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Discovering Liouville-Type Problems for p-Energy
Minimizing Maps in Closed Half-Ellipsoids by
Calculus Variation Method

Lina Wu, Jia Liu, Ye Li

Abstract—The goal of this project is to investigate constant
properties (called the Liouville-type Problem) for a p-stable map
as a local or global minimum of a p-energy functional where
the domain is a Euclidean space and the target space is a
closed half-ellipsoid. The First and Second Variation Formulas
for a p-energy functional has been applied in the Calculus
Variation Method as computation techniques. Stokes’ Theorem,
Cauchy-Schwarz Inequality, Hardy-Sobolev type Inequalities, and
the Bochner Formula as estimation techniques have been used to
estimate the lower bound and the upper bound of the derived
p-Harmonic Stability Inequality. One challenging point in this project
is to construct a family of variation maps such that the images
of variation maps must be guaranteed in a closed half-ellipsoid.
The other challenging point is to find a contradiction between the
lower bound and the upper bound in an analysis of p-Harmonic
Stability Inequality when a p-energy minimizing map is not constant.
Therefore, the possibility of a non-constant p-energy minimizing
map has been ruled out and the constant property for a p-energy
minimizing map has been obtained. Our research finding is to explore
the constant property for a p-stable map from a Euclidean space into
a closed half-ellipsoid in a certain range of p. The certain range of
p is determined by the dimension values of a Euclidean space (the
domain) and an ellipsoid (the target space). The certain range of p
is also bounded by the curvature values on an ellipsoid (that is, the
ratio of the longest axis to the shortest axis). Regarding Liouville-type
results for a p-stable map, our research finding on an ellipsoid is a
generalization of mathematicians’ results on a sphere. Our result is
also an extension of mathematicians’ Liouville-type results from a
special ellipsoid with only one parameter to any ellipsoid with (n+1)
parameters in the general setting.

Keywords—Bochner Formula, Stokes’ Theorem, Cauchy-Schwarz
Inequality, first and second variation formulas, Hardy-Sobolev type
inequalities, Liouville-type problem, p-harmonic map.

1. INTRODUCTION

HE Calculus Variation Method has been the most

important and useful tool to deal with optimization of
quantities for functionals. The optimization of quantities is
to find the maxima or minima (which are collectively known
as extrema) for functionals. The most classical way to obtain
the extrema is to solve the Euler-Lagrange equation, which
is derived from the functional derivative equal to zero. In
this project, we apply the Calculus Variation Method for the
p-energy functionals. The p-energy functional E,,(u) is defined
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as the definite integral for the differential of a map u from the
domain to the target space (cf. Definition 1). We are interested
in an optimization of quantity as minima of the p-energy
functional. Here, we study the extrema of both local and global
minima of a p-energy functional defined as p-stable maps
(cf. Definition 3). Solutions to the Euler-Lagrange equation
associated with the p-energy functional derivative defined as
p-harmonic maps (cf. Definition 2) are topics in this project.

The Calculus Variation Method has been vastly used to solve
many problems such as Iso-Perimetric Problems, Geodesics on
Surfaces, Minimal Surfaces, Plateau’s Problem, and others.
Moreover, this variation method has been used to establish
new theories or to create new principles. In 1925, Morse [6]
developed the Calculus of Variation to Equilibrium Problems
in The Morse Theory. In 1956, Bellman [1] created his
dynamic programming principle as an alternative way of
Calculus Variation Method. During the 1960s and early 1970s,
Pontryagin [8], Rockafellar [9], and Clarke [3] generalized the
Calculus Variation Method to develop new mathematical tools
in Optimal Control Theory. Many famous mathematicians have
made significant contributions to applications of the Calculus
Variation Method.

In this research project, we focus on applying the Calculus
Variation Method for Liouville-type Problems (i.e. the constant
properties) in p-Harmonic Theory. In particular, Liouville-type
Problems in p-Harmonic Theory have been studied extensively
throughout mathematical history. In 1976, Schoen and Yau
[10] studied The Liouville Theorem for p-harmonic maps
for p = 2 in the L9 space where the domain of u was a
Riemannian manifold M with non-negative Ricci curvature
value (i.e. Ricci™ > 0). In 1995, Cheung and Leung [2]
obtained a Liouville-type result for p-harmonic maps u when
p > 2 in the L7 space where the target space for u was
a Cartan-Hadamand Riemannian manifold. In 1999, Kawai
[5] proved a Liouville Theorem for p-harmonic maps when
p > 2 in the LY space where the domain of u was a
p-parabolic Riemannian manifold and the target space for
was a non-positively curved Riemannian manifold. In 2008,
S.Pigola, M.Rigoli, and A.G.Setti [7] studied the Liouville
Theorem for p-harmonic maps u for p > 2 where the
domain of v was a Riemannian manifold with the support
of Poincaré-Sobolev Inequality and the target space for u was
a non-positively curved Riemannian manifold.

