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Existence and globally exponential stability of
equilibrium for BAM neural networks with mixed

delays and impulses
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Abstract—In this paper, a class of generalized bi-directional asso-
ciative memory (BAM) neural networks with mixed delays is inves-
tigated. On the basis of Lyapunov stability theory and contraction
mapping theorem, some new sufficient conditions are established
for the existence and uniqueness and globally exponential stability
of equilibrium, which generalize and improve the previously known
results. One example is given to show the feasibility and effectiveness
of our results.

Keywords—Bi-directional associative memory (BAM) neural net-
works, mixed delays, Lyapunov stability theory, contraction mapping
theorem, existence, equilibrium, globally exponential stability.

I. INTRODUCTION

RECENTLY, a class of two-layer heteroassociative net-
works called bi-directional associative memory (BAM)

networks [1-4] with or without axonal signal transmission
delays has been proposed and used in many fields, such as
pattern recognition and automatic control. They were first
proposed by Kosko [1-3], Cao [5-8,16-17,19-20], Liao and
Yu [10], Gopalsamy and He [11], Liang [12], Wei and Ruan
[13], Jin [14] and Xia and Cao [15]. Though the non-
impulsive systems have been well studied in theory and in
practice (for example see [1-20] and references cited therein),
the theory of impulsive differential equations is now being
recognized to be not only richer than the corresponding theory
of differential equations without impulse, but also represents a
more natural framework for mathematical modeling of many
real-world phenomena, such as population dynamic and the
neural networks. In recent years, the impulsive differential
equations have been extensively studied (see the monographs
and the works [21-25]). This class of neural networks has
been showed to be a useful network model for applications
in pattern recognition, solving optimization problems and
automatic control engineering. Hence, they have been the
object of intensive analysis by numerous authors in recent
years [16-17,19-20,24-25]. In particular, there are extensive
results on the problem of the stability and other dynamical
behaviors of impulsive. In the present paper, we investigate the
following more general BAM neural networks with impulses
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x′i(t) = −aixi(t) +
p

∑

j=1

cjifj(yj(t− σji))

+
p

∑

j=1

∫ τ

0

pjifj(yj(t− s))ds+ ri, t ≥ 0, t �= tk,

Δxi(t) = (αik − 1)xi(t),
i = 1, 2, · · · , n, k = 1, 2, · · · , t = tk,

y′j(t) = −bjyj(t) +
n

∑

i=1

dijgi(xi(t− δij) (1)

+
n

∑

i=1

∫ τ

0

qijgj(xi(t− s))ds+ sj , t ≥ 0, t �= tk,

Δyj(t) = (βjk − 1)yj(t),
j = 1, 2, · · · , p, k = 1, 2, · · · , t = tk.

where Δxi(tk) = xi(t+k )− xi(t−k ) and Δyj(tk) = yj(t+k )−
yj(t−k ) are the impulses at moments tk then there are xi(t−k ) =
xi(tk) and yj(t−k ) = yj(tk) t1 < t2 < · · · is a strictly
increasing sequence such that lim

k→∞
tk = +∞. n and p

correspond to the number of neurons in X-layer and Y-layer.
xi and yj are the activations of the ith neurons and the jth neu-
rons, respectively. cji, dij , pji, qij are the connection weight.
σji > 0, δij > 0 are the transmission delay, τ is distributed
time-varying delay ri and sj denote the external inputs ai > 0
and bj > 0 represent the rate with which the ith neuron and
jth neuron will rest its potential to the resting state in isolation
when disconnected from the network and external inputs, re-
spectively. Then system (1) is supplemented with initial values
given by xi(t) = ϕi(t), t ∈ [−σ, 0], σ = max{ max

