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 
Abstract—Numerical investigation of flow around a square 

cylinder are presented using the multi-relaxation-time lattice 
Boltzmann methods at different Reynolds numbers. A detail analysis 
are given in terms of time-trace analysis of drag and lift coefficients, 
power spectra analysis of lift coefficient, vorticity contours 
visualizations, streamlines and phase diagrams. A number of physical 
quantities mean drag coefficient, drag coefficient, Strouhal number 
and root-mean-square values of drag and lift coefficients are 
calculated and compared with the well resolved experimental data 
and numerical results available in open literature. The Reynolds 
numbers affected the physical quantities.  
 

Keywords—Code validation, Force statistics, Multi-relaxation-
time lattice Boltzmann method, Reynolds numbers, Square cylinder. 

I. INTRODUCTION 

HE vortex shedding and force statistics from bluff bodies 
is an important engineering studied problem. The vortex 

shedding and force statistics strongly depend upon the 
cylinder size, computational domain and Reynolds numbers. 
Furthermore, the analysis of shed vortices behind the bluff 
body is another challenging task. Experimentally to 
investigate all the above mentioned aspects are extremely 
difficult especially at low Reynolds numbers (Re). Due to 
advancement of numerical methods and development of 
computer technology one can easily investigate all the aspects. 
Furthermore, using the newly developed numerical methods 
the code validation is very important before dealing with 
complex problems. The vortex-shedding frequencies, pressure 
distribution, lift, drag, Strouhal numbers and onset of vortex 
shedding for flow past a square cylinder were studied 
experimentally by mostly Okajima [1], Davis and Moore [2], 
Norberg [3] and Dutta et al. [4]. Whereas Sohankar et al. [5], 
Robichuax et al. [6], De and Dalal [7], Gera et al. [8] and 
Alshayji and Abograis [9] have worked numerically on 
different aspect for flow past a square cylinder.  

Okajima [1] experimentally examined the vortex-shedding 
frequencies of various rectangular cylinders by using a wind 
tunnel and water tank. He found that a certain range of 
Reynolds numbers for cylinders with width-to-height ratios of 
2 and 3 exist where the flow pattern showing a sudden 
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discontinuity in the Strouhal number. Davis and Moore [2] 
experimentally and numerically studied the two-dimensional 
time-dependent flow for Reynolds numbers ranging between 
100 and 2800. They observed that the shed vortices, lift, drag 
and Strouhal number strongly dependent on Reynolds 
numbers. Norberg [3] experimentally investigated the flow 
and pressure around rectangular cylinders at different angle of 
attack. He also examined the side ratios effect and measured 
the static pressure distribution. He examined the Strouhal 
number for associated wake frequencies by using the hot wire 
measurements. He found multiple wake frequencies for some 
Reynolds numbers for side ratios ranging between 2 and 3. 
Dutta et al. [4] experimentally measured the low Reynolds 
numbers between 97 and 187 for flow past a square cylinder 
by using hotwire anemometry. They found that vorticity 
decays faster at low Reynolds numbers in the downstream 
direction as compared to high Reynolds numbers. 
Furthermore, at high Reynolds numbers, the magnitudes of the 
vorticity decrease with distance. Sohankar et al. [5] 
numerically calculated the force coefficients for flow past a 
square cylinder at different Reynolds numbers using the 
SIMPLEC finite volume code and third-order QUICK scheme. 
They also examined the effect of inflow location, outflow 
location and side wall locations at Re = 100. They found that 
the onset of vortex shedding occurs between Re = 50 and 55. 
Robichuax et al. [6] numerically investigated the onset of 
three-dimensionality for flow past a square cylinder and 
observed that the transition process is similar to that of a 
circular cylinder. 