In particular, we apply the Calculus Variation Method to
investigate Liouville-type problems for a p-energy minimizing
map (also called a p-stable map) from a Euclidean space to
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a closed half-ellipsoid. In order to use the variation method,
we construct a family of variational maps with images in the
closed half-ellipsoid. For this family of variational maps, we
apply the variational formulas to derive p-Harmonic Stability
Inequality [12]. To estimate the lower bound and the upper
bound of the derived p-Harmonic Stability Inequality, we use
the Bochner Formula [11], Stokes’ Theorem, Cauchy-Schwarz
Inequality, and Hardy-Sobolev type Inequalities [4]. Our
research finding is to obtain a Liouville-type result by
exploring the constant properties for a p-energy minimizing
map in a certain range of p. The certain range of p is
determined by the dimension values of a Euclidean Space
and an ellipsoid. The value of p is also determined by
the curvature values on an ellipsoid, which is estimated by
the longest axis and the shortest axis [14]. The research
findings and calculation techniques in this project could lead
to the future research study of the Calculus Variation Method
for Liouville-type Problem and its related problems such as
Regularity Problems [13] on convex compact hyper-surfaces
in the general setting.

II. PRELIMINARY AND MAIN RESULT

In this section, we recall the definitions of a p-energy
functional, a p-harmonic map, a p-stable map, and a
p-minimizing map between two Riemannian manifolds. In
order to apply the Calculus Variation Method to solve
Liouville-type Problems for a p-harmonic map, we need to
recall the First Variational Formula and Second Variational
Formula for a p-energy functional. The most useful estimation
techniques in computation to obtain the Liouville-type result
are the Bochner Formula and Hardy-Sobolev type Inequalities.
We recall the Bochner Formula and Hardy-Sobolev type
Inequalities at the end of this section.

Let M™ be a compact Riemannian manifold with possibly
nonempty boundary, and let N be isometrically immersed in
R?. LY (M, N) denotes the set of maps u : M — RY whose
component functions have first order weak derivatives in L”
and u(z) € N a.e. on M.

Definition 1. The p-energy (p > 1) functional for u €
LY (M, N) is given by
1
=- / |du|Pdv
D Jm

where du denotes the differential of u, and dv is the volume
element of M.

Definition 2. A map u € LY(M,N) is said to be weakly
p-harmonic (p > 1) if it is a weak solution to the following
Euler-Lagrange equation for E, on L}(M,N):

div(|[VulP~2Vu) = 0

Definition 3. A p-harmonic map w is called p-stable (resp.
p-minimizing) if w is a local (resp. global) minimum of
p-energy functional E, within a homotopy class of L} (M, N)
having the same trace on OM.

Definition 4. A C? map v : M — N is said to be
p-superharmonic (resp. p-subharmonic) if
div(|[VuP~2Vu) < (resp. >)0

Consider a smooth map v : M — N where M is compact.
Denote the pull-back tangent bundle of N by u~'TN, and
the pull-back connection by V*. Let v be smooth sections in
u~'T'N, vanishing identically on a neighborhood of M.

Choose a one- parameter family of smooth maps u; such
that up = w and & |t o = v. We shall also denote by F' :
M x R — N the smooth map defined by F(z,t) = us(x) for
one-parameter variational maps.

1) First Variation Formula for a One-Parameter Family of
p-Harmonic Maps:
d

Ut \to

at

1

:/ |dulP=* > (VE0,du(e;))dv W
M P

where {eq,- -
on M.

2) Second Variation Formula for a One-Parameter Family
of p-Harmonic Maps:

,en} is a local orthonormal frame field

d2
e

_ /M(p — 2)[dupr = (S8 v, du(e:))?
‘ 2

+ \du\p*2[Z<RN(v du(e;))v, du(e;))
Z (Ve Vev— e

where 6” is a differential 1-form given by 0"(z) =
(Vv,v), for a local vector field on M.