1≤i≤n
1≤j≤p

σji, τ},

i = 1, 2, · · · , n. yj(t) = ψj(t), t ∈ [−δ, 0], , δ =
max{ max

1≤i≤n
1≤j≤p

δij , τ}, j = 1, 2, · · · , p where ϕi(t) and ψi(t)

denote real-valued continuous functions defined on [−σ, 0] and
[−δ, 0]. z(t) = (x1(t), · · · , xn(t), y1(t), · · · , yp(t))T ∈ Rn

in which xi(·), · · · , yj(·) are piecewise continuous on (0, β)
for some β > 0 such that z(t+k ) and z(t+k ) exist and z(·)
is differentiable on intervals of the form (tk−1, tk) ⊂ (0, β)
and satisfies(1); We assume that z(t) is left continuous with
z(t−k ) = z(tk), and αik, βjk, ri sj are real numbers. we
assume that:

(H1) ai, bj ∈ (0,∞), cji, dij , pji, qij , ri, sj ∈ R, σji, δij ∈
(0,∞), i = 1, · · · , n, j = 1, · · · .p.
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(H2) fj and gi are Lipschitz-continuous on R with Lipschitz
constant Lf

j , (j = 1, · · · , p) and Lg
i (i = 1, · · · , n), that is,

|fj(x) − fj(y)| ≤ Lf
j |x− y| ,∀x, y ∈ R.

|gi(x) − gi(y)| ≤ Lg
i |x− y| ,∀x, y ∈ R.

The aim of this paper is to derive some criteria for the
existence and globally exponential stability of a unique equi-
librium of system (1). The rest of this paper is organized
as follows. In Section II, we shall establish some sufficient
conditions for the existence and uniqueness of equilibrium.
In Section III, we will investigate the globally exponential
stability of the unique equilibrium. Finally, one example is
presented to illustrate that our results are feasible and more
general.

II. EXISTENCE AND UNIQUENESS OF EQUILIBRIUM

When neural networks are used for the solution of optimiza-
tion problems, one of the fundamental issues in the design
of a network is concerned with the existence and uniqueness
and globally exponentially stable equilibrium state of network
without requiring the bounded ness, differentiability or mono-
tonicity, we establish a easily verifiable sufficient conditions
for the existence of a unique equilibrium state in this section.
An equilibrium solution of (1) is a constant vector

z∗ = (x∗
1
, · · · , x∗

n
, y∗

1
, · · · , y∗

p
)T ∈ Rn+p,

which satisfies the system

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

aix
∗
i =

p
∑

j=1

cjifj(y
∗
j ) + τ

p
∑

j=1

pjifj(y
∗
j ) + ri, i = 1, · · · , n

bjy
∗
j =

n
∑

i=1

dijgi(x
∗
i ) + τ

n
∑

i=1

qijgi(x
∗
j ) + sj , j = 1, · · · , p.(2)

Or
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

x∗
i =

p
∑

j=1

1

ai
(cji + τpji)fj(yj

∗) +
ri

ai
, i = 1, 2, · · · , n

y∗
j =

n
∑

i=1

1

bj
(dij + τqij)gi(xi

∗) +
sj

bi
, j = 1, 2, · · · , p. (3)

when the impulsive jumps as assumed to satisfy

αik(xi
∗) = βjk(y∗j ) = 0.

We denote the spectral radius of the matrix F by ρ(F ).
Lemma 1. ([15]). Let N be a positive integer and B be an

Banach space. If the mapping φN : B → B is a contraction
mapping, then φ : B → B has unique fixed point in B, where
φN = φ(φN−1).

Theorem 1. In addition to (H1)-(H2), assume further that
ρ(K) < 1, where K = (Kij)(n+p)×(n+p), Mji = 1

ai
(|cji| +

|τpji|), and Nij = 1
bj

(|dij | + |τqij |),

kij =

⎧

⎨

⎩

Mj−n,iL
f
j−n,

Nj,i−pL
g
i ,

0,

1 ≤ i ≤ n, n+ 1 ≤ j ≤ n+ p,
p+ 1 ≤ i ≤ n+ p, 1 ≤ j ≤ p,

1 ≤ i, j ≤ n, n+ 1 ≤ i, j ≤ n+ p.

