering ayhere B represents the damping factor, i.e., it is considered

system whick is excited by the input (¢) produces the output the existence of friction at the fixation point of the manipul

y1(t) and when excited byi(t) produces the outpu(). tor; m is the massT, is the torque applied at the manipulator

Thus, if such system meets the principle of superpositiolihk; 7" is the traction on itj¥ is the weight and is its length.

when excited bywu () +bus(t), its output isay: (t) +by2(t),  The angled is the system output, the angular position.

being a and b possibly complex constants. Due to the pre- 1) The Manipulator Analog SimulationThe analog sim-

dominance of nonlinear systems, an approach widely used igjfation is an important tool for determining the temporal

linearize such systems around the operating points. THisrpapehavior of systems. The most appropriate procedure for the

proposes a methodology to analyze the dynamic behavigiulink block diagram structure to the analog simulatisn i

of a robotic manipulator - a nonlinear system. Initially thes follows: first isolate the derivative of higher order ireth

system was analyzed by means of analog simulation usigigerential equation in the first member of it and move the
the Simulink software. This procedure revealed the noalinegther terms to the second member:

system dynamic. Then the nonlinear system was decomposed 1 B
b=+ (-2)é+ (”) sin(8) ()
ml? ml l

into sub-linear models and represented in the context afdrin

and Parameters Varying - LPV. The LPV system was written

in the form of state variables and equations were obtainedThe equation (2) allows easy structuring of Simulink
from sub-models at the operation points. These equatiobfcks for the system simulation. The constants shown in
represented in a matricial form, were used as consequent npidrentheses in the second member of the equation represent
base of Takagi-Sugeno (TS) fuzzy model. In [2], it is statetthe gains. The three parcels will be summed up by the sum

I. INTRODUCTION
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block. Integrators and block of the sine function are use8

to complete the structure. The constant values used for thén Fig. 2 it is shown the nonlinear characteristic of the
simalation were the followingm = 1kg, g = 9.81m/s?, function f(#) = sin(9) along with that an example of
I = 1m and B = 1kgm?/s. In Fig. 1 it is shown the linearization around the operating poiit = - rad:

structure at the simulink to robotic manipulator simulatio 3

it

Step Entrada Te

U(m*1*1)

Trigonometric -0.5F

Function
sin(teta ) -
107 teta (graus) -1r
e

d(teta) /dt?

) T Fig. 2. Nonlinear characteristic gf(¢) = sin (6) and linearization

1 1
s s
dteta) /dt

The equation (7) represents the LPV model, i.e., a model
that is linear and varies through parameters. The follows

Fig. 1. Block diagram for analog simulation replacements were made through simplifications= —,
m,

g cos ()

—

Integrator Integrator 1

B
) 5 = 7, v o= %[Sin (90) — 90 COs (90)] ed =
The scope block shows a graph which represents the systeiys”"
dynamic behavior. . . _ 6=—B0—060+u* (8)
2) System LinearizationThe nonlinearity shown in equa-
tion (1) is due to the terrsin (6), as the sine function doeswhereu” = o, —~y

not follow the superposition principle. Thus, only thisrter ~3) State-Space RepresentatioEquation (8) was repre-
was linearized. sented in the form of state variables as follows:

A usual procedure for linearizing a characteristic such asLet z1(t) andz(t) be the state variables. So:
this |s_to replace the characteristic W|th_ a straight Ilnejoh_ 21 (t) =0 = () = i
may give a reasonably accurate model in some small region of ot ; 9)

operation [7]. So, the functiorf(¢) can be written by Taylor )=0=a(t) = &a(t) =0
series around the poirtt, as follows: Substituting equation (9) into equation (8), (10) is obeain

. df d*f (0 —00) #1(t) = xa(t)
10 =100+ 31, O~ 0+ Gge|,_, —ar T iat) = —pra(t) —om() w10
) . ) _(3) Represented in a matricial form:
If 6 is considered close t6, then the terms with higher
order derivatives can be ignored: (t) = [ _05 _15 ]x(t) n [ ? ]u*
d (11)
7O)= f00) + B (0 —00) @
0=60 yt)=[1 0 ]x(t)
For the case of robotic manipulator modeled in equation (1) #1(8) 21(8)
f(6) = sin (A). Thus applying the result obtained in (4):  wherex(t) = Lojc;(t) } x(t) = [ x;(t) and y(t) is the
sin (0) = sin (#) + (cos (6p))(6 — 6o) (5) System outputf).