The present work is basically motivated to provide a 
systematic code validation study by using the lattice 
Boltzmann method in terms of all aspects and also to provide a 
detail comparison with existing experimental data and 
numerical results in open literature for future analysis. In this 
paper we mainly focused on the multi-relaxation-time lattice 
Boltzmann method and the numerical data for physical 
parameters using the single-relaxation-time lattice Boltzmann 
method also given in this study for comparison. One can easily 
find the details of multi-relaxation-time lattice Boltzmann 
method (MRT-LBM) together with the initial and boundary 
conditions in Shams et al. [10]. Shams et al. [10] 
systematically discusses the effect of the computational 
domain on the flow past a square cylinder in detail in terms of 
vorticity contours visualization and physical parameters with 
experimental and numerical comparison. Furthermore, they 
also given the detail problem description and important 
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physical parameters that we now used in this paper. The lattice 
Boltzmann equation (LBE) is a new numerical scheme 
originated from the lattice gas model (LGM) in order to 
overcome the main difficulties in LGM [11]. One can easily 
find the importance, theoretical background and applicability 
in practical engineering applications [12]-[24].  

Before proceeding to results and discussion section, firstly, 
we will discuss the adequacy of the grid. The spatial adequacy 
was tested by varying the number of grid points (10, 20 and 40 
points) representing a cylinder and comparing values of mean 
drag coefficient and Strouhal number for different Reynolds 
numbers (see Figs. 1 (a), (b)). The cylinder is placed d from 
the inlet position and the computational domain comprises 921 
× 261 points for the 20-point grid in this evaluation. It is 
observed that the variation in mean drag coefficient and 
Strouhal number between the last two selected resolutions for 
chosen Reynolds numbers is small (<2.3%). Furthermore, no 
significant variation observed in terms of Strouhal number. It 
is confirmed that the computations on the 20-points grid have 
converged for the selected parameters. It is important to state 
here that the percentage deviation relative to the 40 points 
calculated in this study for data presented in Figs. 1 (a), (b).  

 

 
Fig. 1 Variation of (a) Cdmean and (b) St for different size of square 

cylinder 
 
The rest of the paper is organized as follows: The effects of 

the Reynolds numbers on the physical quantities, vortex 
shedding frequencies and the flow structures are discussed in 

Section II compared with experimental data and numerical 
results. Finally important findings are summarized in Section 
III.  

II. RESULTS AND DISCUSSIONS 

Numerical calculations were carried out for flow around a 
square cylinder for Reynolds numbers. The present 
calculations yield time series for the force coefficients, power 
spectra analysis of lift coefficient, vorticity contours 
visualization, streamlines and phase diagram for different 
combinations. Calculations of the mean drag coefficient 
(Cdmean), drag coefficient (Cd), Strouhal number (St), and 
root-mean-square values of drag (Cdrms) and lift (Clrms) 
coefficients in terms of physical parameters for square 
cylinder are also given. It is important to mention here that we 
calculate the Strouhal number using the fast Fourier transform 
technique. In vorticity graphs the solid lines represent the 
positive vortices generated from the lower corner of the 
cylinder and dashed line presents the negative vortices 
generated from the upper corner. Moreover in drag coefficient, 
lift coefficient, Strouhal and phase graphs solid lines are used. 
It is also important to state here that those cases cases that they 
have similar characteristics are not shown in this paper and 
some representative cases will be discussed  

To analyze the effect of Reynolds number on vortex 
shedding, the vorticity contours visualizations are presented in 
Figs. 2 (a)-(f). It can be easily observed that the vortex 
shedding size and width behind the cylinder showing some 
changes by increasing the Reynolds number. At Re = 80, a 
positive vortex on the lower side of the cylinder appears and at 
the same time the negative vortex from the upper side of the 
cylinder is roll up (see Fig. 2 (a)). The vortex shedding process 
is almost similar to that observed for other Reynolds numbers. 
Furthermore, we observed that a negative vortex on the upper 
side of the cylinder is about to detach, while a positive vortex 
on the lower side of the cylinder in the development process 
(Figs. 2 (d)-(f)). Such kind of vortex shedding characteristics 
observed by Cheng et al. [18] for flow around a square 
cylinder in a uniform shear flow using the lattice Boltzmann 
method. We not observed the distortion and merging of shed 
vortices behind the cylinder for all selected Reynolds numbers 
in this study. This clearly indicates the capability of the 
present code for bluff body flows. One can clearly see the 
complete Karman vortex street behind the cylinder. The wake 
circulation length of the initially generated negative and 
positive shed vortices from the upper and lower side of the 
cylinder affected and reduced by increasing the Reynolds 
numbers, respectively. In addition, the mean position of the 
positive and negative vortices remains same throughout 
computational domain behind the square cylinder. This 
ensures that the separation point is same for all Reynolds 
numbers and also clearly seen in streamline graphs (see Figs. 3 
(a)-(f)).  
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Fig. 2 (a)-(f) Vorticity contour plots at different Reynolds numbers 
 

