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Existence of periodic solution for p-Laplacian
neutral Rayleigh equation with sign-variable
coefficient of non linear term

Aomar Anane, Omar Chakrone, Loubna Moutaouekkil.

Abstract—As p-Laplacian equations have been widely applied
in field of the fluid mechanics and nonlinear elastic mechanics,
it is necessary to investigate the periodic solutions of functional
differential equations involving the scalar p-Laplacian. By using
Mawhin’s continuation theorem, we study the existence of periodic
solutions for p-Laplacian neutral Rayleigh equation

(pp(@' () =)' (t — 7)) + f (@' (1) + g1 (x(t — 7L, |2]o0)))
+ B#)g2(2(t — 72(t, |7]0))) = e(b),
It is meaningful that the functions c(¢) and ((t) are allowed to change

signs in this paper, which are different from the corresponding ones
of known literature.

Keywords—periodic solution; neutral Rayleigh equation; variable
sign; Deviating argument; p-Laplacian; Mawhin’s continuation.

[. INTRODUCTION

N recent years, periodic solutions involving the scalar p-
Laplacian were studied extensively by many mathematical
researchers.
Cheung and Ren [1] studied the following equation

(ep(@' (1)) + f(2' (1) + Byg(a(t — 7(t))) = e(t),
under the condition of constant 3 > 0 .
Xuejun Gao [2] discussed the existence of periodic solutions
for p-Laplacian functional differential equations with two
deviating arguments

(op(a' ()" + f(x(t)2'(t) + g1 (£, 2(t — 71(1)))
+ 92t 2(t = 72(t))) = e(d),
Feng, Lixiang and Shiping [3] investigated the existence

of periodic solutions for a p-Laplacian neutral functional
differential equation with the following form

(ep(@'(t) = c()2! (t = 7)) = f(x(t)2' (t)
+ B(@)g(x(t — (1)) +e(t),
where ¢(t) and (3(t) are allowed to change signs.

The purpose of this paper is to study the existence of periodic
solutions for p-Laplacian neutral Rayleigh equation

(p(@'(t) = c(®)a'(t —1)))" + F(2'(1))
1@t = 11(t, [2]00))) + B()g2(x(t — 12, [2]50)))

=e(t)
(1)
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where p > 1 is a fixed real number. The conjugate exponent
of p is denoted by ¢, i.e %—&— é = 1. Let ¢, : R — R be the
mapping defined by ¢,(s) = |s|P~2s for s # 0, and ¢, (0) =
0, f,9; € C(R,R), f(0) = 0,c(t),B(t),e(t) are continuous
T-periodic functions defined on R and T > 0,c(t) is not a
constant function, fOT t)dt # 0, fo t)dt = 0,r € Ris a
constant with r > 0,7; E C(]R2 )(z = 1 ), n(t+T,.) =
Ti (t7 )

We will study the existence of }gerlodlc solutions for Eq (1)
under the case fOT B(t)dt > 0(f, B(t)dt < 0 can be discussed
in the same way). Obviously, 3(t) is 51gn—changeable. On the
hand, it is meaningful that the growth degree with respect to
the variable u in g; (u) is allowed to be greater than p — 1. For
constant m; > p — 1, two-sided growth condition imposed on
g1(u) is given as follows

riful™ <lgi(uw)| < rolul™,  V]u| > d.

On the other hand we analyze some properties of the linear
difference operator A : [Az|(t) = x(t) — c¢(t)xz(t — r) in the
first, and obtain new inequalities. By using the continuation
theorem of coincidence degree theory and some new analysis
techniques, we obtain some results on the existence of periodic
solutions to Eq (1). Meanwhile, the function ¢(t) is allowed
to change sign.

