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Existence of Periodic Solutions in a Food Chain
Model with Holling—type II Functional Response

Zhaohui Wen

Abstract—In this paper, a food chain model with Holling type
I functional response on time scales is investigated. By using
the Mawhin’s continuation theorem in coincidence degree theory,
sufficient conditions for existence of periodic solutions are obtained.
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[. INTRODUCTION

N recent years, dynamic equations on time scales have

received a lot of attention, such as [1-5] and the references
therein. The theory of time scales (measure chain) was first
proposed by Stefan Hilger in his PhD thesis (see [1]). This
theory unifies continuous and discrete analysis and the three
main features of the calculus on time scales are unification,
extension and discretization. To prove a result for a dynamic
equation on a time scale is not only related to the set of
real numbers or set of integers but also those pertaining to
more general time scales. So it is unnecessary to explore the
existence of periodic solutions of some continuous and discrete
population models in separate ways.

We consider the following dynamics equations on time
scales,

ug (t)
W (t) = ar(t) — by (t)em () — 2B
wy (t) . ug (t)
b (t) = —ap(t) + 2Bl wWeRl (1)
o (1) e®2(t)
uf (t) = —as(t) + LU,

where a1 (t),as(t), az(t), b1(t), c1(t), ca(t), cs(t) and c4(t) are
rd-continuous positive w-periodic functions on time scales T.
Set y;(t) = ew®, i = 1,2,3. If T = R, then system (1)
is equivalent to the following food chain model with Holling
type II functional response modeled by ordinary differential
equations,

31(0) = (1) (ma(6) = bi () (1) — 2220
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s(t) = ws(t) (s () + 20
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where all coefficients are positive w—periodic functions. But
on the other hand, if T = Z, then system (1) can be reduced

Zhaohui Wen is with the Institute of Applied Mathematics, School of Statis-
tics and Applied Mathematics, Anhui University of Finance and Economics,
Bengbu 233030, P.R.China, e-mail: wzh590624 @sina.com

to the following difference equations,

y1(n+1) = y1(n) exp (a1 (n) — br(n)y1(n)

_ 61(71)92(”))
yi(n)+1 )7

c2(myi(n) 03(7l)y3(n)) ,

y2(n+1) = ya(n) exp ( —az(n) + = 755

ys(n+1) = a(n) exp (—as(n) + 2000,

y2(n)+1

3)
where all the coefficients are positive w—periodic sequences
and system (3) can be used to describe the discrete three—
level food chain model. Existence of periodic solutions for
system (3) was investigated in [6] with the help of continuation
theorem. However, in the proof of the main theorem, I do not
think the second inequality of (2.7) in [6] can be obtained,
and it seems that the estimation of x3((3) is contradictory to
the assumptions in Theorem 2.1 .

The primary aim of this paper is to unify the existence of
periodic solutions of food chain model governed by ordinary
differential equations and the corresponding discrete models
and to extend these results to more general time scales. The
approach based on the coincidence degree theory has been
widely applied to deal with the existence of periodic solutions
of differential equations and difference equations but rarely
applied to the dynamic equations on time scales[3-5].

The remainder of the paper is organized as follows. In the
following section, some preliminary results about calculus on
time scales and continuation theorem are stated. The existence
of periodic solution for system (1) is established in Section 3.

II. PRELIMINARIES

For convenience, we shall first present some basic defini-
tions and lemmas about time scales, more details can be found
in [2, 7, 8]. A time scale T is an arbitrary nonempty closed
subset of real numbers R. Throughout this paper, we assume
that the time scale T is unbounded above and below, such
as R, Z and | J; ., [2k, 2k 4 1]. The following definitions and
lemmas about time scales are from [2].

