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Existence of solutions for a nonlinear fractional
differential equation with integral boundary
condition

Meng Hu and Lili Wang

Abstract—This paper deals with a nonlinear fractional differential
equation with integral boundary condition of the following form:

{ Da(t) = f(t.2(t), D/z(t)), t € (0,1),
1
2(0) =0, =(1) = [, g(s)z(s)ds,

where 1 < a < 2,0 < 3 < 1. Our results are based on the Schauder
fixed point theorem and the Banach contraction principle.
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I. INTRODUCTION

N the last few decades, fractional-order models are found to

be more adequate than integerorder models for some real
world problems. Fractional derivatives provide an excellent
tool for the description of memory and hereditary properties
of various materials and processes. This is the main advantage
of fractional differential equations in comparison with classical
integer-order models. Fractional differential equations arise
in many engineering and scientific disciplines as the math-
ematical modeling of systems and processes in the fields of
physics, chemistry, aerodynamics, electrodynamics of complex
medium, polymer rheology, and so forth, involves derivatives
of fractional order. In consequence, the subject of fractional
differential equations is gaining much importance and atten-
tion. For examples and details, see [1-11] and the references
therein. However, the theory of boundary value problems for
nonlinear fractional differential equations is still in the initial
stages and many aspects of this theory need to be explored.

Boundary value problems with integral boundary conditions
constitute a very interesting and important class of problems.
They include two, three, multipoint, and nonlocal boundary
value problems as special cases. For boundary value problems
with integral boundary conditions and comments on their
importance, we refer the reader to the papers [12-15] and the
references therein.

In this paper, we consider the following boundary value
problem for a nonlinear fractional differential equation with
integral boundary conditions

Dya(t) = f(t, x(t), D}x(t)), t € (0,1),
2(0) =0, x(1) = [; g(s)z(s)ds.
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where 1 < a < 2,0 < 8 <1 and Dy represents the standard
Riemannn-liouville fractional derivative, f : [0, 1]xRxR — R
is assumed to satisfy certain conditions, which will be speci-
fied later, g € L]0, 1] satisfies 1 — fol g(s)s*1ds > 0.

This paper is organized as follows. In next section, we
present some basic definitions and preliminary lemmas. Sec-
tion 3 is devoted to the existence results for (1) based on
Schauder fixed point theorem and Banach contraction princi-
ple. In the last section, two examples are given to illustrate
our main results.

II. PRELIMINARIES

In this section, we shall first recall some basic definitions,
lemmas which are used in what follows (see [8-11]).

Definition 2.1 The ath fractional order integral of the
function u : (0,00) +— R is defined by

[ou(t) = ﬁ/o (t — ) Lu(s)ds,

where o > 0, I' is the gamma function, provided the right
side is pointwise defined on (0, co).

Definition 2.2 The ath fractional order derivative of a
continuous function u : (0, 00) — R is defined by

1 d

Diu(t) = m(%)”/o (t —s)" " Lu(s)ds,

where o« > 0, n = [a] + 1, provided that the right side is
pointwise defined on (0, 00).
Lemma 2.1 Let a« > 0. then the fractional differential
equation
Dfu(t) =0

has a solution
ut) = crt™ et 24 ept",

ande¢; R, i=1,2,...,n,n=[a] + 1.
Lemma 2.2 Let o > 0. Then

I*D2u(t) = u(t) + et L+ ot 2 .. 4t ",

for some ¢; € R, i=1,2,...,n,and n = [a] + 1.
Lemma 2.3 Let h € C([0,1]), then for 1 < a < 2,0 <
(3 < 1, the linear problem

{ Dex(t) = h(t), t e (0,1),

z(0) =0, z(1)= fol g(s)z(s)ds. )
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has a unique solution III. MAIN RESULTS
1 Let C([0,1],R) be the space of continuous functions defined
/ G, s (3) on [0,1]. The space
where B:{IIZEGC([O, 1],R),D?w€(]([0,1},R)}
(t}?2;3*1 @If:a)l [f g(r)(r — ) \dr equipped with the norm ||z||p = 2‘21[0&.,)%] |x(t)|+tm[(zi>§] |Dga(t)]
—(1 =)~ ] 0<s<t < 1, is a Banach space.
8= er“ — )1 or the forthcoming analysis, we impose some growt
G(t,s) 1 [flg dr 4 For the forth i lysi ; h

conditions on the function f as follows:
(Hy) f:[0,1] x R x R — R is continuous;
(Hz) There exists a nonnegative function ¢ € L([0,1]) such

( —s)*71], ()<t<5<1,

here, © = [1 — [} g(s)saflds}fl.

