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Exponential Stability and periodicity of a class of
cellular neural networks with time-varying delays

Zixin Liu, Shu Lii, Shouming Zhong, and Mao Ye

Abstract—The problem of exponential stability and periodicity for
a class of cellular neural networks (DCNNs) with time-varying delays
is investigated. By dividing the network state variables into subgroups
according to the characters of the neural networks, some sufficient
conditions for exponential stability and periodicity are derived via
the methods of variation parameters and inequality techniques. These
conditions are represented by some blocks of the interconnection
matrices. Compared with some previous methods, the method used in
this paper does not resort to any Lyapunov function, and the results
derived in this paper improve and generalize some earlier criteria
established in the literature cited therein. Two examples are discussed
to illustrate the main results.

Keywords—Cellular neural networks, exponential stability, time-
varying delays, partitioned matrices, periodic solution.

[. INTRODUCTION

N past few decades, cellular neural networks (CNNs)[1]

and delayed cellular neural networks (DCNNs) have been
well investigated since they play an important role in appli-
cations such as static image treatment [2], [3], processing of
moving images, speed detection of moving objects [4], and
pattern classification [5], et al,. And many stability criteria for
DCNNSs have been obtained (see [6]-[12]). In [6], a sufficient
condition for complete stability of DCNNs with positive cell
linking and dominant templates is given. In [7], it was proved
that if the sum of the feedback matrix and the delayed feedback
matrix is symmetrical and the length of delay is smaller than a
certain value depending on the delayed feedback matrix, then
the DCNNSs is stable.

In this paper, by dividing the network state variables into
subgroups according to the characters of the neural networks,
the problem on exponential stability and periodicity for a
class of cellular neural networks with time-varying delays
is investigated. By using methods of variation parameters,
some sufficient conditions ensuring exponential stability and
the existence of periodic solution are derived. These results
improve and generalize some earlier criteria obtained in the
literature cited therein. Two examples are given to illustrate the
improvement and effectiveness of the main results. However,
the conditions obtained in [7], [9], [11], [12], [13] are not
applicable to determine the stability of the system for these
examples.
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II. PRELIMINARIES

Notations. The notations are used in our paper except where
otherwise specified. For A,B € R", A < B(A > B)means
that each pair of corresponding elements of A and B satisfies
the inequality < (>). In particular, A is called a nonnegative

matrix if A > 0; || - || denotes a vector or a matrix norm
A .
and o] = (37, 22)/2, ||l = supj, 20 1425 T denotes

the identity matrix and p(-) denotes the spectral radius of a
square matrix.
In [14], Zhong and Liu investigated the following dynamics
of continuous time DCNNs model with discrete time delay
dx(t)
dt
In this paper, we will study the generalized dynamics of
continuous time DCNNs with time-varying delays defined by
the following state equations

dxz(t)
dt

=—z(t) + Af(x(t)) + Bf (z(t — 7)) + u, (t =2 0)

= —z(t)+Af(z(t))+Bf(z(t—7(t)))+u, (t >0) (1)

where 2() = [z1(),22(-),...,2,(-)]T is state vector;
u = [ui,us,...,u,|’ is constant vector; f(z(-)) =
[f1(21()), f2(22()) - - fu(@a())]T is the output; A =
(@ij)nxn is feedback matrix; B = (bij)nxn is delayed
feedback matrix; z(t — 7(t)) = [r1(t — T1(t)), z2(t —
), =T ()T () > 0(i = 1,2,...,n) is delay
parameter and the output equations are given by

Filwi() = 5@+ = () 1), = 1,2, n. @)

One can see that f; is globally Lipschitz continuous with
Lipschtiz constant p; =1 for i =1,2,...,n, i.e

|fi(u) — fi(v)| < Ju—v],Yu,v € R.