II. PRELIMINARIE

For convenience, define Cr = {z € C(R,R) : 2(t + T) =
x(t)} with the norm |z|o = max |z(t)|;c[o,7). Clearly Cr is
a Banach space . In what follows, we will use |.||, to denote
the L¥-norm. We also define a linear operator A as follows

(Az)(t) = x(t) — ezt =7) ()

and we have the following notation
D o— 1 if 1<p<2,
P 372 if p>2.
Lemma 2.1: [3]
Let B:Cr — Cr, (Bz)(t) =c(t)z(t — 1),
then B satisfies the following conditions
(1) 1Bl < lefoo-

AZCT*>CT7

(S \Bia)(t)rdt)s <
CT7p > 17] Z 1

lefZ ( fo |z (t |pdt , Vo €
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Lemma 2.2: [3]
If |c|oo # 1, then A has continuous bounded inverse A~!
with the following properties, where A is defined by (2.1), and

@ 1AM < ez

(2) (A1) = f(8) + 52 Ty et — (i — D) f(t —
jT‘), vfecT7
fo | B)Pdt < (=) Jy 1 @)Pdt, ¥F €

Now, we recall Mawhin’s continuation theorem which our
study is based upon.
Let X and Y be real Banach spaces and L : D(L) C X — Y
be a Fredholm operator with index zero. Here D(L) denotes
the domain of L. This means that ImL is closed in Y and
dim KerL = dim(Y/ImL) < 4o0. Consider the supplemen-
tary subspaces X; and Y; and such that
X=KerL@ X, and Y = ImLEY; and let
P: X — KerL and Q : Y — Y7 be natural projections.
Clearly, KerL((D(L) (N X1) = {0}, thus the restriction
L, := L|p(z)nx, is invertible. Denote the inverse of L, by
K. Now, let Q2 be an open bounded subset of X with
DL)NQ # 0, amap N : © — Y is said to be Lcompact
on Q. If QN(Q) is bounded and the operator K (I — Q)N
Q — Y is compact.
Lemma 2.3: (Mawhin [4])
Suppose that X and Y are two Banach spaces, and L : D(L) C
X — 'Y is a Fredholm operator with index zero. Furthemore,
Q2 C X is an open bounded set, and

N : Q — Y is L-compact on (). If all of the following

conditions hold:

(1) Lz # ANz,Vx € 0Q( D(L), A €]0,1];

(2) Nz & ImL,Vx € 000\ KerL;and

(3) deg{JQN,QNKerL,0} # 0, where J : Im@Q — KerL
is an isomorphism.

Then the equation Lx = Nz has at least one solution on

QN D(L).

In order to use Mawhin’s continuation theorem to study the
existence of T-periodic solution for Eq (1) , we rewrite Eq (1)
in the following system

Il(t) [A 1%(-’62)}(15)
a5(t) = ([A Yog(22)](1)) = g1 (@1 (t — 71t |71]00)))
Bt)g2(z1(t — 72(t, |z1]))) + €(t).
3
Where ¢ > 1 is constant with % + % = 1. Clearly, if

2(t) = (z1(t), 22(t))T is a T-periodic solution to equation set
(3), then x1(t) must be a T-periodic solution to equation (1).
Thus, in order to prove that Eq (1) has a T-periodic solution, it
suffices to show that equation set (3) has a T-periodic solution.
Now, we set X = Y = {z = (21(t),22(t)T €
CR,R?) : 7 € Cpr,z9 € Cr} with the norm |jz|| =
maxz{|21 oo, |Z2|oo }. Obviously, X and Y are two Banach

spaces. Meanwhile, let
!
L:D(L)c XY, ILr=da= ( 2 ) 4)

N:X Y,
[Nz](t)

— F([A g (22)]() — g1 (21t — T1(t |71]0))) —
B(t)g2(z1(t — m2(t, |21]c0))) 4

It is easy to see that equation set (3) can be converted to the
abstract equation Lx = Nx. Moreover, from the deﬁmtlon of
L, we see that KerL = R?, ImL = {y: erjO s)ds =
0}. So L is a Fredholm operator with index zero.