To further validate the code and to analyze the effect of 
Reynolds numbers on flow around a square cylinder 
streamline visualization are presented in Figs. 3 (a)-(f). It is 
clearly observed from streamlines that once the Reynolds 
numbers increased the shed vortices either appeared quickly 
from the upper side or lower side and then travel downstream 
without any merging and distortion. The separation point from 
the front surface is same for all selected Reynolds numbers. 
The stagnation point changes with Reynolds numbers for flow 
behind the square cylinder and even at the surface of the 
cylinder also.  

 

 

 

 

 

 
Fig. 3 (a)-(f) Streamline visualization of flow past a square cylinder 

at different Reynolds numbers 
  
The time-trace analysis of drag and lift coefficients for 

some selected Reynolds numbers are shown in Figs. 4 (a)-(d) 
and 5 (a)-(d). The periodic natures in terms of drag and lift 
coefficients observed for all selected Reynolds numbers in this 
study. The amplitude of drag and lift coefficients either 
increased or decreased by increasing the Reynolds numbers. 
Davis and Moore [2] experimentally observed such kind of 
variation for lower and higher Reynolds numbers. The 
sinusoidal variation of lift coefficients (see Figs. 5 (a)-(d)) 
clearly indicates the fully developed Karman vortex street 
behind the square cylinder for all Reynolds numbers without 
any merging and distortion throughout the computational 
domain in this study.  
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Fig. 4 (a)-(d) Time-trace analysis of drag coefficients for some 
selected Reynolds numbers 

 

 

Fig. 5 (a)-(d) Time-history analysis of lift coefficients for some 
selected Reynolds numbers 

 
The phase diagram of drag and lift coefficients are shown in 

Figs. 6 (a)-(d) for some selected Reynolds numbers. The eight 
phase figure observed for all Reynolds numbers. In Figs. 6 (a)-
(d), one can also see that the mean position of the drag and lift 
coefficients is zero. This means that the separation point of 
vortices remains same for all chosen Reynolds numbers. The 
phase diagram clearly shows the variation in drag and lift 
coefficients and the shed vortices size and width by increasing 
the Reynolds numbers. Again this ensures that the present 
code can capture the complex flow phenomenon easily.  

 

Fig. 6 (a)-(d) Phase diagram of drag and lift coefficients for some 
selected Reynolds numbers 

 
The power spectrum analysis of lift coefficients is presented 

in Figs. 7 (a)-(d). The amplitude of the spectrum energy 
increase by increasing the Reynolds numbers. The single peak 
observed in the spectrum which is the primary vortex shedding 
frequency. No secondary cylinder interaction frequency 
observed in this study. This means that one can easily capture 
the fully developed vortex street behind the cylinder up to 
Reynolds number 200 using the multi-relaxation-time lattice 
Boltzmann method. This ensures again the applicability and 
validity of the present code.  

 

 

Fig. 7 (a)-(d) Power spectrum analysis of lift coefficients at 
different Reynolds numbers 
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The variation of mean drag coefficient (Cdmean), drag 