This implies that system (1) admits a unique solution in its
maximum existence interval for the initial condition given
by z(t) = ¢(t),t € [-7*%,0], where ¢(t) is continuous on
[—7*,0], and 0 < 73(¢) < 7%,i=1,2,...,n.

In order to discuss the exponential stability properties of
DCNNs (1), the following concept of exponential stability is
needed.

Definition 2.1: An equilibrium z* of system(1) is said to
be exponentially stable if there exist & > 1,3 > 0, such that
for any ¢ > 0 and ¢ € C([—7*,0], R"), ||z(t) —2*|| < a|l —
#*[|ae=, where [l — x*|la = {3 Sup._y, <p<o | 64lt) —
z¥2}z, C(]—7*,0], R") is the Banach space of continuous
functions which map [—7*,0] to R™ with the topology of
uniform convergence.

178



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:3, No:3, 2009

For further discussion, the following lemmas are needed,
which will be used in section 3.

Lemma 2.1: there exists at least one equilibrium point of
system (1)
Proof. Denote Q = {z € R™*!, ||z — u|| < ||A|| Mk, + || B|| Mk},
where M, = sup{||f(z(¢))||}, since f(z(t)) is bounded, thus
M, exists. Define a map F': R — R"

F(a(t)) = Af(x(t) + Bf(x(t — 7(1)) + u 3
From (3), we obtain

[1F(x(t) —ul = [|Af(x(t)) + Bf (x(t — (1))
< [[Af G@E)IHIBIIf (2(E = 7@
= [[A|My, + || B[ My

It follows that F maps () into itself. Since () is a convex
compact set, then by the Brower Fixed Point theorem, we
know F' : Q — € has at least one fixed point z(t) = x*,
which completes the proof of the lemma.

Lemma 2.2: (Holder inequality).Assume that there exist
two continuous functions f(x),g(x) and a set ,p and ¢
satisfying 1/¢ + 1/p = 1, for any p > 0,q > 0, if p > 1,
then the following inequality holds.

x)g(z)|dx 2)|Pdz)l/P 2)9dz)1/9.
/Q\f()g()\d s(/ﬂlf()ld) </Q|g<>|d>

Lemma 2.3: [15] Assume that there exist constants ap >
0,k =1,2,...,n,p and q satisfying 1/¢+ 1/p = 1, for any
p>0,q >0, if p > 1, then the following inequality holds

n n
oy <w S
k=1 k=1

Lemma 2.4: (Horn[12]).If M > 0 and p(M) < 1, then
(I — M)~! > 0, where 1 denotes the identity matrix and
p(M) denotes the spectral radius of a square matrix M.

Let 2* be an equilibrium point of system (1) and define y(-) =
x(-) — z*, then we get

WO _ 1) + A (0) + )

dt

= f@) + B(f(y(t —7(t) +z%) — f(z7)). )
Let us divide the set I = {1,2,...,n} into subsets I, [ and
Issuch that I = UL, UI3 where Iy = {i € I|z} > 1}, I, =
{iell-1<azr <1}, Is={icl|lz; < -1}
We may rearrange the order of yp, yo,...,y, such that

Il = {1727"'77‘}7

Iy = {r+1,r+2,....,r+m},

Iy ={r+m+1r+m+2,...,n}
where r, m, n —r —m are non-negative integers. The variables
of system (5) are reordered, but for convenience, we may use

the same symbols as those in system (5).
Let

y@) =1 vy |,

where

y(l)(t) = (yl(t)7y2(t)7' i 7y7>(t))T7
Y2) (t) = (yr+1 (t)v yr+2(t)7 sy Yrem (t))T7
Y3) (t) = (yr+m+1 (t)a Yr+m+2 (t)v ceey yn(t))Tv

So system (5) can be decomposed into

dy ()
dt

=~y () + A11g(ya)(t)) + A29(y2) (1))

+ A13g(y3) () + Big(yay (t — 7(1)))

+ Bi2g(y(2) (t — 7(¥))) + Bisg(yes) (t — 7(1)))
==y (t) + A219(y() (1)) + A229(yc2) (1))