Then, there exists unique equilibrium of system (1).

Proof: In order to show that (3) has a unique
solution. Now consider a mapping: φ : φ(z) =
(φ1(z), · · · , φn(z), φn+1(z), · · · , φn+p(z))T , Rn+p → Rn+p

φ(z) = φ(x1, x2, · · · , xn, y1, y2, · · · , yp)T ,

z = (x1, x2, · · · , xn, y1, y2, · · · , yp)T

z = (x1, x2, · · · , xn, y1, y2, · · · , yp)
T . (4)

We have

|φ(z) − φ(z)| = (|(φ(z) − φ(z))1| , · · · , |(φ(z) − φ(z))n| ,
∣

∣(φ(z) − φ(z))n+1

∣

∣ , · · · ,
∣

∣

∣
(φ(z) − φ(z))n+p

∣

∣

∣
)T

≤ [
p
∑

j=1

(Mj1

∣

∣fj(yj) − fj(yj)
∣

∣),

· · · ,
p
∑

j=1

(Mjn

∣

∣fj(yj) − fj(yj)
∣

∣),

· · · ,
n
∑

i=1

(Ni1 |gi(xi) − gi(xi)|),

· · · ,
n
∑

i=1

(Nip |gi(xi) − gi(xi)| )]T

≤ [
p
∑

j=1

(Mj1L
f
j

∣

∣yj − yj

∣

∣),

· · · ,
p
∑

j=1

(MjnL
f
j

∣

∣yj − yj

∣

∣) · · · ,
n
∑

i=1

(Ni1L
g
i |xi − xi|),

· · · ,
n
∑

i=1

(Nip L
g
i |xi − xi|)]T

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0, · · · , 0, M11L
f
1 , · · · , M1pL

f
p

...
...

...
...

...
...

0, · · · , 0, Mn1L
f
1 · · · MnpL

f
p

N11L
g
1 · · · N1nL

g
n 0, · · · , 0

...
...

...
...

...
...

Np1L
g
1 NpnL

g
n 0, · · · , 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

|x1 − x1 |
...

|xn − xn|
∣

∣y1 − y
1

∣

∣

...
∣

∣yp − yp

∣

∣

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= K(|x1 − x1 | , · · · , |xn − xn| ,
· · · ∣∣y1 − y

1

∣

∣ , · · · , ∣∣yp − yp

∣

∣)T

= K(
∣

∣(z − z)
1

∣

∣ , · · · , |(z − z)n| ,
· · · ∣∣(z − z)n+1

∣

∣ , · · · ,
∣

∣

∣
(z − z)n+p

∣

∣

∣
)T . (5)

Let m be a positive integer. Then from (5), we get

(|(φm(z) − φm(z))1| , · · · , |(φm(z) − φm(z))n|,
∣

∣(φm(z) − φm(z))n+1

∣

∣ , · · · ,
∣

∣

∣
(φm(z) − φm(z))n+p

∣

∣

∣
)T

≤ K
∣

∣(φm−1(z) − φm−1(z))1
∣

∣ ,
· · · , ∣∣(φm−1(z) − φm−1(z))n

∣

∣ ,
∣

∣(φm−1(z) − φm−1(z))n+1

∣

∣ ,

· · · ,
∣

∣

∣
(φm−1(z) − φm−1(z))n+p

∣

∣

∣
)T

≤ Km(
∣

∣(z − z)
1

∣

∣ , · · · , |(z − z)n| ,
· · · ∣∣(z − z)n+1

∣

∣ , · · · ,
∣

∣

∣
(z − z)n+p

∣

∣

∣
)T . (6)
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From the assumption ρ(K) < 1, we obtain

lim
m→+∞Km = 0,

which implies that there exists a positive integer N and positive
constant η < 1 such that

KN = (hkl)(n+p)×(n+p) and

n+p
∑

l=1

hkl ≤ η, k = 1, · · · , n + p.(7)