Proof: In view of Lemma 2.2 and equation (2), we have that [f(t,z,y)| < ¢(t)+c1]z|7 +c1]y|72, where c1, ¢o €
. . R are nonnegative constants and 0 < 01,09 < 1;
z(t) = Ifh(t) + et + ot for c1,c0 €R. (Hs) There exists a nonnegative function ¢ € L([0,1]) such

that | f (¢, z,y)| < é(t)+c1]x| +c1ly|72, where ¢1,¢0 €
R are nonnegative constants and 01,09 > 1;
t -1 .
t—s)* *h H,) There exists a constant £ > 0 such that
z(t) :/ Mds-i—clta_l—i—c o2 (Hy) X1 u
0

I'(a _ _ _
() F(t,2,y) = F(62,9)] < k(lz — 2] + |y — 7))
for ¢1, co € R. The boundary condition z(0) = 0 implies that
co = 0. And it is follows from

Hence, the general solution of equation (2) is

for each t € [0,1] and all z,y,Z,5 € R.
For convenience, we define the following constants:

x(1) —/Olg(s)x(s)ds max/ |G(t, s)p(s)|ds,

b= t€[0,1]
that 146 1 .
e 1 s (s - T)aflh(r)d p q = F(Oz7+ 1) + 7F(Oz) /0 /S |g(7")‘(7" — S) 1d7‘d87
“a = /0 9(3)/0 (o) ras , _ 1+e 1 0

L1 9 s ] Mot 1) " Tla-p+1) " al(a-p)

—)* " h(r)drds

{ 0 Lemma 3.1 Assume that (H;) holds, then z € B is a
1 - 1 solution of BVP (1) if and only if x € B is a solution of
(1- h( )ds} the integral equation
1 1
= (i { / r—s)* h(s)drds x(t) = / G(t,s)f(s,x(s), DPx(s))ds. )
0 0
! ) 1 Proof: Let x € B is a solution of BVP (1), by the method
(1- h(s)ds .
0 used to prove Lemma 2.3, we can prove that x € B is a
o) 1 1 . solution of the integral equation (5).
= W / { / g(r)(r—s)* dr Conversely, let x € B be a solution of the integral equation
0
(5). For
—(1—s5)*" 1} h(s)ds 1
o) = [ Gltf(sa(). Dix(s)ds
1 _ -1
where, © = [1— [y g(s)s*'ds] . bt =) f(s,2(s), DBx(s))
So = F(a) ds
0
t a—1 N
(t = )" "h(s) ! * (s — )~V f(r,x(r), DZz(r))
l'(t) = / 7619 +@[/ g S)/ I ) T deS
0 _11“(?) 1 0 ( 0 T()
2 9(r)(r — $)*dr =9 (s 5(5), DE(S) Y e
L) Jo LJs o (@) s
- sw]h(s)ds = I f(t,a(t), DY (t)
1
1 +06 / )T s,x(s), D?x(s))ds
= G(t, s)h(s)ds. [ 0 9o} f (s 2(s), Dls))
0
_Ja B a—1
This completes the proof. | I f(L,2(1), Dy x(l))}t

@/ # +<7F(a@—ﬂ)+%> /01 /: 19(r)|(r — )% drds.
T(a)
-
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together with the relations
DYIZ () = J(t) and DYt =0,
then
Dya(t) = f(t,a(t), Dia(b)).

On the other hand it is easy to show that z(0) = 0 and
Jo s)ds, which implies that € B is a solution
of BVP (). ThlS completes the proof. |
Theorem 3.1 Assume that (H) and (Hs) hold, then BVP
(1) has a solution.
Proof: Define an operator ® : B — B by

(@) (t / G(t, s) (s, 2(s), DP(s))ds. ©)

In view of the continuity of f and G, the operator @ is
continuous.
Let
M={zeB:|z|p <R,te]0,1]}

where
R > max{3p, (3¢14) ™71, (3c2q) 72 }.