+ Aasg(yesy (1)) + Barg(yy (t — 7(1)))

+ Baag(y(2) (t — 7(t))) + Basg(ys) (t — 7(t)))
= —y(3)(t) + Az19(y1)(t)) + Az29(y2) (1))

+ Az39(y(3)(t)) + Barg(yay(t — 7(1)))
+ Bs2g(y(2)(t — 7())) + Basg(ye) (t — 7(2))),

dy2) (t)
dt

Q)

dy) ()
dt

where
An A Agg Bi1 Bi2 Bz
A=| A Asx Az | ,B=| Ba1 By DB |,
Az Azp Asg Bs; Bsy Bss
9(y)(+)
9y () | = fly() +a%) — f(@").

Let k = min{min;e, (7 —1), min;er, (—1—2])}, then k > 0.
Assume that the initial function ¢ satisfied ||¢ — z*||a < k.
By continuity, there exists a 7' > 0, such that for any ¢ €
[—7:(t),T), |yi(t)| < k. Therefore, for V¢ € [0,T"), we have

flyi(t) +a7) — f(z7) =0,Vie [ U3
flyi(t -
Thus g(yw(t) = g(ye)(t) = 0,9yt — 7(1) =

9(ye)(t — (1)) = 0.
It follows that, for any ¢ € [0,7'), we obtain

dy(cll;(t) ==y (1) FA129(y(2) (1)) +B129(y2) (t — 7(1)))
dy(;ii(t) =—y2)(t) +A229(ye2) (t)) +Bazg(y2)(t — 7(t))) (D
dy(daijs(t) ==y (1) +As29(y(2) (8)) +B329(y2) (t — 7(1)))

III. EXPONENTIAL STABILITY

In this section, we consider the exponential stability for
delayed neural networks (7). By the method of variation
parameters, for all £ > 0, we have

Y2y (t) = y)(0)e* +/0 e T [Anag(y(z) ()
+ B22g(y2) (s — 7(s)))]ds,
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namely
t m
Yrti(t) = yr+z‘(0)€7t+/ eI i g(yrrs(s))ds
0 =
b S b0l s = e ()
0

j=1
= hi+Iu+1I5,(i=1,2,...,m).

Following from lemma2.3, when n=3, the following inequality
holds

lyri (01 < 3111?4120 + [ T34]?),
then it yields for all ¢ > 0,

My < 3N (1l + [T + i)
Here we denote Gry;(t) = supgc,< |yri;(s)|%€*,j =
1,2,...,m where 0 < A < 1. In order to get the exponential

stability theorem, we first give some lemmas.
Lemma 3.1: For I;, the following inequality holds

1 m m
M| < T—x D larpirts? D Gry(t)
j=1 j=1

Proof

At
e |

t m
Li|* = e“\/ eI a9y (s))ds|?
0 j=1

IN

t m
e [/ e IS arpi s |lg(yers(5))]ds)?
0

j=1

bo_—ms) —(t—s) &
- [/ T TS i 190 (5))lds]?
0

j=1

t t
e)\t{[/ 67(t75>dS] . [/ €7<t75>
0 0

m

x (O larsirtsllg(yres (s)))ds]}y

Jj=1

t t
e)\t [/ 6—(t—s)ds] . [/ e—(t—s)
0 0

x (ZIam,rﬂ-Hyw(é’)\)zdé‘]}

IN

IN

_ 1_e—t>[/ S il (5))ds]}

j=1
t
< A IS il ()]}
0 =
<o [l S>[Z\ar+nm Z\ym Jds)