In view of (6) and (7), we have
∣

∣

∣
(φN (z) − φN (z))k

∣

∣

∣
≤

n+p
∑

l=1

hkl max
1≤l≤n+p

|zl − zl| ≤ η ‖z − z‖ (8)

for all k = 1, 2, · · · , n+p . Therefore, it follows from (8) that
∣

∣

∣
(φN (z) − φN (z))

∣

∣

∣
≤ η‖z − z‖B . (9)

This implies that the mapping

φN : Rn+p → Rn+p

is a contraction mapping. By Lemma 1, φ has unique fixed
point z∗ ∈ Rn+p such that φ(z∗) = z∗. Thus, system (1) has
unique equilibrium. This completes the proof of Theorem 1.

III. EXPONENTIAL STABILITY OF EQUILIBRIUM

In this section, we will show that the conditions in Theorem
2 also guarantee globally exponentially stability the unique
equilibrium of the impulsive system (1). For convenience, we
introduce some definitions.

Definition 1. Let functions

ϕ(s) = (ϕ1(s), · · · , ϕn(s)), s ∈ [−σ, 0], Rn+p → Rn+p

and

ψ(s) = (ψ1(s), · · · , ψn(s)), s ∈ [−δ, 0], Rn+p → Rn+p

The function φ(s) = (ϕ(s), ψ(s)) is said to be a continuous
function if the following two conditions are satisfied:

(a) φ is piecewise continuous with first kind discontinuity at
the points {tk},and φ is left-continuous at each discontinuity
points.

(b)
ϕi(t+) = αikϕi(t), t ∈ tk ∩ [−σ, 0],

ψj(t+) = βjkψj(t), t ∈ tk ∩ [−δ, 0],

i = 1, 2, · · · , n, k = 1, 2, · · ·
We define the norms ‖(z(t)‖ as

‖(z(t)‖ =
n

∑

i=1

|xi(t)| +
p

∑

j=1

|yj(t)|,

and the norm ‖φ‖ by

‖φ‖ = sup

⎧

⎨

⎩

n
∑

i=1

|ϕi(s)| +
p

∑

j=1

|ψj(s)|
⎫

⎬

⎭

.

Definition 2. The unique equilibrium z∗ = (x∗
1
, · · · , x∗

n
,

y∗
1
, · · · , y∗

p
)T of (1) is said to be globally exponentially stable,

if there exist constant ε > 0 and M(ε) > 0 such that

‖z − z∗‖ ≤M(ε)e−εt ‖φ− z∗‖ , ∀ t ≥ 0.

Definition 3. The Dini right upper derivative of a continuous
function, which is defined by

D+f(t) = lim
h→0+

sup
0≤Δt≤h

{

f(t+ Δt) − f(t)
Δt

}

,

and

D+ |f(t)| =

⎧

⎨

⎩

f ′(t), if f(t) > 0 and f ′(t) > 0
−f ′(t), if f(t) < 0 and f ′(t) < 0.
0 if f(t) = 0 and f ′(t) = 0

Theorem 2. Under assumptions (H1) and (H2), system (1)
is globally exponentially stable if the following conditions are
satisfied:

(1) |αik| ≤ 1 , |βjk| ≤ 1 , i = 1, 2, · · · , n, j =
1, 2, · · · , p, k = 1, 2, · · · .

(2) There exist positive constants λi , μj such that
⎧

⎪

⎪

⎨

⎪

⎪

⎩

p
∑

j=1

μjL
g
i (dij + qijτ) − λiai < 0, j = 1, 2, · · · , p.

n
∑

i=1

λiL
f
j (cji + pjiτ) − μjbj < 0, i = 1, 2, · · · , n.

