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Abstract—In this numerical work, mixed convection and entropy 

generation of Cu–water nanofluid in a lid-driven square cavity have 

been investigated numerically using the Lattice Boltzmann Method. 

Horizontal walls of the cavity are adiabatic and vertical walls have 

constant temperature but different values. The top wall has been 

considered as moving from left to right at a constant speed, U0. The 

effects of different parameters such as nanoparticle volume 

concentration (0–0.05), Rayleigh number (104–106) and Reynolds 

numbers (1, 10 and 100) on the entropy generation, flow and 

temperature fields are studied. The results have shown that addition 

of nanoparticles to the base fluid affects the entropy generation, flow 

pattern and thermal behavior especially at higher Rayleigh and low 

Reynolds numbers. For pure fluid as well as nanofluid, the increase 

of Reynolds number increases the average Nusselt number and the 

total entropy generation, linearly. The maximum entropy generation 

occurs in nanofluid at low Rayleigh number and at high Reynolds 

number. The minimum entropy generation occurs in pure fluid at low 

Rayleigh and Reynolds numbers. Also at higher Reynolds number, 

the effect of Cu nanoparticles on enhancement of heat transfer was 

decreased because the effect of lid-driven cavity was increased. The 

present results are validated by favorable comparisons with 

previously published results. The results of the problem are presented 

in graphical and tabular forms and discussed. 

 

Keywords—Entropy generation, mixed convection, nanofluid, 

lattice Boltzmann method.  

I. INTRODUCTION 

VER the past few years, the lattice Boltzmann method 

(LBM) has found wide-ranging applications in science 

and engineering [1]-[3]. This surge in interest is mainly 

attributed to its ability of simple and efficient computational 

procedure, even for complex geometries [4]-[6]. Therefore, 

the LBE method is able to simulate the complicated fluid 

flows such as multiphase flows, chemically reacting flows and 

visco-elastic non-Newtonian flows. The term ''nanofluid" 

refers to a liquid containing a dispersion of submicronic solid 

particles (nanoparticles). The term was coined by Choi [7]. 

The characteristic feature of nanofluids is thermal conductivity 
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enhancement, a phenomenon observed by [8]. This is why 

intensive researches focus on the heat transfer augmentation 

utilizing nanofluids, and their potential in cooling industry has 

been carried out recently [9]-[15] 

Natural convection and forced convection are two agents 

for convection heat transfer. To enhance heat transfer, use of 

mixed convection is preferred. Many numerical investigations 

on enhancement of buoyancy, driven by natural heat transfer 

using nanofluids in different geometries have been reported 

[16]-[19]. Lid-driven mixed convection flow is used for 

cooling electronic devices, lubrication purposes, drying 

technologies and so on. Fluid flow and heat transfer due to 

mixed convection driven by buoyancy and shear in a cavity 

filled with either pure fluid or nanofluid have been the 

subjects of some studies [20]–[25]. There have been few 

numerical investigations on entropy generation of nanofluids 

in cavities utilized in mixed convection.  

In this study, in order to investigate entropy generation due 

to heat transfer and to viscous effects, similar to the geometry 

used by [26], a square cavity filled with Cu–water nanofluid 

with a moving lid at constant velocity has been considered. 

The effects of Reynolds number (Re) and Rayleigh number 

(Ra) on the fluid flow, heat transfer and entropy generation 

have been investigated. Simulations have been carried out for 

pure fluid and Cu–water nanofluid with φ =5% for Ra = (10
4
, 

10
5
 and 10

6
) and Re = (1, 10 and 100).  

II. THE LATTICE BOLTZMANN METHOD 

The LBM used here is the same as that employed in [27]-

[29]. The thermal LBM utilizes two distribution functions f 

and g, for the flow and temperature fields respectively. It uses 

modelling of movement of fluid particles to capture 

macroscopic fluid quantities such as velocity, pressure and 

temperature. In this approach the fluid domain is discredited in 

Cartesian cells. Each cell holds a fixed number of distribution 

functions, which represents the number of fluid particles 

moving in these discrete directions. D2Q9 model for flow 

field, D2Q4 model for temperature field and nanoparticle 

concentration are used in this work. The weighting factors and 

the discrete particle velocity vectors are different for these two 

models and they are calculated with (1)-(3) as follows: 

For the nine-microscopic velocities model (D2Q9) used for 

density distribution:  
 

0

4 1 1
,  for i 1, 2, 3, 4 and  for i 5, 6, 7,8

9 9 36
i iω ω ω= = =     = =
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For the four -microscopic velocities model (D2Q4) used for 

internal energy distribution: 

The temperature weighting factor for each direction is equal 

to ' 1 / 4iω =  . 