m

= e>¢2|‘17+”+J / - Q)Z‘yH—J |d5

Jj=1

m

= 3o P e ”Z Pyras (3)]7ds)
Jj=1 0

- Z\amw ([0S Ny 6) )
=1 0

Jj=1

3

IN

t
3 larsirtsl? ZGW /e_<1_)‘)(t‘s)ds
=1 0

j=1
1 — = (=N
|arsirtil? E Gryj(t ﬁ

j=1 j=1

1
S 1T Z [R—" Z Gryj(t)
j=1 j=1

I NgER

which complete the proof.
Lemma 3.2: For I3;, the following inequality holds

1 m
e)\t|13i|2 < ﬁz‘bw&r-kﬂ e
j=1
m m
XY sup [y (OF + Y Gras(1))
o - <e<o0 =
Proof
6)‘t|13i|2 = )\t‘/ —(t=2) ZbT+1 r+]g(yr+J (5 - TT+J( )))ds|

Jj=1

t
< 6“{/ 67(t75)2|br+i,r+j\
0 =
X g(rt(s = Tris(s)))|ds}
+ m
= eM{/ S B Z [brti,rtj
0 =
X g(yrri(s = Trrs(s)))|ds}
< Y / 9] / ) Z\bm s
X gyt (s — ris(9))) ds]}
= M{1-eh / —=s)( Z‘bT+i,r+j
=
X g(yrri(s — Tors(s))]) ds]}

m
—(t—
E / ( S) Z' r+1i, r+]
j=1

IN

X 1g(Yri(s = Tt ( ))))?ds]

[ IS il
0 =

X 1D 19 (s = Tras(5)) % ds}

j=1
m t

Y il - {/ e )
= 0
m

X Z|yr+j(
m

= Z|b7+”+J {/ Sty

x zemm N Oy (s = 7 () P}

t
>\T Z'br+zr+1 : / ei(tis)ai)\)ds)
0

IN

IN

s = Try5(s))*ds}

IN
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3 g Xl o= e ()

= /\T Z |br+z r+]|

X
st

IN
I
o

IN

su
0<s

—7*<0<0

IN

m

l—e (1)t

L AT Dy (s — 7oy (5)))

/\
~ § ‘br"-H r+1

x Z sup CTTH D |y (s —1i(s)?
0<s<t

ﬁ g b s Z sup e’lyrr;(6)°
1 e)\-r* i Ibri T+‘|2

A4 A
X E( sup

So1 —Trsest

yT+J( )|2+ sup ee‘yr+]’(0)|2)
0<6<t

ﬁeh* Z [—k

x (Z bup ‘yT‘FJ o) +ZGT+J ®),

—7*<0

j=1

which complete the proof.
Lemma 3.3: If p(MK + NK) < 1 then y(2)(t) satisfied
the following inequality

Iy O <30 > Rall > Y. Mij()]llye(0)]%e

where

M = diag{ay,as, ...

N = diag{by,bs,...,

R= diag{1+r1,1+r2, ..

r+m

1=r+1

j=1

r+m r+m

—At

i=r+1 j=r41

11>\€/\T ZJ 1 1brgs, T+J| : (Z
g ( )|2 and M(a) =

8aTNK)) K= (k”)mx»,n,k‘i]‘ =1,0<a< A

Proof According to lemma3.1, lemma3.2, we can obtain the

following inequality for all ¢ > 0

1 m m
3{ﬁ Z |a7'+i,7'+j ‘2 Z G'r'+j (t)
j=1 j=1
1 T* m m
)\6A Z [ ZGT+j(t))

My (t)]

2

<

[yr+ (0] +

m

m
7am}7 a; =3 Z |aT+i,T+j‘27

j=1

m
b7n}7 bz =3 Z lbr+i,r+j|27

j=1

, 147y}, 7; satisfy the inequality

—1SUP_1<p<0 |7Jr+3(9)|2 <
(I — (I — al) ' (MK +

m

>\
T Z |b'r+z 7‘+j

Q- sw |y (O}

j=1

—7*<0<0

)

it can be found that there must exist some positive constants
r;, such that the following inequality hold

m m

——e Z\br+m+y O sup |y (0)7) < rielyirr(0)).