Let projections P : X — KerL and @ : Y — ImQ be
defined by

17 1 [T
Pz = T/o x(s)ds, Qy = T/o y(s)ds

and let K represent the inverse of L|xcrpnp(r). Clearly,
KerL = Im@Q = R? and
/ Gt s) (©)

where G(t,s) = ST,_ T

[(frl@q(fvz)] (t)
t

+ e(t)

T 0<t<s g T.

From (5)and (6), it isn’t hard to find that N is L-compact on
€, where () is an arbitrary open bounded subset of X.

Lemma 2.4: (Borsuk [5]) 2 C R” is an open bounded set,
and symmetric with respect to 0 € Q. If f € C(Q,R") and
fx) # pf(—x),Yx € 0Q,Vu € [0,1], then deg(f,2,0) is
an odd number.

Lemma 2.5: If ¢(¢t) € Cr is not a constant function,
le|oo < %,

(Az)(t) = z(t) —c(W)z(t —r) = dy @

where d; is a nonzero constant, x(t) € Cr, then
(1) 2(t) = A~'d; is not a constant function,

2) [, (A7ldy)(t)dt # 0.

III. MAIN RESULTS

Theorem 3.1: Assume that the following conditions are
satisfied.
(Hy1)— For i = 1,2, there are positive constants d, r;, 77,
m; with mg < p — 1 such that

(1) Bifu™ < |gi(u)] < Balul™,  V|u| >d,

o if gi(u) = g1(u),
' i, if gi(u) = ga(u).
(2) gz-(w)sgn(w) <0, Vw|>d

E

™

H, - % .
ml

(Hz)—
(Hg)* There exists constant a > 0 such that
|

FW)l < alylr~!, vy e R.
(H4)— There are constants 73 > 0,y and k € Z such that 0 <

D
1

gy, T
1+|z| &t
Then, Eq (1) has at least one T'-periodic solution, if one of

the following conditions holds

71 (t,z) — kT < min , V(t,z) € [0,T] x R.
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(1) ma=p—1and Ay + Ay < 1.
(2) ma<p—1and Ay < 1.

where
1 P oI
Ar=|+—r ~|oco 1 [e%S) Pl 71 AN
= () i g
D rg'yTH'(z =
2r=1(1 — A)p—1
and

1 P 3sz;‘5|OOT1+(p—1)(mz+l)
2= (=) | |

1— el gmat1(] = A)matl

Proof 1: Let 4y = {z € X : Lz = ANz, X €]0,1]} if
2(.) = (z1(.), 22(.))T € 4, then from (4) and (5), we have

2 (t) = AM[A™ pq(2)] (),
zh(t) = = A (A[A™ pg(22)](1))
= Agi(z1(t — 7(t, [71]0)))
= AB()ga(z1(t — m2(t, |T1]00))) + Ae(t).

From the first equation of (8), we have
z2(t) = @p(5 (Az})(t), together with the second formula of
(8), which yields

[op((Az)(0))] + AP F(A[A™ g (22)](1))
+ Agi(aa(t — 1t [21]00))) ©)
+AB()g2 (21 (t = 72(t, [71]00))) = APe(?).

Integrating both sides of Eq.(9) on the interval [0,7] and
applying integral mean value theorem, then there exists a
constant £ € [0, 7] such that

g1(z1(§ — 11(&, [21]00) )T

//3 )g2(z1(t — 12(t, |21]c0)) dt—/ JiCA)

®)

(10)
Now, we claim that

T )
[21(€ = 71 |21]o0))| < Al21]oc + B </O Ixi(t)pldt>

+C.
an

1
- L\
Where  B=D. ., (%),

My, |Bloc\ ™0
C=D1 (gT +d, Mg, = magglgz(v)l

Case(1). If |z1(§ — 11(&, |21]00))| < d, then, Eq.(11) holds
clearly.