(Ut)\t 0

,0) + divg”dv

Lemma 1. (Bochner Formula) Let u M — N be a
p-harmonic map (p > 1) when M is compact, then:

—K|dul[P~2?P du
M
<-(-128- 1)/ |du[P~*+28|V |dul)?dv  (3)
M

m—1

+ S|du|P+28 du

m M

where —K = lower bound of the Ricci curvature on M (i.e.
Ricci™) and S = upper bound of the sectional curvature on
N (i.e. Riem”) and m = dim(M) for every positive constant
B>1

Proof: cf. Lemma 1.3 [11] [ |
Lemma 2. (Hardy-Sobolev type Inequalities) For all u €
Cso(RN), it holds:

/ \m|_2“|Vu\2d:rZS(a,b){/ | P lulPdz) (@)
RN RN
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where
a<—35,a+3 <b<a+1p m when N =1,
a<07a<b§a+17pfﬁ when N = 2
_ 2N
—m WhenNZB

and S(a,b) is the best constant. In particular, S(a,a + 1) =
(N=2-2a)2
5 .

Proof: cf. [4] [ |

Here and throughout this paper, we denote an ellipsoid
x? 22

En:{(l‘la“'7In+l)€Rn+1:%+'“+ 2+1:17
ay Ant1

a; >0,v1<i<n+1}
We define a closed upper-half ellipsoid
EY ={(z1,+ ,&nq1) € E" t 21 > 0}

We also give the notations of max(a;) = maxj<i<p+1{a;},
min(a;) = mini<i<pi1{a;}, and p = 22 In addition,
we denote a sphere

2 2

Sn(’“):{(zly"'7$n+1)€Rn+1:%+m+%:l
r>0Vl<i<n+1}
We define a unit sphere
8" ={(x1, -, wnp1) € R it 4 ad =1}

The following is the main theorem and our Liouville-type
result:

Theorem 1. (Liouville-type Theorem for p-Minimizing Maps
from a Euclidean Space to a Closed Half-Ellipsoid) Every
p-stable or p-minimizing tangent map (p > 1) from R' (1>2)
into Eff_ is constant for

2 -1

1,0 — s
mex {1, An + 20 —

}<p<l

III. METHODOLOGY AND PROOF OF MAIN RESULT

In this section, we focus on a p-harmonic map (p > 1)
w: M — N from the domain of a Euclidean space M = R!
(I > 2) to the target space of a closed half-ellipsoid N = E‘i
with (n+ 1) parameters. We provide the detailed proof in the
main theorem to verify our Liouville-type result.

Lemma 3. (Application of Bochner Formula for a p-Harmonic
Map from a Unit Sphere to a Closed Half-Ellipsoid) For a
p-harmonic map (p > 1) v : S'=' — EY, we have:

/ (I —2)|dulPdw
-1 / (duf? 2|V |du[2dw )
l— 2
=

where dw is the volume element of a unit sphere on S'=1.

max av

\du|p+2dw
(min(a;))

Proof: Via Lemma 1, we apply the Bochner Formula
for a p-harmonic map from a unit Sphere to an Ellipsoid
by setting 8 = 1. Here, we know that —K = [ — 2 is the

* lower bound of the Ricci curvature on a unit sphere S'~!,

m = dim(S"™') =1—-1,and S = %(Zl))))z is the upper
bound of the sectional curvature Riem on an ellipsoid Ei

(cf. Lemma 2.1 and Lemma 2.2 [14]). [ |

Lemma 4. (Application of Hardy-Sobolev type Inequalities for
a Radial Function) For a radial function f = f(r) € L3(R)

where r = |x|, we have:
I U )
reL3 oy [fg° f2rl*p*1dr 4
for 1 > p.

Proof: Via Lemma 2, we apply Hardy-Sobolev type
Inequalities by setting N = 1, a = —#, and b =

a+1= —H’T*l for a radial function v = f(r) where r = |z|.
Therefore, we obtain p = ﬁ(b—a) =2 and
S(a,b) = S(a,a+1)
_(N7272a)2 _ (l—p)?
B 2 4 (7)
_ J P ar
rerz(m\or  fo* f2 p-tdr
for [ > p due to the fact a = —l_’%l < —%. We are able to

consider a radial function f in the space of L?(R) since the
L3(R) space is the completion of the C§°(R) space. |
Here is the proof of our main theorem.
Proof of Theorem 1: By the First Variation Formula for
a p-energy functional, any p-harmonic map u € LY (M, N <
R?) is a weak solution of

div(|dulP~? 7 u) + A(u, 7u)|dulP2 =0 (8)

where A is the second fundamental form of N into R?. From
the elementary calculus, E™ is the level set of
2 2