o -Trse<o

Thus, for all t > 0

)\

m
>\
T Z |br+z T"r] ZGT-H
= Jj=1

GrJri(t) S 3{(1 + Tj)‘y7"+l | + PN Z |a7+z r+]|
j=1

Namely,
G2)(t) < 3Ryl (0)+ (T —AI) "M (MK +e M NK)G (1),

where G(Q)(t) = (GrJrl(t)a G7>+2(t), ceey Grer(t))T> l/(22)(0) =

(y72'+1(0)7 yr2-+2(0)7 e 7yg+m(0))T'
Since p(MK + NK) < 1 and MK + NK > 0, from
Lemma 2.4, it deduces

[[-T"'(MK+NK)]"'>o0.

Hence, there exists a sufficiently small positive constant o« < A
such that

[[—(I—al) ' (MK +e* NK)]"'>0

One can derive that

r+m r+m r+m r4+m r+m
Do lm®P <3 Rall Y Y M@l Y wi(0)’le™
i=r+1 i=r+1 i=r+1j=r41 i=r+1
That is
r+m r+m r4+m
lyoyOIF <30 Rall > Y Mig(@)]llye) (0)lPe™,
i=r+1 i=r+1j=r+1

which complete the proof.

Theorem 3.1: The equilibrium of system(7) is exponential
stability if p(MK + NK) < 1

Proof Set M () = 3[327177 Ral[3 5 22507 Mij(a),
thus we have

A

_ At " _ At
Y2y @) < Ma(a)lly2)(0)lle™ > < Ma(a)l|¢ — z*[|ae™ >

For the first and the third equations of system (7), by using
the method of variation of parameters, for ¢ = 1,3, we have

vy () = yiy (0)e ™ / ) [ Aing(yez) (5))+ Biag (e (s—7(£))))ds,

then, we can obtain

t
lvo @ < lluw Ol + / eI An 9 (e ()]
© 1Balllglue (s — m0)[lds
<y O)llet + / I [ Ay )]
T+ 1Balllya (s — 7(0)lds
< |lé— 2" llale™ + Ma(a) (| Az
! 7t+sfisd}

i 2 as

+ .1 /O e
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2Jv12(
2 —

Mi(M)l6 - x*nAe 3t (i=1,3)

" A
(ldiall + €5 || Biall)]llg — 2* || ae™ 3¢

IN

1+

where Mi(0) = 1+ 522 (| Al + ¢ | Bao).

Let M = maxM;(1),Ms(1), M3(1), then we have
M;(o) < M for ¢ = 1,2,3. Since o € (0,1), and if
choose the initial function ¢ such that ||¢ — z*||a <
vt €[0,T), (i = 1,2,3), it yields

L
M’

* -2 * _2A
o (Ol < Mi(a)llp—a*|lae™ 2" < Mp—a"||ae™2" <k,

By repeating these procedures, we can ensure that the same
result holds for ¢t € [T,T1),[T1,1%),...,[Tn-1,T) with
T, — oo when n — oo. So under the condition of the
theorem, the existing interval of solution of system(5) is
[0,400) and zero solution of system(5) is exponential stable,
thus, the equilibrium x = z* of system (1) is exponentially
stable, which complete the proof.

Theorem 3.2: The equilibrium of system (7) is exponential
stability if

1
| A2l + [| B2zl < 3
Where |- ||z is Frobenius norm, namely ||Ally = (3=, ; aZ;)*/2.
Proof. From lemma3.1, lemma3.2, we have

1 m m
My ()P < 3{ﬁ Z [ Z Grij(t)

m m

AT Z|br+1 T‘+J‘ ZGTJrJ )

+ lyra(0)) + ﬁe/\T* Z [—
j=1

m

x () suw
—77<0<0

[+ (0)1*)}

m m

Z larti, r+g‘ Z Gryji(t)
+ ﬁek* Z [ —lt Z Gry5(1))
Jj=1 Jj=1
AT & 9
+ (1 + 1-\ Z ‘br+i,r+j| )
j=1

m

x Y sup |y (0))).