coefficient (Cd) and Strouhal number (St) for different 
Reynolds numbers are shown in Figs. 8 (a), (b). It is important 
to state here that Cd means the highest peak in drag coefficient 
amplitude (see Figs. 4 (a)-(d)). In Figs. 8 (a), (b) we compared 
our numerical results with the experimental data available in 
the search literature for low Reynolds numbers. One can see 
that at Re = 150, the present data and experimental data of 
Okajima [1] are in excellent agreement (Fig. 8 (a)). 
Furthermore, at Re = 200, the present numerical data are in 
good agreement with the experimental measurements of 
Okajima [1], Norberg [3] and Dutta et al. [4] (Fig. 8 (a)). The 
variation of Cdmean and Cd is almost same (Fig. 8 (a)). In 
addition, at Re = 100, we observed the excellent agreement 
between the present Strouhal number and those experimentally 
observed by Okajima [1] and Davis and Moore [2]. At Re = 
150, again we observed reasonably good agreement between 
the present Strouhal number and experimentally examined by 
Norberg [3]. One can also see the good agreement between the 
present numerical data and experimental data et Re = 200 (Fig. 
8 (b)). The Strouhal numbers either increase or decrease by 
increasing the Reynolds number. Norberg [3] observed similar 
trend for Strouhal number.  

 

 

Fig. 8 (a), (b) Comparison of (a) Cdmean, Cd and (b) St of present 
data with the experimental data available in open literature 

 
The calculation results for different Reynolds numbers for 

physical parameters are presented in Figs. 9 (a)-(d). For 
comparison, the numerical data available in the search 
literature are also presented in Figs. 9 (a)-(d). The results show 
that the physical parameters are affected up to some extent by 
the Reynolds numbers. The influence of Reynolds numbers is 
clearly seen on the Strouhal number, root-mean-square values 
of drag (Cdrms) and lift (Clrms) coefficients. As can be 
clearly seen the decreasing and increasing trend of the 
physical parameters with Reynolds number variation. The 
result of Sohanakr et al. [5], Gera et al. [8] and Alshyji and 
Abograis [9] lie closely on the present results for mean drag 
coefficient and drag coefficient (see Fig. 9 (a)). The results of 
Robichuax et al. [6] appear to be generally higher than those 
of all others. The present numerical results show that the mean 
drag coefficient and drag coefficient are slightly lower than 
those reported by Robichuax et al. [6] and Alshyji and 
Abograis [9] (see Fig. 9 (a)). Overall a good agreement 
between the present results and the open literature numerical 
data for mean drag coefficient and drag coefficient observed.  

The Strouhal numbers are illustrated in Fig. 9 (b). The 
variation of St with Re shows a decreasing and increasing 
behaviour by increasing the Reynolds numbers (see Fig. 9 
(b)). The excellent agreement observed between the present 
Strouhal numbers and those numerically observed by Alshyji 
and Abograis [9]. The present Strouhal number values are 
slightly higher than those observed by Gera et al. [8] 
numerically.  
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Fig. 9 (a)-(d) Comparison of (a) Cdmean, Cd, (b) St, (c)Cdrms and 
(d) Clrms of present data with the numerical data available in open 

literature 
 

The root-mean-square values of drag and lift coefficients, 
Cdrms and Clrms are illustrated in Figs. 9 (c) and (d), 
respectively. Overall agreement between the present numerical 
data and those numerically observed by Sohanakr et al. [5], De 
and Dalal [7], Gera et al. [8] and Alshyji and Abograis [9] (see 
Figs. 9 (c) and (d)). The present results are slightly higher than 
those observed numerically by other researchers.  

III. CONCLUSIONS 

A two-dimensional numerical study has been proposed in 
this paper to validate the code and to analyse some important 
flow features around a square cylinder for Reynolds numbers 
ranging from 80 to 200 using the multi-relaxation-time lattice 
Boltzmann method. We found that the vortex shedding is 
exhibited by a single primary frequency for all Reynolds 
numbers. The present study also predicted the influence of 
Reynolds numbers on physical quantities such as drag 
coefficient, mean drag coefficient, Strouhal number and root-
mean-square values of drag and lift coefficients. The predicted 
numerical results for chosen computational domain show good 
trend with other experimental and numerical results. The 
satisfactory agreement we found between the present 
numerical data with the experimental results at low Reynolds 
numbers. The periodic natures for both drag and lift 
coefficients observed in this study. All these findings clearly 
show that the MRT-LBM is a good and suitable method for 

bluff body flows. It is also found that by increasing the 
Reynolds numbers the physical parameters either increased or 
decreased.  
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