The result of (5) provides the linearization of the functioB. Rule Base of Takagi-Sugeno Fuzzy Model for Manipulator
sin (#) around generic operating poirt,. Following, the oo : :
equation (5) was replaced in equation (2): The fuzzy modeling is used in complex systems, nonlinear
) L BN g or partially unknown, whick usually have problems with con-
= (W) Te + (*m) 0+ (7) (sin (60) +cos (80)(6 — 60)) (6)  ventional techniques and classic modeling. It tries to ipoe
Then: rate in the model the expert’'s knowledge, taking into actoun
' that humans are capable of dealing with relatively complex

gcos by

) = (L> Te — (;) 0 (?) [sin (60) — 8o cos (90)] - =——0 () processes based on imprecise information [4][5][6][8]z&u
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After the calculation of linear submodels for each operatin

If <antecedent proposition> then <consequent proposition Point the following rule-base, consisting of 13 rules & 13
was obtained:

The types of fuzzy models are distinguished by consequent
proposition. In the Sugeno-Takagi fuzzy model (Takagi and
Sugeno, 1985), the consequent proposition is a crisp math-
ematical function of antecedent variables instead of ayfuzz R, : 1fzis —90° then %(t) = [ 8 _11 ]x(t) + [ (1’ }ul*
proposition. The general structure of rules in the TS model
with K rules is:

systems have rules of type IF-THEN, as follows:

Ro: If xis — 85° then x(t) = [ 70.(8]550 jl ] x(t) + [ (1) ] [
R;: If xis A; then y; = fi(x), i=1,2,3.... K. (12)
wherez is the antecedent variable (input) apde Ris the g . 7,06 = 75° then (1) = [ 29390 11 ]x(t)+ [ (1) ]US*

consequent variable (output}; denotes the antecedent fuzzy
set ofith rule, being defined by the membership function:

I mis —60° them %(f) — 0 1 .
s, (I) RP s [O’ 1] (13) Ry: Ifxi 60° then x(t) I: 49050 —1 ] x(t) + [ ] uq

The Fig. 3 shows a fuzzy system for a generic TS model ) o . 0 1 .
. . . A . Rs: I — hen x(t) = . x
In this model there is no TS defuzzyfication step, since the’ [is — A5 then X [ —6.9367 -1 ] @+ [ ]us

output is a crips mathematical function.

Re: If xis — 30° then x(t) = |: _g 2957 31 ] x(t) + [ (1) ] ug”
Knowledge Base 0 1 0
Ry : If xis0° then x(t) = [ _081 -1 :|x(t)+ |: 1 :|U7*
‘ Rule Base ‘ ‘ Data Base
Input
Numerical Rg: If xis 30° then %(t) = 0 ! x(t) + v ur”
dota 8 —8.4957 —1 1|0
Fuzzy Inference Engine Output
Fuzzy Numerical 0 1 0
Set data Rg: If x is 45° then %(t) = [ _6.9367 —1 ] x(t) + [ 1 } [
Fig. 3. Fuzzy system for the general Takagi-Sugeno model
Rio: If xis 60° then x(t) = |: 4 3050 711 ] x(t) + [ (1) ] ur”

Given the structure of the TS model and the LPV model 0 )
obtained for the manipulator, it is possible to obtain timedir ~ Ri1: 1f zis 75° then x(t) = [ 25390 —1 ] x(t) + [ ] uz”
submodels for each operating point and group them into

a TS fuzzy structure. The chosen operating points for the 0

. ° . 1 *
manipulator are-90°, —85°, —75°, —60°, —45°, —30°, 0°,  [hz: [f @ is 857 then x(t) = [ —0.8550 —1 ]x(”* [ ]“7
30°, 45°, 60°, 75°, 75°, 85° e 90°, as it is shown in Fig. 4:

Riz: If xis 90° then %x(t) = [ 8 jl ]x(t)Jr[ (1) ]157*

whereu; ™ = T,49.81, us™* = T, +8.5043, ug* = T.+6.1522,
ug* =T, + 3.3592, us™ = T, + 1.4886, ug* = T, + 0.4567,
uy* = Te, ug® = T, — 0.4557, ug™ = T, — 1.4886, u1o* =
TC—3.3592, u11* = Tc—6.1522, u12* = Tp—85043, u13* =
T. —9.81, becausey = 1.

IIl. TS Fuzzy MODEL FORMULATION FOR THE
MANIPULATOR

In this section it will be presented the model structure
Takagi-Sugeno fuzzy to the manipulator using the Simulink
of the Matlab. The structure allows the analog simulation of
the TS model and its comparison with the nonlinear system
Fig. 4. Operating points of the manipulator so that it can be validated.

996



International Journal of Mechanical, Industrial and Aerospace Sciences
ISSN: 2517-9950
Vol:4, No:10, °~* 7

A. Inference in TS Model e
According [2], the degree of fulfillment of the antecedent " Gassane M ™ SUTTHETA 13, |
corresponds to the membership degree that is given to i, i.e D "2 product
the credit which is granted to the antecedent. The degree _ ouz e x
of fulfilment is denoted by3;(x), it is simply equal to the Gaussian MF 1 9 L ow
membership degree of the given inputi.e., 8;(z) = pa, (). o> o) theta 30 ;
The inference on Takagi-Sugeno fuzzy model is given by the GaussianMF2 O TR S O o
simple algebraic expression: (i
o Te(t) theta_4(t)
K SLITTHETA 4 s O
. . out4 G Outd
. Zi:l (ﬁ,, (J})y1) (14) Gaussian MF 3 N5 product 3
= &=L oduct
S A b
. . . Out5 outs
The numerator of equation (14) indicates a sum of products Gaussian MF 4 S pds
between each linear submodel and its degree of activation D .
of the rule corresponding to the submodel. The denominator o irs 8 ®W :ms outs
indicates the sum of the degrees of fulfillment. ——
SLIT THETA 7.
Gaussian MF 6 N8 Product6
oft) theta_8(t)
e ;L(I‘;THETA 8 X
B. TS Model Simulation Structure Formulation cavssianmr 7 O e
Once obtained the thirteen linear submodels (shown on s s v ] * (D
the rule-base already presented), and made the structofring conaaurs OV o oo
membership functions, it was possible to develop completel To) eta100)

. . . /\ SLITTHETA 10 x
the Takagi-Sugeno fuzzy model for the robotic manipulator . TS ‘@7 ouo
in question. The chosen membership functions were gaussian Gaussian MF 9 e
The law of formation of this membership function is given by D) SUTTHEA 1 0 |
the following expression: GavsaniF 10 U1 12 proguct 10

(—0.5(1-—(-)2) SLIT THETA 12@_> * (12D
_ — .2 15 et out12
f(.fC) e ( ) G TE 11 Out12 Product 11
aussian
Te(t) theta_13(t)
In equation (15)¢ represents the Euler numbemepresents (13) SUTTHETA T3,
the center of the Gaussian amdndicates the variance. As the Gaussian MF 12 O M product 12

variance has its value increased or decreased, the curve ope
ing gets wider or narrower, respectively. The centers, fier t  Fig. 5. Membership Functions and linear submodels of TS model
model in question are the operation points of the manipylato
the variances were adjusted as the need for greater or less
activation of a specific rule for better efficiency of the TS

H

model. gama -

The Fig. 5 shows the structure of membership functions B il ey D)
and linear submodels in simulink. The inputs of blocks appea - State -Space theta_i(t)
all interlinked: they are connected to the global outputh&f t 7
system, so that the fuzzyfication may happen. The output: alpha
are connected to a sum block to generate the sum of the
degrees of fulfillment, as the denominator of equation (14). Fig. 6. General form of the linear submodel

The structure shown on the right in the figure are the linear
submodels and product blocks to implement, together with th
sum, the numerator of equation (14).