Definition 2.1. The forward jump operator ¢ : T — T, the
backward jump operator p : T — T, and the graininess p :
T — Rt = [0,+o0) are defined, respectively, by o(t) :=
inf{s € T:s > t}p(t) :=supf{s € T : s < t},ult) =
o(t) —t. If o(t) = t, then t is called right-dense (otherwise:
right-scattered), and if p(t) = t, then ¢ is called left-dense
(otherwise: left-scattered).

Definition 2.2. Assume f : T — R is a function and let
t € T. Then we define f2(¢) to be the number (provided
it exists) with the property that given any £ > 0, there is a
neighborhood U of t such that

[fe()—=f(s)=f2(t)(a(t)=s)| < elo(t)—s| forallseU.
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In this case, f2(t) is called the delta (or Hilger) derivative of
f at t. Moreover, f is said to be delta or Hilger differentiable
on T if f2(t) exists for all ¢+ € T. A function F : T — R is
called an antiderivative of f : T — R provided F2(t) = f(t)
for all t € T. Then we define

[U@m:

Definition 2.3. A function f : T — R is said to be rd-
continuous if it is continuous at right-dense points in T and
its left-sided limits exist(finite) at left-dense points in T. The
set of rd-continuous functions f : T — R will be denoted by
Cra(T).

Lemma 2.4. Every rd-continuous function has an antideriva-
tive.

Lemma 2.5. Ifa,b €T, a, §€R and f,g € C,q(T),then
@ [, e f (1) + Bg (DAt = a [} F(HAL+ 5 [ g(t) At

(b) if f(t) >0 for all a <t < b, then f; f(t)At > 0;

© if |[f(®)] < g(t) on [a,b) :={t € T:a <t < b}, then
|} PN < [ gt) At

Lemma 2.6 ([7]). Letty,to€l,andt € T.Ifg: T —
R € C,q(T) is w—periodic, then

F(s)— F(r) forr,seT.

k+w
o) <o)+ [ s )As

and

the constant factor 1/2 is the best possible.
For simplicity, we use the following notations throughout
this paper. Let T be w-periodic, thatis ¢t € T implies t+w € T,

k=min{RTNT}, I,=[kk+w NT,
1 1 k4w
g= f/ g(s)As = */k g(s)As,
I )

w w

w

where g € C,4(T) is an w-periodic real function, i.e., g(t +
w) =g(t) for all t € T.

Next, we introduce some concepts and a useful result from
[8].

Let X, Z be normed vector spaces, L : DomL C X — Z
be a linear mapping, N : X — Z be a continuous mapping.
The mapping L will be called a Fredholm mapping of index
zero if dimker L = codimIm L < 400 and Im L is closed in
Z. If L is a Fredholm mapping of index zero and there exist
continuous projections P : X — X and @ : Z — Z such that
ImP =kerL, InL = ker @ = Im(I — @), then it follows
that L|Dom L Nker P : (I — P)X — ImL is invertible.
We denote the inverse of that map by Kp. If €2 is an open
bounded subset of X, the mapping N will be called L-compact
on Q) if QN(Q) is bounded and Kp(I — Q)N : Q — X is
compact. Since Im () is isomorphic to ker L, there exists an
isomorphism J : Im ) — ker L.

Lemma 2.7 (Continuation Theorem). Let L be a Fredholm
mapping of index zero and N be L-compact on 2. Suppose

(a) for each A € (0,1), every solution u of Lu = ANu is
such that u ¢ 9%;

(b) QNu # 0 for each u € 992 Nker L and the Brouwer
degree deg{JQN,Q Nker L,0} # 0.

Then the operator equation Lu = Nwu has at least one solution

lying in Dom L N Q.

III. EXISTENCE OF PERIODIC SOLUTIONS

Theorem 3.1.
(@) ¢4 > as,
(b) ¢2 > ag,
(C) a, > p(‘lag 62a2u)

Then system (1) has at least one w—periodic solution.