Case(2). If |x1(€ — T1(&, |x1|00))| > d, it follows from
Eq.(10), (H1)(1) and (H3) that

1Tz (§ — (€, [71|e0)) ™

Swmélw@ﬁ—m@wmﬁmﬁ—/lﬂ%®wt

0

T
g@Twmwmz+a/|aaw*w+w@me
0

It implies that

[21(§ = 1€ [21]o0))]

<D +1[(’“M"") 1] 2

my

o\ ([ Myl
/iy p—1 921P o0
+(57) (A [ (0) ﬁ) # (=)™
1

Thus, it is easy to see that Eq.(11) holds.
Let

5 - 7-1(57 |‘T1|oo) =kT +Ea

where k is an integer and £ € [0, 7], by (11)
1
T my
mﬁNSme+B</%®V1@>
0

¢
+/7 |z} (s)|ds +C, tel[¢E+T).
13
and

21 ()] = |22 (t =T

3 _
+/ |z (s)|ds +C, telE,E+T).
t—T

Combining the above two inequalities, we obtain

= max |T = max |z1(2
fealee = ma | ()] = _max s (6)
T wr
< max {Al|ri1]e + B / |z (s)|P~ds
te[€,E+T] 0

1 3
2(/aﬂ@m+/ mww§+0}
€ t—T
: &
< Alz1|oo + B (/ |x’1(3)|171d8>
0

1T
+f/ |7} (s)|ds + C.
2 Jo

In view of (Hsz), we have
1

f() |fE1 |dt B T / p—1 o
il < G+ 2 (] mtop

+717A'

(12)
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On the hand, multiplying both sides of Eq.(9) by z;(¢) and

integrating it from 0 to 7', we obtain

T
/0 Lo (A} (1)) (£)
Y /0 FOLA 9y ()] (1)) (1)t
+)\p/ gl(l‘l(t—Tl(t,|$1|oo)))$1(t)dt (13)
OT
Y /0 B(0)ga(a1(t — 7ot [21]00))) 1 (£)
v /0 e(t)z (D)dt.
On the other hand we have
T

/0 Lo (A2} (1)) (£)

- /0 (A (D)) (t)dt

. / ep((Azh)(0) 2 (1) — (b)) (¢ — 1)

xl(t—r)]dt
/ (Azy)(t)Pdt — / (), (¢ — r)p( (A (1) .
(14)
Substituting Eq.(14) into Eq.(13) we get
/ (AZ)) (D) Pt
/ () (¢ — r)p((Az)) (1) dt

+/\P/ Flxy )z (t)dt

0 (15)

Y /0 (2 (t — ot 21]o0)))2 (£
% / B(8)ga (@1 (t — ot |1 ]00))) s (et
T
f/\”/o e(t)x1(t)dt.
It follows that
/T| Axy)(t)|Pdt
<|c|oo/ o (A} (1 >>\|x1<t—r>|dt+|x1\oo/ I
w/ @1 (= 7 [21oo))) 1 (8) — 20 (2 — 72 (8, 210
0

+ )\p/o gr(z1(t — 71(t, [71]e0))) 1 (t = T1 (2t [71]00) ) dE

T
+ \5|oo|:v1|oo/ |92(21(t = 72(t; [21]00)))|dE + T|21| 0o €] oo
0

(16)

Moreover, by using Holder’s inequality and Minkowski in-
equality, we obtain

T
/ o (A2 (0) ]2 (¢ — )\t

, - :
s(/ %((Aara)(t))(fdt) x(/ xi(t—rwdt)
T
(/0 \(Axl |"dt> (/ \xl |"dt>

T m a
- ( / 2 (8) — e(t)a (¢t - r)f’dt)
x(/ |wa<t>|”dt>p
<[</le1 Ipdt> +</| trpdt)p]
0
" :
(/ |a:'1<t>|f’dt>
s[( |a:a<t>|pdt>p+|c|oo (/ |x3<t>|ﬁdt>p]
x( /0 |x’1(t)|pdt>

T
= (1 [eloo)?! / 1« (t)|Pt.
0 A7)
Define

Ey={t:t€[0,T]|z1(t — m1(t, |z1]o0))| < d},
and
= {t :te [O,T]7 ‘[L’l(t — Tl(f,, |5C1|oo))| > d}