io-Tr<6<0

j=1

IN

Let k; =1+ PIA_T ; then we have

;n:l ‘br+i,r+j|25
m

1
oA + m[z |arirs]?

m m
A
+e’" g ‘b’l‘+i,7'+J E G7+J
j=1 Jj=1

Grii(t) < 3(kill¢ —

namely,
3 m m o
(1- DY (e e )
i=1 j=1
3 Gra(t) <33 killo — 2|13
i=1 =1

If 3(||A22||2 + || B22||3) < 1, from lemma2.4, it deduces
[1—3(/[A22]13 + | B2[13)] " > 0

Hence there exists sufficiently small positive constant o <
A < 1 such that

[1-(1=a) "33 D (arsiresP+e™ [brripss )] >0

i=1 j=1

It can be derived that

s 33 Killg — 2|2
ZGr+i(t) < Z =1 g HA
i=1

= My(a)3kill¢ — z*|],

where g =

1
*1|br+z r+]| )) )
) 3(2 Z] (@i ] +

hence

= (1= ) B(E T (g P +
My(a) = *[1 - (21 n
€Y Nbrgsrti2))] 7

) (D17 < My(e)3> ki- |6 — %[ Re ™
The rest proofs are similar to the of Theorem 3.1, which
complete the proof.

IV. EXISTENCE AND STABILITY OF PERIODIC SOLUTION

Consider the following DCNNs with periodic input vector
function wu(t) of period w

dz(t)
dt
In this section, we shall give the stability criteria for periodic
solution of system (8).

Theorem 4.1: There exists a unique w-periodic solution of
system (8) and all other solutions converge exponentially to
the w-periodic solution as ¢ — oo if the coefficient matrices
of system (8) satisfies

=—x(t)+Af(z(t))+Bf(z(t—7(t))+u(t), (t >0) (8)

p(MK +N'K')<1,
where

M = diag{all,a/27 .

n
’ !
~aan}>ai =3 E |a7?j|2’
j=1

N' = diag{b},by,... b}, b, = 32 16512,

K = (kij)nxn kij = 1,4, =1,2,...,n
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Proof For all ¢(t),%(t), which are continuous functions
on [—7%,0], denote the solutions of system (8) through
(0,9),(0,%) by z4(t) and z(t), respectively. Then

d(as () — x4 (1))
dt

—(@g(t) =2y (1)) + A(f (2 (1) = [y (1))
+B(f(wy(t = 7(1))) — [yt —7(1))))- ©)
Set y(t) = w4(t) — wy (1), hy(t)) = f(zs(t) — flay(?)),

hy(t = 7(1))) = f(zy(t = 7(1))) = f(=

can rewrite the above equation as

(t —7(t))) then we

dy(t
WO — _y(6) + An(y() + Bh(y(t ~ 7))
Like previous proof, we can obtain
t
y(t) = y(0)e +/ e~ "I [Ah(y(s)) + Bh(y(s — 7(t)))lds
0
= L+ D+ Iy, (i=1,2,3) (10)

Following from lemma2.3, when n=3, the following inequality
holds

ly(®)* < 3(11l* + Lol + 1),
for all ¢ > 0, it yields,
My < 3N (117 + |1]” + |13:])

Denote G;(t) = supg<,<; [y;(s)|%€**,j = 1,2,...,n where
0 < A < 1. Similar to the proof of lemma3.1, lemma3.2,
lemma3.3 and theorem3.1, we can obtain

ly(®)ll < M(@)lly(O)lle™* < M(a)llp - dlle2.