Proof. Let X = Z = {(u1,uz,u3)” € C(T,R?)
ui(t +w) = wi(t), i = 1,2,3,Vt € T}, | (ur,uz,u3)”| =
Z?Zl maxger, [ui(t)|, (u1,ug,u3)’ € X (orin Z).
Then X and Z are both Banach spaces when they are endowed
with the above norm || - ||. Let

CLl(t) — bl (t)e“l(t) —

If the following assumptions hold,

¢y (t)et2 ()

Ul Ny eu1(H 41
N fus| = |Na| = |—ag(t) + 202 _ sl |
u3 N; —as(t) + %
Uy ud uy Uy 1 e up(t)At
Llug| = |us|, Plux| =Q |uz| = %fﬁw ug(t) At
us usg' us us L[ us(t)Ae
Obviously, kerL = {(u1,uz,uz)’ € X

(ul(t),UQ(t),U3(t))T = (hl,hg,hg)T S R3,t S T},IHIL =
{(ul,’U,g,’u,g)T €Z i =u=1u3=0,te ']I'},dimkerL =
3 = codimIm L. Since Im L is closed in Z, then L is a
Fredholm mapping of index zero. It is easy to show that P
and @) are continuous projections such that Im P = ker L and
ImL = ker@Q = Im(/ — Q). Furthermore, the generalized
inverse (of L) Kp : ImL — ker P N Dom L exists and is
given by

Uy f}: u1(s)As — L jk+w jk u1(s)AsAt
Kp |ug sz uz(s)As — L [ e fkt ug(s)AsAt
u3 [ruz(s)As — L [¥7 [Lus(s)AsAt

Thus
" [t <a1 ) — by (t)err® — 703?5‘;1(1“) At
QN [us| = i k+w( a °2£'§<,?1[) — 20950 At
N N e
and
Uy
Kp(I— Q)N |us
us
[ fkul As—a ]H_wfkul JAsAt 1
- (t koL ’“*w( - k)At) i
fk uz(8)As — wfk-m fk u(s)AsAt

_(t_k_lfk-&-w
fku3 Aa—%fk+wjku3 (s)AsAt

—(t—k—lwa

k)At) Ug

k)At) 17,3_
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Clearly, QN and Kp(I — Q)N are continuous. According to
Arzela—Ascoli theorem, it is not difficulty to show that K p(I—
Q)N () is compact for any open bounded set @ C X and
QN(Q) is bounded. Thus, N is L-compact on 2.

Now, we shall search an appropriate open bounded subset
Q for the application of the continuation theorem, Lemma 2.7.
For the operator equation Lu = ANu, where A € (0,1), we
have

)

cq (t)ev2®)
=2 (%(t) —bi(t)en® WT>

Juy (t) ea (t)ev3(t
UQA(t) a2(t) Czitl)((';>+1 - (‘21(1.2)@)4_1 ) P 4)
s ()
uf (1) = A (—as(t) + 22T )
Assume that (uy,us,u3)T € X is a solution of system (4) for

ev2(t) 41
a certain A € (0, 1). Integrating (4) on both sides from k to
k + w, we obtain

ug(t)
dw = f:-&-w ( ) ul(t)At+fk+w 61£t1(021t At,

ktw co(t)e 1) ktw cz(t)e"s t)
k eu1 ()41 At = Gow + f ev2(t) 41 A ’ (5)
_ (ktw ca(t)en2®
azw = [, RTIGEE} At

Since (uh U2, U3)
such that

ui (&) = gijg{ui(t)}v ui(m;) =

From (4) and (5), we have

/ QNS

€ X, there exist &;,nm; € I,, 1 = 1,2,3,

max{u;(t)}. (6)

k+w
dlw + / bl (t)@ul(t)At
k

k+w uz(t)
t 2
+ / ae= \,
k

|At <

eul(t) + 1
= 26_141(.4),

k+w k+w wy (t)
A ca(t)e™ _
/k |ug' (t)| At /k oSy At + asw

<
k4w uz(t)
cs(t)e"s
[
< 2cw,
k4w k4w wua (t)
A _ cy(t)et2
/k lug' ()| At < agw + /k RO +1At
= 2a3zw.