By the condition (H;(2)), we obtain

#)dt
}dt)\p /0 g1(z1(t — 11(t, |21|00))) 21 (t — T1(t, |T1]00))dt

<N /E g1(@1(t = 1(t, [21]o0))) w1 (8 = 71t |21]00) )t

< TdM,,.
(18)
Where My, = max|y|<q|g1(w)|-
Substituting Eqs.(18)-(17) into Eq (16) and using (H; (1)) and

496



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:7, No:3, 2013

(Hg) yield

T
/ (A ([Pt
0
T T
el (1+1elo) ™ [ Jat OPdt + alorloc [ ot (0P s
0 0

+ 7 trel%(?);“] [£1(t) — 21(t — 11 (2, |21]00)) X

)

T
/ |21(t = 71 (t, |21]00)) ™ dt + 3Tl oo |1 [22 T
0

+ 91|x1\00 =+ TdMgl,

19
where 01 = (2Mg, + |B|oc Mg, + |€]oc)T.
From Eq (19) and Holder’s inequality, we obtain
T
afonloe [t ()Pt
0
ol T
< L) Pdt
<gima ), o
(p=1)(m1 +1) 20)

aBT i (T P
_ L()|Pdt
+ 2217 (/ 4 (0) )

(p—=1)

aCT? T » i
+1_A(/O 1#40) dt)

Moreover, from (H4) and Holder’s inequality, we have

max |z1(t) — x1(t — 71(t,|21]00))|

te[0,T]
= max |z1(t) —z1(t — 71 (t, |71|00)) + KT
te(0,T]
t
= max ‘ Ill (t)dt|

te[0T] Jt—ry (t,|21 o) +5T

t :
< ¢ kT ()|Pdt
< ma [t o) = AT < / 12 (1) )

) —71 (6|21 )00 ) +ET

0 b
:m&XTt,CL'OO—kTp?%l / " () |Pdt
tE[O,T]‘ 1( | 1| ) | < 7T1(1‘,,|w1“m%~(ﬁ'}2'1|1

p—1 T P

<t |21 |oo) — KT)od (/ |x’1(t)pdt> )
0

2D

1378 ool1 |5

T\ (1) |dt
< Tl O

B T " C
t pfldt mo—+1
+1_A</0 4 (0) ) r ]
mo+1
37215 Boo T
< 2m2+1(1 7A)m2+1 o |x1(t)‘dt
g1

3m2p3T|Bloe B2 [ [T , “
2T 191 (/ |2 (t) [P~ Ldt
0

(1= Aymat1
321316l O™
(1 _ A)m,2+1

3 1
(mo+1) mat1

(p—1) )
_ 3Bl T / o
= 2m2+1(1 _ A)m2+1 o 1

(p—1)(ma+1)

(ma+1) )
gma .x Bm2+1T1+ T T pmy
rhlls ([

(1— A)ymatt
377L27,.§T|B‘OOC’HL2+1
(1— Aymatl
and 01|171|oc

=

o [ [T,
< P
< (/ () dt)
0, BT T Pt
t—a (/0 |21 (¢)[Pdt

0,.C
1-A

(22)

(23)

In order to show that the growth degree with respect to the
variable u in g (u) is greater than p—1, we let my = r3+p—1,

where r3 is defined in (Hy).
By applying the third part of Lemma2.2, we get

T T
[ mira= [

< (52 [ wasora

(24)

Then, substituting Eqs (20)-(24) into (19) and using (Hy)
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yield that [} |« (¢)|Pdt is bounded.
T
/ p Case2. If mg < p — 1, noticing
/0 |($1)(t)| dt mo+1 < m1+(p 1) <1 (p=1)(m1+1) <

’ my pmi

1, %<1,pml<l e <1—<1A1<1

and Eq.(3.18), it is also seen that fo | (t |pdt is bounded.