Choose a positive integer m such that M(a)e™ 2% < 1.
Define a Poincare mapping:

P:C([-7",0],R") — C([-7",0],R"™)
by P¢ = x4(w). Then we derive that
1Po— Py = llzg(w) =2y @)l < M(a)ll¢—]ae™ 2

1P?¢ — P?¢|| = [|[Pag(w) — Pry(w)]|
= T2y (w) (W) = oy () (W)]]
= |lzg(2w) — 2y (2w)]|
< M(a)||¢ — llae” 2> (11

m a w

By induction and M («)e™ < 1, we have

o 1
P76 = Pyl < M(a)[|é —dllae™=™ < Sllo—9lla

This implies that P™ is a contraction mapping, hence there
exists a unique fixed point ¢ € C'such that Py = . Thereby
we have P™(Py) = P(P™¢) = Py. This shows that Py €
C is also a fixed point of P, so Py = ¢, iex,(w) = ¢
Let z,(t) be a solution of system (8) through (0, ¢), then
z,(t 4+ w) is also a solution of system (8) and

Tt +w) = ac%(w)(t) =z,(t),(t >0),

which implies that z,(t) is a w — periodic solution of system
(8) and we know that all other solutions of system (8) converge

exponentially to this w — pertodic solution as ¢ — oo and
hence this z,(t) is a unique w — periodic solution of system
(8). Similar to the proof of Theorem3.2 and Theorem4.1 we
can easily get the following Theorem.

Theorem 4.2: There exists a unique w-periodic solution of
system (8) and all other solutions converge exponentially to
the w-periodic solution as ¢ — oo if the coefficient matrices
of system (8) satisfy ||A[|3 + || B3 < 3.

Notice that p(A) < || A for any A € R™*™, in which ||-|| is
an arbitrary matrix norm. Moreover, for any matrix norm and
any nonsingular matrix S, a matrix norm ||A||s can be given
by ||[Alls = [|ST1AS]. For the convenience of calculation,
in general, taking S = diag{s1,...,$,} > 0. Therefore,
corresponding to the matrix norm widely appliedt the row
norm, column norm and Frobenius norm, we can obtain the
following corollary.

Corollary 4.1: The equilibrium of system (7) is exponential
stability provided one of the following conditions hold

m

1) Yt b) <1

Sj

j=1
p3) %(% +b)] <1,(i=1,2,...,m),
J: K3

1
m m Iy
S0 )
S;

i=1 j=1 J

where s1, sa, ..., Sy, are positive real numbers.

Corollary 4.2: There exists a unique w-periodic solution of
system (8) and all other solutions converge exponentially to the
w-periodic solution as ¢ — oo provided one of the following
conditions hold

n

(1) Z§(+M] 1,(=12...n)
@ S+ <1 =1.20m)

(3) ZZ (a;+b;)] <1

where s1, sg,..., Sy, are positive real numbers.

V. NUMERICAL EXAMPLES

Example 1. Consider the following system

dCEl(t) _ 1
0 — () + 2£(a (1) + 5 S @a(0)
—2f (e (t - (1) + %f(xz(t — () +2 .
220 — ) + 25 (0) + 1 (@a(0)
3 @alt = n(0) = 7t = () — 1

where 71 (t) = 1sint + 1,75(t) = 3 cost + 1. It is easy to
see that 0 < 7;(¢) < 1,i=1,2
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If (z1,22) = (x7, %) is an equilibrium point, then we have

{ma‘ = f(a3)+2 )

wy = flzy) - L.

If 27 € (—o00,—1), then f(z7) = —1. By the second equation
of (12), we have x5 = —2. By the first equation of (12), we
have 27 =1 ¢ (—o0, 1). There is no solution of (12).

If 23 € [—1,1], then f(z}) = z7%. By the second equation
of (12), we have z5 = 7 — 1. By the first equation of (12),
we have x5 = f(z5) + 1. We can easily get 25 = 2,27 =
1+ 25 =3 ¢ [—1,1]. There is no solution of (12).