Proof. From condition (2) of Theorem 2 for continuation,
there is a small positive constant ε such that

⎧

⎪

⎪

⎨

⎪

⎪

⎩

p
∑

j=1

μjL
g
i (dije

εδij + qij

∫ τ

0
eεsds) + λi (ε − ai) < 0

n
∑

i=1

λiL
f
j (cjie

εσji + pji

∫ τ

0
eεsds + μj (ε − bj) < 0

(10)

We construct Lyapunov functional as follows:

V (t) = V1(t) + V2(t)

V1(t) =
n
∑

i=1

λi[
p
∑

j=1

Lf
j |cji|

∫ t

t−σji
|yj(r) − yj

∗| eε(r+σji)dr]

+
n
∑

i=1

λi[|xi(t) − xi
∗| eεt

+
p
∑

j=1

Lf
j |pji|

∫ τ

0

∫ t

t−s
|yj(r) − yj

∗| eε(r+s)drds].

V2(t) =
p
∑

j=1

μj [|yj(t) − yj
∗| eεt

+
n
∑

i=1

Lg
i |qij |

∫ τ

0

∫ t

t−s
|xi(r) − xi

∗| eε(r+s)drds]

+
p
∑

j=1

μj(
n
∑

i=1

Lg
i |dij |

∫ t

t−δij
|xi(r) − xi

∗| eε(r+δij)dr).

D+V1(t) =
n
∑

i=1

λie
εt[(

p
∑

j=1

Lf
j |cji| eεσji |yj(t) − yj

∗|

−(
p
∑

j=1

Lf
j |cji| |yj(t− σji) − yj

∗|)]

+
n
∑

i=1

λie
εt {D+ |xi(t) − xi

∗| + ε |xi(t) − xi
∗|

+
p
∑

j=1

Lf
j |pji| |yj(t) − yj

∗| ∫ τ

0
eεsds

−
p
∑

j=1

Lf
j |pji|

∫ τ

0
|yj(t− s) − yj

∗|ds}.
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D+V2(t) =
p
∑

j=1

μje
εt[D+ |yj(t) − yj

∗| + ε |yj(t) − yj
∗|

+
n
∑

i=1

Lg
i |qij | |xi(t) − x∗i |

∫ τ

0
eεsds

−
n
∑

i=1

Lg
i |qij |

∫ τ

0
|xi(t− s) − x∗i | ds]

+
p
∑

j=1

μje
εt[(

p
∑

j=1

Lg
i |dij | eεδij |xi(t) − x∗i |)

−(
p
∑

j=1

Lg
i |dij | |xi(t− δij) − x∗i |)].

D+ |xi(t) − x∗i | ≤ −ai |xi(t) − x∗i |
+

p
∑

j=1

|cji|
∣

∣fj(yj(t− σji) − fj(y∗j ))
∣

∣

+
p
∑

j=1

|pji|
∫ τ

0

∣

∣fj(yj(t− s) − fj(y∗j )
∣

∣ ds

≤ −ai |xi(t) − x∗i | +
p
∑

j=1

Lf
j |cji|

∣

∣yj(t− σji) − y∗j
∣

∣

+
p
∑

j=1

Lf
j |pji|

∫ τ

0

∣

∣yj(t− s) − y∗j
∣

∣ ds.

D+
∣

∣yj(t) − y∗j
∣

∣ ≤ −bj
∣

∣yj(t) − y∗j
∣

∣

+
n
∑

i=1

|dij | |gi(xi(t− δij)) − gi(x∗i )|

+
n
∑

i=1

Lg
i

∫ τ

0
|qij | |xi(t− s) − x∗i | ds

≤ −bj
∣

∣yj(t) − y∗j
∣

∣ +
n
∑

i=1

Lg
i |dij | |xi(t− δij) − x∗i |

+
n
∑

i=1

Lg
i

∫ τ

0
|qij | |xi(t− s) − x∗i | ds.

(11)

From inequalities (10) and (11), we have

D+V1(t) ≤
n
∑

i=1

λie
εt[(ε− ai) ‖xi(t) − x∗i ‖

+
m
∑

j=1

Lf
j |cji| eεσji

∣

∣yj(t) − y∗j
∣

∣

+
m
∑

j=1

Lf
j |pji|

∣

∣yj(t) − y∗j
∣

∣

∫ τ

0
eεsds].