p—1 T
< Ll [ e
0T Jo

T —
alzfoo fy |2 ()P dt

From the above two cases, there exists a constant M > 0 such

(1 — |efoo)? that
T| (t ET)|od ’
Pl ST1eE et iefzie ez "
(1= efoc)? / |24 () [Pdt < M. (26)
0
n 75T | Bloo| 1 [22 91|9C1|oo TdM,,
(1= cloc)? (I =leloc)? (1= lc|oo)? ,
lc|oo (1 + |C|Oo)p—l /T| " Using Eq.(12) and Eq.(26) leads to
N (1= [efoo)? 0
T — 1 p—1
alzils fy 24 (8P dt T My BTwiMem
Jo 14 » 21|00 < + + 2 M. (27)
(1= leloo) 2(1— A) 1-A 1-A
T )|dt
ot (e B, |
(1 —leloo)? \ Jo 2(1-A) Again, from the first equation of (8), we have
1
B T B my C B T _
14 (/0 |21 (£)P 1dt> + m]p ! Jo (A7 pg(@2))(t)dt = 0,
n 15T Bl o] 21|22 n 01]21]o0 TdMg, then there is a constant n € [0,7], such that

(1 —leloo)? (I =lefc)? = (1 =c|oo)? (A7 p,(z2))(n) = 0, which together with the second
ma+l part of lemma2.2 gives

T T P
< Al/ |23 (1) Pdt + Az (/ Ix’l(t)pdt>
0 0

(p—1)(m31+1)

(A7 gy (2)) (1)

my41 oo J
aBT 71 /-T , pmy - . .
+ 2 (8)|Pdt = @q(22(n)) + c(n — (i = Dr)pq(z2(n — jr)),
(0 Jeloo)? (1= 4) ( , 170 21
, e =0
aCT» T v
Ry ( / %(f)'pdt) 2 ()|~ = [y (2(n))
1421 T 1?7571)2 = T —(i—1 —J
T T - AT \Jy .
3m2 3| Bl BT o (T e <D leflaalL
(1 _ ‘C|oo)p(1 _ A)m2+1 /O |$1(t)| dt
|C|00 q—1
1 T ”*1 - 1_|c| |:C2|oo )
0, BT ' o >
- |;| 117 A (/0 |z} (t)|pdt> it follows that
n 0T Pl n rgfyTDpCp_l » 1
—1
21— feloc)?(1=A4) = (1 —c|oo)?(1 — A)p—t lz2(n)] < (%) |22 00- (28)
1 [e%e]
o ! (1 —lefoo)P(L — A)matt — —
Let My, = maxjy<n, |91(u)|, My, = maxp,<ar, [92(u)],
6:.C TdM,, ] and from Eq.(8), we have

A= Jdo)P (= A) " (1= [doo)? )
@52 (t) = —AF(@4 (1) = Aga (@1 (t — 71 (¢, |21]0)))

Casel. If ma = p — 1, using ,

ma+(p—1)° <1, (p 1)(mi+1) <1, (p—1)(m2+1) <11 < — Aﬂ(t)gg(ml(t — TQ(t, |ZE1|OO))) + )\e(t)
pmy pmy pmy ? Pml

1, p1<17<1A1—|—A2<1anqu(25) it is seen and
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/0' " ol

T T
s_/o | (6))]dt + / g (@1t — a1, |1 o0))

T
+ / 1B(8)ga (t — Ta(t, [21]00))) dE + / (1))t

T
ga/ (2, (0) P~ dt + TR, + |8l T, + Tlelo
0

p—1

T P
<a (/ x’l(t)|”dt> T% + TMy, + |8|sTM,, + Tle|s
0

<aM"F Tv + TM,, + |BleTM,, + Tle|so 2 M.
(29)
By (28) and (29)

fea(8)] = [ea() + [ (s)ds

n
(1,6'2(]00) |2]o0 + OT |zh(s)|ds  (30)
(1,6'200) |Toloe + My, t€[0,T)
Since [eloe < 3, (152 TT 1, together with(30), we

know there exists a positive constant M3 such that
[72]00 < Ms. (€20)