 

( )(cos[ 1 / 2],sin[( 1) / 2])i i cπ π= − −
i

c  

1, 2 , 3 , 4i =             
(3) 

 

The density and distribution functions i.e. the f and g, are 

calculated by solving the lattice Boltzmann equation (LBE), 

which is a special discretization of the kinetic Boltzmann 

equation. After introducing the BGK approximation, the 

general form of lattice Boltzmann equation with external force 

can be written as: 

For the flow field: 

 

( ) ( ) ( ) ( )( )eq1
Δ , Δ , , , Δi i i i if t t t f t f t f t tF

ντ
+ + = − − +

i
x c x x x

    (4) 

 

For the temperature field: 
 

( ) ( ) ( ) ( )( )eq1
g Δ , Δ g , g , g ,i i i it t t t t t

ατ
+ + = − −ix c x x x

 

  (5) 

 

where t∆  denotes lattice time step, ci is discrete lattice 

velocity in direction i, Fi is the external force in direction i of 

lattice velocity, ντ and ατ  are the relaxation time for the flow 

and temperature fields, The kinematic viscosity ν and thermal 

diffusivity α are respectively related to the relaxation time by 

(6): 
 

21
Δ

2
sc tνν τ = −       

21
Δ

2
sc tαα τ = −       

(6) 

 

where cs is the lattice speed of sound which is equal to 

/ 3sc c= .  

Furthermore, the local equilibrium distribution functions 

determine the type of problem that needs to be solved. They 

also model the equilibrium distribution functions, which are 

calculated with (7) and (8) for flow and temperature fields 

respectively. 
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e q '

2

.
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c
ω  = +  

ic u

       

(8)  

 

iω is the weighting factor for flow, '
iω is the weighting factor 

for temperature and ρ is the lattice fluid density.  

In order to incorporate buoyancy force in the model, the 

force term in (4) needs to be calculated in vertical direction (y) 

as: 
 

3 . . .i yF gω β θ=
          

(9) 

 

For natural convection the Boussinesq approximation is 

applied and heat transfer is negligible. To ensure that the code 

works in near incompressible regime, the characteristic 

velocity of the flow for both natural ( . . .natural yV g THβ= ∆ ) and force  

( Re.forceV Hν= ) regimes must be small compared with the 

fluid speed of sound. The Reynolds number is given by: 
 

0Re .u H ν=           
(10) 

 

Finally, macroscopic quantities ρ, u and T can be calculated 

respectively by (11)-(13). 

 

i

i

fρ = ∑            (11) 

 

j i ij

i

u fρ = ∑ c           (12) 

 

g i

i

T = ∑            (13) 

 

For pure fluid in the absence of nanoparticles in the 

enclosure, the governing equations are (4)-(13). However for 

modeling the nanofluid because of changing the fluid thermal 

conductivity, density, heat capacitance and thermal expansion, 

some of the governing equations should be changed. 

The thermal diffusivity is written as: 
 

( )

nf

nf

p nf

k

c
α

ρ
=          (14) 

 

The effect of density at reference temperature is given by: 
 

(1 )nf f pρ φ ρ φρ= − +       (15) 

 

And the heat capacitance and thermal expansion of nanofluid 

can be given as [22]: 

 

( ) (1 )( ) ( )p nf p f p pc c cρ φ ρ φ ρ= − +       (16) 

 

( ) (1 )( ) ( )nf f pρβ φ ρβ φ ρβ= − +        (17) 

 

In the above equations φ is the solid volume fraction, ρ is 

the density, α is the thermal diffusivity, cp is the specific heat 

at constant pressure and β is the thermal expansion coefficient. 
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TABLE I 

THERMO PHYSICAL PROPERTIES OF FLUID AND NANOPARTICLES  

Physical Properties Fluid phase (Water) Cu 

Cp(J/kgK) 4179 385 

ρ (kg/m3) 997.1 8933 

k (W/mK) 0.631 400 

β×10-5 (1/K) 21 1.6 

 

The effective dynamic viscosity and thermal conductivity of 

the nanofluid as given by (18) and (19) [30]: 

2.5(1 )

f

nf

µ
µ

φ
=

−
            (18) 

 

2 2 ( )

2 ( )

P f f P

nf f

P f f P

k k k k
k k

k k k k

φ

φ

+ − −
=

+ + −
                   (19) 

 

In the convection process, the entropy generation is 

associated to the heat transfer and to the fluid flow friction. 

According to [31], the local entropy generation (s′′ gen) can be 

determined by: 
 

2 2 22 2

'''

2

0 0

2 2
nf n f

gen

k T T u v u v
s

T x y T x y x y

µ         ∂ ∂ ∂ ∂ ∂ ∂     = + + + + +          ∂ ∂ ∂ ∂ ∂ ∂               

      (20) 

 

where ( )0 2H CT T T= + .               