By the first equgtion of (5) and (6), Gjw > bywe® 1) so
u1(€1) < In(a;/b1). By Lemma 2.6, we have

k+w —
u(t) §u1(§1)+/ !ulA(t)|At<ln%+2a1w = M.
k 1

From the third equation of (5) and (6), in view of the

monotonicity of +1 , we can obtain
k+w us(€2)
cq(t)e"?
6_13(41 2 / LAL‘
k ev2(82) 4+ 1

Thus, u2(&2) < In % and

k+w —
ua(t) < u2(§2)+/k |8 ()| At < In -

C4 —as

— +2&2w = MQ.

From the second equation of (5) and (6), we have
eus(€3)
Aow < Cow — C3w h 11 1
this reduces to

(62 —ag)(eM +1)

ug(€3) <In - ,
C3
and
k+w
wt) < w)+ [ o]
k
< In (C2 a2)(€ + 1) + 2azw := Msj.

C3
On the other hand_, by the third equation of (5) and (6), we
have us(n2) > In 22, and

k+w =
ua(t) ZuQ(ng)—/ !uf(t)|At>ln% — 26w = Ms.
k 4

By the first equation of (5) and (6), we get

_ as _
brwe (M) > Gw — ¢w— 22
€4 — Qg
then o
—1 _ CGiag 625.20.)

Ca—aQ
(771) >1n =8 —Nl,

b1

and

k+w
ur(t) > uy(m) — / |u1A(t)| At > Ny — 2a w :== My.
k

By the second equation of (5) and (6), we have
ets(n3)
ma‘gw S ng,

and

_ Mo 1
us(ns) < lnM = M.

C3

So, we have

max |up(t)| < max{|M|,|M4|} := Ry,

telk,k+w]

ma us(t)| < max{|Ms|, |Ms5|} := Rs,
te[k’kﬁwﬁ 2(t)| < max{[Ma], [ M5} 2
ma uz(t)| < max{|Ms|, |Mg|} := Rs.
e [us(t)| < masc{| M . [ Mol } = By

Clearly, R, Ry and Rj3 are independent of \. Let R = Ry +
Rs + R3 + Ry, where Ry is taken sufficiently large such that
for for the following algebraic equations:

ay — blem - eézlj,yl = 07
_ oe® Gae?
as — :ﬁil + ellysil = 07 (7)
Ga — cqe?
3 ev+1 T
every solution (z*,y*, z*)T of (7) satisfies ||(z*,y*, 2*)T| <

R. Now, we define Q@ = {(uj,up,u3)? € X
| (w1, u2,u3)T|| < R}. Then it is clear that  verifies the
requirement (a) of Lemma 2.7. If (u1, uz, uz)” € 0QNker L =
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9Q NR3, then (u1,us,u3)T is a constant vector in R® with

(w1, uz, uz)™|| = |u1| + |uz| + Jus| = R, so we have
(5% 0
QN U 7& 0
us 0
Moreover, define
a1 = Z’Cl‘;m _efliyl
Wmmw@m:aﬂ}§1+u—3g>
- ec:} j—l as

where 1 € [0,1] is a parameter. If (up,us,uz)” € 99N
ker L, then ¢(u1, ua, us, u) # 0. In addition, we can easily see
that the algebraic equation ¢(uq, us,us3,0) = 0 has a unique
solution in R3. Thus the invariance of homotopy produces
deg(JQN,Q Nker L,0) = deg(QN, Q2 Nker L, 0)
= deg(¢(u1,ue,us, 1), 2 Nker L, 0)
= deg(p(uq,uz,us,0), 2 Nker L, 0)
=—140.
By now, we have verified that () fulfills all requirements of

Lemma 2.7; therefore, system (1) has at least one w—periodic
solution in Dom L N €. The proof is complete.
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