Firstly, we prove that ® : M — M. In fact, for each x € M,
we have

[(@z)(t)] = /1\G(t»8)||f(SafE(S)7Dﬂ$(8))|dS

< / G, 5)6(s)|ds
e R 4 e R?) /01 IG(t, 5)|ds

< /\Gts 5)|ds
(e R +c1302)[/0t %ds
+/01@;t(:_)1 /slg(r)(r—s)a_ldr
(1 ds]

< / G (¢, 5)(s)]ds

(1R +01R°2)[/t %ds

+—/ / lg(7)|(r — s)* " drds
+—)/0 (1—s)*~ 1ds]

< / G (t, 5)6(s)|ds

1+0
Fa+1)

i | 1 / ol o)

—|'(C1]%(71 + ClRJQ) [

< p4+ (R + 1 R%?)q
< B R R 5
- 3 3 3

Therefore, ||(®x)(t)||p < R. Thus, ® : M — M.
Next, we show that ® is completely continuous. In fact,
Let N = m[(z)ni |f(t, z(t), DPz(t))| + 1. For each = € M, and
telo,

t1,t2 € [0, 1] with ¢1 < to, then

D) (t2) — (@x)(t1)]
- / (Gts,5) — G(tr, 9)||f(s,2(s), Dlx(s))ds
< NI (1) - 18(1)]
—I—%{/O / \g(v‘)|(r—s)“71drds
+fa- >d] (15t — )
< L(i — %)
- F(a+1

)T Ydrds

e, [
+ﬂ (=t — 1),

%tb @, then
|(Df, %) (t2) — (D, 2)(t1)]
1277 f(ta, 2(t2), Dy w(t2))

I ﬁf(tly (t1), D} x(t1))|

{//m W(r = s)2 tdrds + ]

ozﬁl

Iy ﬁ(l)l

{//m W(r = s)2 tdrds + ]

(x[ﬂl

By using D?tb =

IN

(ta ﬁ 1
NII“ ﬁ()

IN

(taﬁ 1
N
MNa—-p+1)

+% Uol /: 9| — 5)°1drds + é]

i

IN

(tzaf[é’ _ tlafﬂ)

Now, we conclude that PM is equicontinuous, since the
functions 571 — 071 by — ¢ g TP AL ppo=f
1470 are umformly continuous on [0,1]. Also, ®M is a
uniformly bounded set. So, ®M C M. By the Arzela-Ascoli
theorem, & : M — M is completely continuous. Hence
the Schauder fixed point theorem implies the existence of a
solution in M for BVP (1). This completes the proof. |

Theorem 3.2 Assume that (H) and (Hs) hold, then BVP
(1) has a solution.

Proof: The proof is similar to that of Theorem 3.1, so we
omit it here. |

Theorem 3.3 Assume that (H7) and (Hy4) hold. If kp < 1,
then BVP (1) has a unique solution.
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Proof: For any z,y € B, by (H,), we have
(@)1~ (@0
= [ 16l s.as). D2a()
105403 D2yl

= [cmjfl / / S)Mdrds}
|z —yll,
and
(DY @x)(t ) - (D%m(t)\
< I ﬁ\f(t z( (t2)) — f(t y(t), D} y(t))]
+ (@—73 {/ / (r) rfs)afldrds+l}
e 1|f(t z(t), Dﬁ Ly(t), Dly(t))|
< {Iffﬂ(l)—&— {/ / lg(7)|(r — s)* " Ldrds
ﬂtHH}|f<t,w<t>,Dfx<t2>)
—f(t.y(t), DYy (t))]
= ’“{ ﬁ
+ @ 7 {// 7—3)“71drds
%}}ux—yn.
Then
II(@xl)(t)@— (@y) @)l : o
= ’“{r<++1>+ =+ D +ar<a—ﬂ>
(i) | [ oo
= k:p\lwziyll
< Nz =yl

By the contraction mapping principle, BVP (1) has a unique
solution. This completes the proof. |

IV. EXAMPLES
Consider the following boundary value problem

Dt%x(t) :f(t>x(t)aDt%x(t))a te (071)7 7
z(0) =0, z(1)= fol sz(s)ds
Then@:[lff 92d9] 1—%>O
Example 1. f(t x(t), DEx(t)) = (t;;tz +S'\'}ft\x(t)|”1+
e D2 (72 L t — ( 1)3 s — L7 =
5+|D2T(f)|‘ W 1 = 1 v
3 then |f(t,z(t), DFx(t))] < o) + ci|z(t)|or +

02|D2 (t)|°2. For 0 < 01,02 < 1, the assumption (H3) holds

and for 01,02 > 1, the assumption (Hs) holds. Therefore, by
Theorem 3.1 and Theorem 3.2, BVP (7) has a solutiqn.

1 — 12y 24
Example 2. f(t,z(t), D x(t)) = —{—2) @O+ x(0)

(4420)(1+2(0)+ DP 2(1)?
Let k = 20, then the assumption (H,4) holds. By a direct
calculation, we can get p =

5.4324 and kp = 0.2716 < 1.
Therefore, by Theorem 3.3, BVP (7) has a unique solution.
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