The first term in (12) represents the dimensional entropy 

generation due to heat transfer (s′′gen,h), while the second term 

represents the dimensional entropy generation due to the 

viscous effects of the fluid (s′′′gen,μ). 

III. NON-DIMENSIONAL PARAMETERS 

Rayleigh number, Prandtl number and viscosity are 

calculated from the definition of these non-dimensional 

parameters [32]. 

 
3( )f h c

f f

g H T T
Ra

β

ν α

−
=             (21) 

 

Pr
f

f

ν

α
= ,

 

Pr

Ra
f sNMacν =           (22) 

 

Mach number should be less than 0.3Ma =  to insure an 

incompressible flow. Therefore, in the present study, Mach 

number was fixed at 0.1Ma = . The local Nusselt number, the 

local Sherwood number and their average values at the left 

walls are calculated as: 
 

1

00 0

,

H
nf nf

l l L

f fx x

k k
Nu Nu

k X k X

θ θ

= =

∂ ∂   = − = −   ∂ ∂   ∫     (23) 

IV. VALIDATION OF THE NUMERICAL CODE 

Fig. 1 shows a two-dimensional square cavity with the 

aspect ratio equal to unity. The height of the cavity is H and its 

width is W. The cavity is filled either with pure water or with 

a suspension of copper nanoparticles in water with a volume 

fraction of φ. The left and right vertical walls are at hot and 

cold temperatures, respectively. The two horizontal walls are 

insulated and the top wall slides from left to right with 

uniform velocity. The thermophysical properties of 

nanoparticles and fluid shown in Table I are assumed constant, 

evaluated at the reference temperature. It is further assumed 

that the Boussinesq approximation is valid for buoyancy force. 

 
Fig. 1 Geometry and boundary conditions cavity 

 

To validate the numerical simulation, the results for natural 

convection flow in an enclosed cavity filled by nanofluid have 

been compared with those obtained by [33]. The horizontal 

and vertical velocity components on the vertical and 

horizontal middle lines, presented in Fig. 2, show good 

agreement with those of [33]. In order to verify the accuracy 

of streamlines obtained the configuration of the cavity 

problem of [26] was considered. The streamlines for this 

cavity problem have been compared in Fig. 3 showing very 

good agreement. In order to validate the accuracy of entropy 

generation, obtained in Fig. 4 for the cavity problem of [34] at 

two Ra and φ values, we have presented the present results of 

contours of total entropy generation of base fluid and of Cu-

Water nanofluid. Based on the aforementioned comparisons, 

the developed code is reliable for studying mixed convection 

of a nanofluid confined in a cavity. 

 

A 
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Fig. 2 (a) U velocity at X = 0.5. (b) V velocity at Y = 0.5 comparison 

with [33] 

 

 Nematie et al. [26] Present work 

 

 

 

(a) 

  
 

 

 

(b) 

  

Fig. 3 Validation of Streamlines, Ra=104, Re=10 (a) φ=0.0, (b) CuO, 

φ=0.05 

 

 

 

 

 

 Khorasanizadeh et al. [34] Present work 

 

 

 

(a) 

  
 

 

 

(b) 

  

Fig. 3 Validation of Contours of total entropy generation for base 

fluid (solid lines) and nanofluid with φ = 5% (dashed lines) at 

different Ra and Re=1. (a) Ra=104, (b) Ra =106 

V. RESULTS AND DISCUSSION 

Fig. 5 demonstrates that the streamlines are mostly 

symmetric, showing that the effect of natural convection flow 

dominates lid-driven effects at Ra = 10
4
. As can be seen from 

Fig. 5, use of nanofluid has not changed the flow pattern but 

has augmented the flow intensity, so that the value of the 

stream function at the center of the cavity has changed from 

−0.8 to −1.1. As the value of Ra increases to 10
6
, the intensity 

of buoyancy within the cavity increases such that the effect of 

lid driven flow is negligible. Also, the effect of the presence of 

nanoparticles on the thermal field, and temperature 

distribution contours, for nanofluid overlaid on that for pure 

fluid, the streamlines and isotherms are presented in Fig. 5 for 

Re = 10, Ra = 10
5
 and 10

6
. As can be seen, use of nanofluid at 

Ra of 10
5
 has more effect on increasing the heat penetration, 

because of the most effective role of the conduction heat 

transfer. The effect of conduction heat transfer decreases with 

the increase in Ra, so the nanofluid has a smaller effect on the 

thermal distribution. 