The Fig. 6 shows the general structure of linear submodelhe Fig. 7 shows the complete implementation of equation
The input of each submodel is the torque, as shown in tfi4), in simulink. This structure also allows the analog
interconnection of all inputs of SLIT’s. In the same figure isimulation of both the TS fuzzy model and of the nonlinear
can be observed th8tate-Spacdlock, whose function is to model simultaneously for validation purposes. The block

implement a linear system in state space. called Robotic Manipulator is a subsystem of the structure
The names of two of the blocks in Fig. 6 correspond to thehown in Figure 1. The input of this subsystem is the torque
constantsy and~ formerly defined in this paper. and the output is the angit) (nonlinear).
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Fig. 7. Framework for TS model simulation

In the structure (Fig. 7) there is also a converter frc
radians to degrees. All two outputs (nonlinear and fuzzg)
connected to the input of this converter. The output of tl
block is connected to the scope, which will show the curv
for the angles in degrees. The Fig. 8 shows a graph of
input signal representing the torque applied to the robc
manipulator. This is a noisy sinusoidal signal.

Torque
o

-8l

~10 I I I I I I . . .
0 10 20 30 40 50 60 70 80 920 100
Time (seconds)

Fig. 8. Graph of the input signal

IV. ANALISIS AND VALIDATION OF TS FUZZY MODEL OF
MANIPULATOR

The analysis and validation of Takagi-Sugeno fuzzy model

"4, No
A.

2517-9950

ﬂ&rr%%%on of TS Model obtained

The structure shown in Fig. 7 was simulated several times
to obtain the values of variance of the Gaussian to generate
a coherent model. These variance values were being chosen
as the output of TS fuzzy model was closer to the output
of the nonlinear model. Once obtained all the parameters
characterizing the membership functions, it was constdict
a graph of the fuzzy sets aof; (t):

1.2
-90°_geo . o . o
1L -85°_;50-60° —45° 30 0° 30° 45°  60°  75° 85° go- |
0.8 b
=
g 0.6 B
0.4 R
0.2 / B
Oé‘ /. ‘
-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 9.

Angle 6 (radians)

Fuzzy sets of; (¢)

Fig. 9 allows to look through the membership functions
which for a given angle, several rules are activated, bub wit
different degrees of fulfillment. Table 1 shows the chamacte
ization of the membership functions showing the values of
variance for each of the operating points (centers):

‘ Center(c) ‘ Variance(o) ‘

-90° 0.002
—85° 0.035
—75° 0.02
—60° 0.27
—45° 0.27
—30° 0.28
0° 0.25
30° 0.2
45° 0.35
60° 0.25
75° 0.13
85° 0.005
90° 0.005

obtained for the robotic manipulator was made through analo

simulation.

TABLE |

CHARACTERIZATION OF MEMBERSHIP FUNCTIONQGAUSSIAN)
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B. Validation of TS Fuzzy Model

After manual adjustment of membership functions dfl
Takagi-Sugeno fuzzy model for the manipulator through tkr%
analog simulation of the structure shown in Fig. 7, it was
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cating that the TS model obtained adequately represents the

dynamic behavior of the manipulator at the operation points

V. CONCLUSION

The methodology proposed in this paper for modeling
the robotic manipulator is adequate for modeling nonlinear

systems in general, since the Takagi-Sugeno fuzzy model has

been proven efficient in the concatenation of linear subrisode
for the system global output composition. The TS model
obtained for the manipulator has a reasonable number of rule
due to on the characteristic behavior of the manipulatohén t
operating point near 90 and -90°. However, the thirteen
rules were needed to ensure the effectiveness of the model.
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