D+V2(t) ≤
m
∑

j=1

μje
εt[(ε− bj)

∣

∣yj(t) − y∗j
∣

∣

+
n
∑

i=1

Lg
i |dij | eεδij |xi(t) − x∗i |

+
n
∑

i=1

Lg
i |qij | |xi(t) − x∗i |

∫ τ

0
eεsds].

D+V (t) ≤ eεt[
n
∑

i=1

λi (ε− ai)

+
p
∑

j=1

μj

n
∑

i=1

Lg
i (dije

εδij + |qij |
∫ τ

0
eεsds)] |xi(t) − x∗i |

+eεt[
p
∑

j=1

μj (ε− bj) +
n
∑

i=1

λi

p
∑

j=1

Lf
j (|cji| eεσji

+ |pji|
∫ τ

0
eεsds)]

∣

∣yj(t) − y∗j
∣

∣

= eεt
n
∑

i=1

[λi(ε− ai) +
p
∑

j=1

μjL
g
i (|dij | eεδij

+ |qij |
∫ τ

0
eεsds)] |xi(t) − x∗i |

+eεt
p
∑

j=1

[μj(ε− bj) +
n
∑

i=1

λiL
f
j (|cji| eεσji

+ |pji|
∫ τ

0
eεsds)]

∣

∣yj(t) − y∗j
∣

∣ ≤ 0.

Case

|xi(tk+) − x∗i | = |αik| |xi(tk) − x∗i | ≤ |xi(tk) − x∗i | ,
∣

∣yj(tk+) − y∗j
∣

∣ = |βik|
∣

∣yj(tk) − y∗j
∣

∣ ≤ ∣

∣yj(tk) − y∗j
∣

∣ .

Hence,

V (tk+) =
n
∑

i=1

λi(
p
∑

j=1

Lf
j |cji|

∫ tk

tk−σji
|yj(r) − yj

∗|),

×eε(r+σji)dr +
n
∑

i=1

λi[
∣

∣xi(t+k ) − x∗i
∣

∣ eεt+k

+
p
∑

j=1

Lf
j |pji|

∫ τ

0

∫ tk

tk−s

∣

∣yj(r) − y∗j
∣

∣ eε(r+s)drds]

+
p
∑

j=1

μj [
∣

∣yj(t+k ) − y∗j
∣

∣ eεt+k

+
n
∑

i=1

Lg
i |qij |

∫ τ

0

∫ tk

tk−s
|xi(r) − x∗i |]eε(r+s)drds

+
p
∑

j=1

μj

n
∑

i=1

Lg
i |dij |

∫ tk

tk−δij
|xi(r) − xi

∗| eε(r+δij)dr ≤V (tk).

Combining with the above discussion, for any t ≥ 0

V (t) ≤ V (tk+) ≤ V (tk) ≤ V (tk−1
+) ≤ · · · ≤ V (0).

On the other hand, from the expression of V (t), we have

V (t) ≥ eεt
n
∑

i=1

λi |xi(t) − xi
∗| + eεt

p
∑

j=1

μj |yj(t) − yj
∗|

≥ eεtγ

[

n
∑

i=1

|xi(t) − xi
∗| +

p
∑

j=1

|yj(t) − yj
∗|

]

= eεtγ ‖(x(t), y(t)) − (x∗, y∗)‖
= eεtγ ‖z(t) − z∗‖ , (12)

where γ = min {min1≤i≤n{λi},min1≤j≤p{μj}}

V (0) =
n
∑

i=1

λi(
p
∑

j=1

Lf
j |cji|

∫ 0

−σji

∣

∣yj(r) − y∗j
∣

∣ eε(r+σji)dr)

+
n
∑

i=1

λi[|xi(0) − x∗i |

+
p
∑

j=1

Lf
j |pji|

∫ τ

0

∫ 0

−s

∣

∣yj(r) − y∗j
∣

∣ eε(r+s)drds]