To study the effect of the presence of nanoparticles on the 

streamlines, isotherms, for nanofluid and for pure fluid are 

presented in Fig. 6 for Re = 10 and 100 and Ra = 10
4
. As can 

be seen the increase in Re augments the lid-driven forced 

convection flow and for Re = 100, the effect of lid-driven flow 

is more dominant. In this case, the nanofluid does not have a 

considerable effect on the flow pattern because the buoyancy 

effect is insignificant. 
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Fig. 5 Streamlines and Isotherms for base fluid (solid lines) and 

nanofluid with φ = 5% (dashed lines) at Re = 10, (a) Ra=104, (b) Ra 

=106 
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Fig. 6 Streamlines and Isotherms for base fluid (solid lines) and 

nanofluid with φ = 5% (dashed lines) at Ra=104, (a) Re = 10, (b) Re 

= 100 

 

The average Nusselt number (Nu) on the left hot wall in 

terms of Re is shown in Fig. 7. The use of nanofluid, which 

increases the flow intensity, induces the rate of heat transfer, 

thus increases the Nu. Also increasing Re, meaning higher 

velocity of the top lid, increases forced convection and hence 

the Nu. Except for the Ra = 10
4
, this increase seems to be not 

linear. Increasing Ra increases the Nu sharply for pure fluid as 

well as nanofluid and this increase is linear. However, use of 

nanofluid instead of pure fluid causes a greater increase of Nu, 

such that the relative increase is 52% at Ra = 10
6
 and 28% at 

Ra = 10
4
. 

 

Fig. 7 Average Nusselt number on the left hot wall 

 

Fig. 8 shows the contours of total entropy generation at Re 

= 1 and 100 for Ra = 10
4
 and 10

6
 for pure fluid as well as 

nanofluid. Although the symmetrical shape of contours for Re 

=1 has remained unchanged, the total entropy generation has 

increased for nanofluid except in the vicinity of insulated 

walls. At Re = 100 and at Ra = 10
4
 the symmetry does not 

exist anymore, but by increasing the Ra to 10
6
 a change 

toward symmetry is somehow observed. This is the sign of the 

importance of effects of natural convection compared to 

forced convection.  

 

Ra = 104 Ra = 106 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 8 Contours of total entropy generation for base fluid (solid lines) 

and nanofluid with φ = 5% (dashed lines) at different Ra and Re 

 

At Re = 100 and Ra = 10
4
 from Fig. 8 (c) it is seen that, due 

to forced viscous effects, the intensity of contours is 

pronounced at the upper edge. By increasing Ra to 10
6
 (Fig. 8 

(d)) this intensity is also taken to the vicinity of the hot and 

cold walls. From Figs. 8 (a)-(c) it is seen that at the vicinity of 
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the walls the intensity of contours is generally pronounced 

such that at higher Ra numbers this intensity is observed close 

to the vertical walls and at higher Re numbers but low Ra 

numbers close to the moving top lid. 

 

 

Fig. 9 Total entropy generation 

VI. CONCLUSION 

The lattice Boltzman method is used to investigate mixed 

convection of cu–water nanofluid in a cavity. The LBM 

results are compared with the existing conventional CFD 

results and a good agreement is observed. The effects of the 

pertinent parameters such as Rayleigh number and Reynolds 

number and nanoparticle volume fraction on thermal flow 

characteristics and on entropy generation have been 

investigated for a lid-driven cavity. This investigation was 

performed for various mentioned parameters and some 

conclusions were summarized as follows: 

• The use of nanofluid causes a higher intensity flow and 

thus induces the heat transfer and produces a higher Nu. 

• Increasing the values of nanoparticle volume fraction, the 

flow strength will be reduced in the cavity. 

• Increasing the Reynolds numbers leads to a decrease in 

the effect of nanoparticle volume fraction because the 

effect of lid-driven cavity is increased. 

• In genera thel increase of Re, Ra or use of nanofluid 

instead of pure fluid are resulted in higher Nu. 

• Increase of the Re results, increases both terms of entropy 

generation. 

• Except at Re = 100, the increase of Ra results, increases 

total entropy generation. 

• The maximum and minimum entropy generations occur 

for nanofluid and pure fluid, respectively, use of 

nanofluid induces the heat transfer rate more than 

increasing entropy generation. 

• At Ra = 10
4
, the change of Re from 1 to 100 increases Nu 

almost100% and increases the total entropy generation 

almost 900%, while the change of Re from 1 to 10 

increases Nu 23% but total entropy generation only 40%. 

• At higher Ra (10
5
, 10

6
) numbers, increase Re has a better 

effect in terms of enhanced heat transfer in comparison 

with increased entropy generation. 
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