If 27 € (1,00), then f(x]) = 1. By the second equation of
(12), we have x5 = 0. By the first equation of (12), we have
xf =2 € (1,00). So (2,0) is a unique equilibrium of (12).

Let y = x — ¥, then the system(12) can be written as the
following equivalent system

WD 1)+ 31 @a0) + 5 Fwalt (1) »
Wa) 1) 4+ n(0) — LSt = a(0).

Since Az = (1/4)1x1,Boa = (—1/4)1x1 are 1-dimension
matrices, then K = (1)1x; is a 1-dimension matrix, and

p(MK+NK) = p(3x(1/4)*x1+3x(—1/4)*x1) = 3/8 < 1.

According to theorem 3.1, the equilibrium of system (12) is
exponentially stable.

Remark 1. When 7;(t) = 7;, then system (1) becomes
a cellular neural networks with discrete time delays. At
this case, since |all| + |al2| + |b11] + [b12] = 5 > 1,

la21] + [a22| + [b21] + [p22] = 2 > 1, the

condition of Corollary 3 in [11] does not hold. Since
-4 =7/6 . - .

_ Ty —

(A+ A1) 706 1/2 is not positive definite,

thus the condition (i) of Theorem 1 in [9] does not hold.

Additional, since —(A + B) = Pl _01 is not

diagonally row dominant, thus the conditions of Theorem 3.2
in [12] are not applicable, from which one can see that the
criteria obtained in this paper are less conservative.

Example 2. We consider the following system

P (1) + 4 fa (1)) + ana f(@2(0)
+ aiaf(x3(t)) + b f(x1(t — 11(¢)))
+biaf(22(t — 72(t))) + bia f(za(t — 73(t)))
— a1 — b1 +aiz +biz+2

P20 (t) + 4z f(1 (1)) + e f(@2(0)
+azs f(z3(t)) + bar f(21(t — 71(2))) (15)
+baz f(z2(t — 72(¢))) + bas f(ws(t — 73(1)))
— a21 — ba1 + a3 + bas

W) 1) - 0 S 1 (0) + s 2(0)
+assf(z3(t)) + bar f(21(t — 71(2)))
+bs2 f(z2(t — 72(¢))) + bas f(ws(t — 73(1)))
— a31 — ba1 + asz + b3z — 2,

where

() = %sint + %772@) —r(t) = %cost + %
Itis easy tosee that 0 < 7; < 1,7 = 1, 2, 3. Direct computation
shows that z* = (2,0,—2) is an equilibrium solution of
system(15). Let y = = — z*, and |y;(¢)| < 1, then system(15)
can be rewritten as the following equivalent system small

dy(;ft) =—y1(t)+a12g(w2(t)) + brag(w2(t — 71(t)))
dy;ft) =—y2(t)+aszg(22(t) + bazg(w2(t — 72(1)))
dyc:l;t(t) =—y3(t) +asag(22(t)) + baag(@2(t — 3(t))).

(16)

If 3(|agz|? +|b22]?) < 1, the existence interval of the solution
of system (16) is [0,00) and the equilibrium z* = (2,0, —2)
of system(15) is exponentially stable, moreover the result is
independent of the parameters a;1, a;3,b;1,b;3 € R, =1,2,3
and a9, assz, b12, bsa. When these coefficients are sufficiently
large, the method on paper [5] can not decide the stability of
the system in this example.

VI. CONCLUSIONS

In this paper, we have derived some sufficient conditions
for exponential stability for the equilibrium point and the
existence and global exponential stability of periodic solutions
for DCNNs by dividing the state variables of the system.
Compared with the previous methods, our method does not
resort to any Lyapunov function, and the results derived in
this paper improve and generalize some earlier works reported
in the literature. The new conditions, which are associated
with some initial values, are represented by some blocks of
the feedback matrix. So the conditions are related to some
elements of the feedback matrix, and do not depend on
other parameters, and thus these parameters can be chosen
arbitrarily.
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