+
p
∑

j=1

μj [
∣

∣yj(0) − y∗j
∣

∣

+
n
∑

i=1

Lg
i |qij |

∫ τ

0

∫ 0

−s
|xi(r) − x∗i | eε(r+s)drds]

+
p
∑

j=1

μj(
n
∑

i=1

Lg
i |dij |

∫ 0

−δij
|xi(r) − xi

∗| eε(r+δij)dr)

=
n
∑

i=1

λi(
p
∑

j=1

Lf
j |cji|

∫ 0

−σji
|ψj(r) − yj

∗| eε(r+σji)dr)

+
n
∑

i=1

λi[|ϕi(0) − x∗i |

+
p
∑

j=1

Lf
j |pji|

∫ τ

0

∫ 0

−s

∣

∣ψj(r) − y∗j
∣

∣ eε(r+s)drds]

+
p
∑

j=1

μj [
∣

∣ψj(0) − y∗j
∣

∣

+
n
∑

i=1

Lg
i |qij |

∫ τ

0

∫ 0

−s
|ϕi(r) − x∗i | eε(r+s)drds]

+
p
∑

j=1

μj(
n
∑

i=1

Lg
i |dij |

∫ 0

−δij
|ϕi(r) − x∗i | eε(r+δij)dr)

≤
n
∑

i=1

[λi +
p
∑

j=1

μjL
g
i (qij

∫ τ

0

∫ 0

−s
eε(r+s)drds
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+dij

∫ 0

−δij

eε(r+δij)dr)) × sup
−δ≤s≤0

n
∑

i=1

|ϕi(s) − xi
∗|

+
p

∑

j=1

[μj +
p

∑

j=1

λiL
f
j (cji

∫ 0

−σji

eε(r+σji)dr

+pji

∫ τ

0

∫ 0

−s

eε(r+s)drds)] × sup
−σ≤s≤0

p
∑

j=1

∣

∣ψj(s) − y∗j
∣

∣ .(13)

From (12) and (13), we obtain

eεtγ ‖z(t) − z∗‖ ≤ V (t) ≤ V (0) ≤M(ε)γ ‖φ− z∗‖ ,
so that

‖z(t) − z∗‖ ≤M(ε)e−εt ‖φ− z∗‖ for all t ≥ 0. (14)

where M(ε) = γ−1 max{
n
∑

i=1

{λi +
p
∑

j=1

μjL
g
i [|qij |

∫ τ

0

∫ 0

−s

eε(r+s)drds + |dij |
∫ 0

−δij
eε(r+δij)dr]},

p
∑

j=1

μj +
p
∑

j=1

λiL
f
j

×[|cji|
∫ 0

−σji
eε(r+σji ]dr + |pji|

∫ τ

0

∫ 0

−s
eε(r+s)drds]}}. Thus,

from (14) we directly obtain that system (1) is globally
exponentially stable, the proof is completed.

Corollary 1. Under assumptions (H1) and (H2), system (1)
is globally exponentially stable, if the following conditions are
satisfied:

(1) |αik| ≤ 1, |βjk| ≤ 1, i = 1, 2, · · · , n, j = 1, 2, · · · , p,
k = 1, 2, · · · .

(2)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

p
∑

j=1

Lg
i (dij + qijτ) − ai < 0, j = 1, 2, · · · , p.

n
∑

i=1

Lf
j (cji + pjiτ) − bj < 0, i = 1, 2, · · · , n.

Remark 1. Obviously, when there is no impulse in system
(1), it reduces to the following model:
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

x′i(t) = −aixi(t) +
p
∑

j=1

cjifj(yj(t− σji))

+
p
∑

j=1

∫ τ

0
pjifj(yj(t− s))ds+ ri, t ≥ 0,

y′j(t) = −bjyj(t) +
n
∑

i=1

dijgi(xi(t− δij)

+
n
∑

i=1

∫ τ

0
qijgj(xi(t− s))ds+ sj , t ≥ 0,

(1∗)

by the process of proof of Theorems 1. Theorems 1 can
guarantee that the system(1∗) has a unique equilibrium point.
It is easy to show that the following corollaries hold.