U U
% N ;‘*1 —1
al an+1
whose gradient vector field (“; AR Z;‘*‘) is normal to
1

L
the convex hypersurface £ in R”+1 It follows that any
p-harmonic map w = (w1, ,un41) : S = ET C R
of class C'! is a weak solution to

div(|du|P~2 <7 u;) + |dulPui0; = 0 )
for some function g; > 0 and 1 < i < (n + 1). Taking

i =n+1 in this equation, integrating it over S'~' and using
Stokes’ theorem, we have

[91_1 ‘du|pun+lgn+1 =0 (]0)

Define ¥ = {z € S %;|dul(z) > 0}.

o If ¥ = (), we have |du|(z) =0 on S'~1. In other words,
we know u =constant because du = 0. Therefore, we
already solve the Liouville-type problem and obtain the
constant property for u.
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o If ¥ # (), we know that ¥ is open and nonempty.
Hence, via (10), we have u,4+1 = 0 on 3. Therefore,
we can assume u(S'"') C O(E7) where 9(ET) =
{('rla o aanrl) € EiwrnJrl = 0}

Now we only consider the second case. Here, we deform its
p-minimizing homogeneous extension of u (a(x) = u(5r Tal ))s
that is, 4(z) = (41, - ,4,,0) : RO\{0O} — O(E%).
Furthermore, along (0,0,---,0,¢) for a positive function
© € CY(R"\{0}), we construct a family of variational maps
uy(z) : R"\{0} — E given by

1

VIt 2g?

for ¢ > 0. Here we claim the images of this family of
variational maps must be in the upper closed half-ellipsoid
(that is, @,(z) € E7 for V¢t > 0 and Vz € R'\{0}). The
reason is the following:

u(z) = (U1 (), Un(z), tant19) (11)

1) For t = 0, we know that @g(x) = a(x) by (11). So, we
have ig(z) = u(z) € O(ET) since u(x) = u(pzy) and
u(S'1) C A(ED).

2) For ¥t > 0, via (11), we verify a.(z) € E? due to two
facts below:

)2 i,)?
R
ay an
( ai(x) )2 ( Un () )2 ( tanq1p )2
14122 V 1+t2 2 V 1+t2¢p2
Nt > + 5 =1
a Q Qa
1 n n+1

Let % and u denote the first and second derivatives of
with respect to t evaluated at ¢ = 0. More precisely, we have:

- dﬂt|
u =
dt "=°
=( 775902@1(75) 7t<p2ﬂn(:c) An+1%P )|
(1+t2<p2)37 7\/(1+t24p2)3’ \/(1+t2<p2)3
:(07 o 707 LLTH»“P)
. d%uy
U= li=0
—( —¢?t (2) 3Pt (x)
NV VA
— ¢l () + 3t2phun (x) —3t@Pans1 )|
JA+223 /1 t225’\/1 2,2y =0
(1+t2¢?) (L+129%)° /(14 12¢?)
= L1‘92(1741717‘27' o 7ﬁ’n70) = _()0211
d .
du :%(ﬂ) =(0,-++,0,an41dp)
. d .
dii :d—(a) = —2ptdy — Y3du
T

12)
where d means the derivative with respect to . In a family
of equations (12), we are taking derivative with respect to z
and also taking derivative with respect to t.

d 1 o d1
it () %)
_ 2 d

=D ()5 5 (e

1,5 o2 d

:§(|d“t\) a

—(daf?)"* (5 () )

(13)
(duy, duy)

d e
:amduﬂ )
=(|d[*)*=*

d? B
+ (3 (dar), duy)] (14)
+ 222 (dm )5 S ) (), dm)

:|dat|P*2u%<dat>|2 <d (dm) d)]

dt?

d
+ (- 2)\dﬁt\p_4<$(dﬂt), dir)?

Here, we also observe the following facts:

diit|i—o = dug = du

d du .
dt(dUt”t 0 =d(—")|i=o = dii

d? d*u
gz ()= = ("

Actually we can obtain the following inequality:

d2
@(*|dut|p)\t 0
d?
(201 )2+ (o ) i)
d

+(p— 2)‘dﬂt|p_4<£(dﬁt)»dﬂt>2}|t:0
=|dalP~?(|du|* + (du, dii))

+ (p — 2)|dulP~*(du, du)?