Let Qp = {z]|z € KerL,QNx = 0} if € Qy then z € R?
is a constant vector, and

LA g (w2)](8)dt = 0,

7/ = FA gy (22)] (1)) — g (1 (t — 7 (& |1 ]oc)))—
B(t)g2(z1(t — 72(t, [21]))) + e(t)]dt = 0.
(32)

By the first formula of (32) and the second part of
Lemma 2.5, we have o = 0. Moreover, in view of
fo t)dt = 0, f(0) = 0 and the second formula of (32), we
know

g1(@1) + Lga(x1) [ Bt)dt = 0.

Which, together with fo t)dt > 0 and (Hy)(2), yields
|£L‘1| S d.
Now, we let Q@ = {zlz = (21,22)7 € X,|z| <

M, + d,|za] < Ms + d}, then Q; U Qy C Q. So from
(27) and (31), it is easy to see that conditions (1) and (2) of
Lemma 2.3 are satisfied.

Next, we verify the condition (3) of Lemma 2.3. To do this,
we define the isomorphism

J:ImQ — KerL, J(z1,22)T =

(IlaxZ)Ta

then

JQN (z)
fo ‘Pq z2)](t)dt
- T fo [—f([A g (22)](1) — gr(z1)— | »
B(t)ga(w1) + e(t)]dt
xz € KerL .

By Lemma 2.4, we need to prove that

JQN(z) # u(JQN(~x
Casel. If = (z1,20)7 €
OO N KerL)\{(M; +d,0)T, (=M, —d,0)T}, then
x2 # 0 which, together with the second part of Lemma 2.5,
gives us [ [A™ 1, (x2)](t)dt # 0,

T T
(} / [Alsoq(xm(t)dt) (} / [Alsoq<—x2>}(t>dt> <
)

JQN(x) # p(JQN (~x)).

Case2. If z = (M, +d,0)” or x = (—M; — d,0)T then
JQN(z)

)),Vz € 0 (Q KerL),u € [0,1]

obviously, Vi € [0,1]

0
- ( —g1(z1) — Fg2(z1) [, B(t)dt )
which, together with (H) 2% yields Vu € [0,1], JQN (z) #
H(JQN (=x)).

Thus, the condition (3) of Lemma 2.3 is also satisfied. There-
fore, by applying Lemma 2.3, we conclude that the equation
Lz = Nz has at least one T-periodic solution on €, so Eq.(1)
has at least one 7T'-periodic solution. This completes the proof
of Theorem 3.1.

IV. EXAMPLE AND REMARK
Let us consider the following equation
(pp('(t) — 0.1sin(20mt)z’ (t — 1)) + f(2'(¥))
+ g1(2(t = 7 (t, [2]o0)))

n (f + 1Osm<2om>> S(alt = maft [el))
= cos(207t),
where p = 4, c(t) = 0.1sin207t, f(u) = u®sinu, B(t) =
% + 4%SinQOﬂ't, g1(u) = —%5, it |7]e0)) =
%0 — %7 g2(u) = —%7 e(t) = cos20mnt. Therefore
we can choose 1y = 5, 7o = 3, T} = 15, 73 = &, d =

1, my =5, my =3, a =73 =1 and an integer k£ such
that (H;) — (H2) and condition (1) of Theorem 3.1 hold. By
Theorem 3.1, it seen that Eq.(1) has at least one %-periodic
solution while v < 167,6781.

Remark Clearly, it can be seen that the growth degree
my =5 > p— 1 with respect to the variable u in ¢;(u) and
the functions ¢(t) = 0.1sin20xt, B(t) = @ + 55 sin 207t
can vary signs. Furthermore, it is easy to find that all the
results in [2], [3] and the references therein can not be
applicable to Eq.(33), which implies that the results of this
paper are essentially new.
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