Corollary 2. Under assumptions (H1) and (H2), system (1∗)
is globally exponentially stable if there exist positive constants
such that

⎧

⎪

⎪

⎨

⎪

⎪

⎩

p
∑

j=1

μjL
g
i (dij + qijτ) − λiai < 0, j = 1, 2, · · · , p.

n
∑

i=1

λiL
f
j (cji + pjiτ) − μjbj < 0, i = 1, 2, · · · , n.

IV. AN ILLUSTRATIVE EXAMPLE

Consider the following impulsive BAM neural network with
mixed delays:
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

x′i(t) = −aixi(t) +
3
∑

j=1

cjifj(yj(t− σji))

+
3
∑

j=1

∫ τ

0
pjifj(yj(t− s))ds+ ri, t ≥ 0, t �= tk,

Δxi(t) = (αik − 1)xi(t), i = 1, · · · , n, k = 1, · · · , t = tk

y′j(t) = −bjyj(t) +
3
∑

i=1

dijgi(xi(t− δij)

+
3
∑

i=1

∫ τ

0
qijgj(xi(t− s))ds+ sj , t ≥ 0, t �= tk, (15)

Δyj(t) = (βjk − 1)yj(t), j = 1, · · · , p, k = 1, · · · , t = tk.

Where (a1, a2, a3) = (1, 1, 1)T , (b1, b2, b3) = (1, 1, 1)T , σji,
δij ∈ (0,∞), μj = λi, L

f
j = Lg

i = τ = 1, i, j = 1, 2, 3. αik =
1
2 sin(1 + k), βjk = 2

3 cos 2k, fj(x) = gi(x) = 1
2 (|x+ 1| −

|x− 1|), cji, dij , pji, qij are positive and

Mji =
1
ai

(|cji| + |τpji|) = cji + pji

Nij =
1
bj

(|dij | + |τqij |) = dij + qij

⎛

⎝

M11 M12 M13

M21 M22 M23

M31 M32 M33

⎞

⎠ =

⎛

⎝

1/2 1/18 0
5/2 1/2 0
0 0 1/2

⎞

⎠ ,

⎛

⎝

N11 N12 N13

N21 N22 N23

N31 N32 N33

⎞

⎠ =

⎛

⎝

1/3 0 0
0 1/3 1/32
0 2 1/3

⎞

⎠

⎛

⎝

r1
r2
r3

⎞

⎠ =

⎛

⎝

−2
4/9
1/2

⎞

⎠ ,

⎛

⎝

s1
s2
s3

⎞

⎠ =

⎛

⎝

2/3
−4/3
61/96

⎞

⎠

Simple computation shows that

K = (kij)6×6 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0 1/2 1/18 0
0 0 0 5/2 1/2 0
0 0 0 0 0 1/2

1/3 0 0 0 0 0
0 1/3 1/32 0 0 0
0 2 1/3 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

Hence, by using matlab, it shows

ρ(K) = maxeigenvalues(K) = 0.602262 < 1.

Therefore, it follows that Theorem 1 and Theorem 2 that
system (15) has a unique equilibrium

z∗ = (x∗1, x
∗
2, x

∗
3, y

∗
1 , y

∗
2 , y

∗
p)T = (1, 1, 1, 1, 1, 1)T

from the given date, we obtain
⎧

⎪

⎪

⎨

⎪

⎪

⎩

p
∑

j=1

μjL
g
i (dij + qijτ) − λiai = 0, j = 1, 2, · · · , p.

n
∑

i=1

λiL
f
j (cji + pjiτ) − μjbj < 0, i = 1, 2, · · · , n.

So that system (15) is globally exponentially stable.
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