(15)

Moreover, we have for 4(R'\{0}) C 9(E?),

||(

)2+ (n)®
+-tap

I/\
3 Hw ﬁl

as
1

2
i

K3

We apply the Cauchy-Schwarz Inequality for —2up(dyp, du)
to get:

_ _ eldul _
—2up(dyp, du) < 2|21 (V2lul|d
@(dep, du) < 2| NG [[v2]u||del|

21 72
p°|du _
= 7| | + 2\u|2|d<,0|2
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So, we have

<dﬂ7 d’L_L> = 72ﬁ¢<d(p7 dﬂ> - ¢2‘dﬂ|2

A

1 2| 712 =12 2
—=p dul® +2|u dtp

IN

1 21 7512 - 2 2
~g#ldal + 23 dlagl

For a p-minimizing map u, via (15) and (16) and
|du| = an41ldel

we have

d2
0 <3 Ep(t)li=o

> 1
- & (14, P) | —od
/Rl\{o} g2 |7 lemodv

= [ Jdal (i + (da i)
R\{0}
+ (p — 2)|dulP~*(da, dii)?dv
S/ (p— Dldul’=2a2 ,,|dp|? a7
R\{0}
1 n
—1p—2 21 7-12 2 2
+ [dufP~?{ - |dal +2(;ai)|dgo| }dv
n
= [l g - Dady +2) - a?)
RW\{0} i=1
1
- g\dﬂ\pgfdv
So we have
le\{o} Cop®|dulPdv < le\{o} |d|?|dulP~?dv (18)

where
1

C’ =
¢ 2(p — l)aiﬂ +4 Z?:l azz

Here we split the integrals (18) over R'\{0} into spherical
and radial directions and choose ¢ = f(r)g(w) where r = |z|
and w = & € S'=1. By substituting ¢ into fg in (18), via
the following facts:
2 2 1,
de” =dr” + Zdw
r

af

’ 1 ’
ldel* = (1)’ @) + ZLOVP =50

_ 1
(@) = —5|du(w)[?
dv = dxidzy -+ dx; = ' drdw
we have the inequality:

/ Can(T)QQ(w)i\du(w)\pr“ldrdw
0 Si-1 rP

x©r , 1 1
< / / (520 + ~ 2V L du(w) P2 drdw
0 Sgi—1 T rp

that is
/ / Cof? g% dulPr =P~ drdw
0o Jsi-
o A O T e
0o Jsi-t

—|—/ / f2\Vg|2|du\p72rl7p71drdw
0o Jsi-1

By combining the alike integrals, we have
o0
/ / Cof?g?|dulPr=P = drdw
0o Jsi1
oo
- / / V)P |dulP~2r =P L drdw
0o Jsi—1
<[] e
0o Jsi-1
that is

| [t CugPlau = VgPlaup=2)dra
-

<[]
0o Jsi-1

In other words, we have
|t [ (CogPlaup - 19 )
0 Sl—l

< / (f)2rir+idr / 02 |dulP~2duw
0 St-1

Therefore, we obtain the simplified inequality:

’

, _ S 2
Js1-1(Cag?|dul? — |V g|?|dulP~?)dw - Jo (f ) rtrttar
fsl—l g2|du|P—2dw - fooo feri-p=1dy

(20)
Via Lemma 4
. ffooo(f/)QTl_pHdr 1 ; 9
M g 1Y)
0
for [ > p and by choosing g = |du|, we can get:
/ ColdulP2dw —/ |V |dul|?|du|P~2dw
S’l—l Sl—l (21)

1
La—pp / duf?deo
4 Sl—l

On the other hand, by applying Lemma 3 the Bochner Formula
for a p-harmonic map (p > 1) u : S'=! — E7 (I > 2), we
have

/ (I — 2)|dulPdw
gi-1

Sf(pfl)/ |2V |dul 2 (22)
Sl*‘l
_ )2
NE YO,
1—1 Jgi-1 (min(a;))

Combining (21) and (22), we can get the following inequality:
-2 1 —p)?
(—= - (=p) )/ |du|Pdw
p— 1 4 Si—1

-2 (maz(a;))® P2
S((pf 1)(1 = 1) (min(a;))* Ca) /SH jdud

(23)
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Then v must be constant (i.e.\du| =0) if

_ (I=p)

1—2 (maa (a; )) _
G=00-1) (mintan® ~ Ca <0

Therefore, we need to find a solution to

(min(a;))*

2

=0 - D (e

4

Via the fact C, > n +2p72>1(max<ai yzo We claim solutions to
the following inequality must be the solutions to inequality
(24):
(1-p? _ 1
4 (4n + 2p — 2)(max(a;))

that is:
at is 40— 1)
(4n +2p — 2)pt

24

(min(a;))*

2 (t-1) (max(a;))?

(1-p) <

_ max(a;)
where = min(a;) *

a solution to

(25)

For 1 < p <l and [ > 2, we claim that

2 4(-1)
=P < oo

must be the solution to inequality (25) by the fact
1 1

n+2p-2) (Gni2-2)
So, we find the solution
2 -1
1,1 — —l<p<l
max {1, a2 <P

Finally, we solve the L10uv1lle-type problem and obtain the
constant property of u for

2 -1

1,1 — -
tax { dn + 21 —

}<p<l

Remark 1. One of the most important step in proof is to obtain
a p-Stability Inequality via (18). Generally speaking, we can
define a p-Stability Inequality for a map w from M to N given
by

/oz772|dw\pdv§/ |dn|?|dw|P~2dv
M M

where 7 is any test function n € C§°(M) and « is a constant.
The existence of a p-Stability Inequality derived from the
Variation Method is one of the crucial achievements to solve
the Liouville-type problem. S. W. Wei proved the existence
of a p-Stability Inequality for a p-stable map on a special
ellipsoid with only one pargmeter E" = E7, (ie. B} =
{(@1, - anp) e R™ St ad 4422, =1,a>0})
(cf. sections 7, 8 [12]). Our result is an extension of S. W.
Wei’s result to any ellipsoid with (n + 1) parameters.
Remark 2. A sphere (S™(r) = {(x1, -+ ,Zp41) €

+ -+ "“ =1, r > 0}) is considered as a simple case of
an ellipsoid (1e S"( ) ={(x1," ,&py1) € E™ay = ay =

- = apy1 = r > 0). Regarding Liouville-type Problems for
a p-stable map, our result on an ellipsoid is an generalization
of mathematicians’ results on a sphere.

Rn+1 .

IV. CONCLUSION

In this paper, we solve the Liouville-type problem for a
p-energy minimizing map from the domain of a Euclidean
space to the target space of a closed half-ellipsoid. The
most important method is the Calculus Variation Method. The
most challenging point for us to apply the Calculus Variation
Method is to construct a family of variational maps such that
the image of every variational map must be in the closed
half-ellipsoid. The most crucial step in the use of variational
formulas is to derive the p-Stability Inequality. The most
useful estimation techniques in computation to estimate the
lower bound and the upper bound of p-Stability Inequality
are the Bochner Formula, Stokes’ Theorem, Cauchy-Schwarz
Inequality, and Hardy-Sobolev type Inequalities. The most
fundamental idea for us to analyze the p-Stability Inequality
is to find a contradiction between the lower bound and
the upper bound in the p-Stability Inequality when the
p-energy minimizing map wu is not constant. Therefore, we
are able to rule out a possibility of a non-constant p-energy
minimizing map. We obtain the constant property for a
p-energy minimizing map as our Liouville-type result.

Our research finding reveals the constant property of a
p-energy minimizing map for p in a certain range. The
certain range of p is determined by the dimension values of
a Euclidean space (the domain) and an ellipsoid (the target
space). The certain range of p is also determined by the
curvature value on the target space of an ellipsoid indicated
by the ratio of the longest axis to the shortest axis.

Regarding Liouville-type results for a p-stable map as
a local or global p-energy minimizing map, our research
result generalizes mathematicians’ results from a sphere to
an ellipsoid where a sphere is a simple case of an ellipsoid
(i.e. All the axes in each direction are equal.) Our result also
extends Liouville-type results from a special ellipsoid with
only one parameter (i.e. Except for one axis, all the other
axes are equal to 1.) to any ellipsoid with (n + 1) parameters
in the general setting.

In this paper, we demonstrate a successful way to work
on the Liouville-type problems for solutions to p-harmonic
equations (called p-harmonic maps). Along with this research
direction, we can continue to study Liouville-type problems for
solutions to p-harmonic inequalities (that is, p-super-harmonic
maps and p-sub-harmonic maps). As for our ongoing research,
we will work on studying the Liouville-type problems for
solutions to various partial differential equations or various
partial differential inequalities. Research topics related with
Liouville-type Problems such as Regularity Problems [13] will
be our interests in the future.
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