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Diagonal Crack Width of RC Members with High
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Abstract—This paper presents an analysis of the diagonal crack
widths of RC members with various types of materials by simulating a
compatibility-aided truss model. The analytical results indicated that
the diagonal crack width was influenced by not only the shear
reinforcement ratio but also the yield strength of shear reinforcement
and the compressive strength of concrete. The yield strength of shear
reinforcement and the compressive strength of concrete decreased the
diagonal shear crack width of RC members for the same shear force
because of the change of shear failure modes. However, regarding the
maximum shear crack width at shear failure, the shear crack width of
the beam with high strength materials was greater than that of the
beam with normal strength materials.

Keywords—Diagonal crack width, high strength stirrups, high
strength concrete, RC members, shear behavior.

1. INTRODUCTION

HE control of diagonal crack width of reinforced concrete
(RC) members is important from the viewpoints of
serviceability and deformability of RC structures. There have
been great advances in concrete technology during the last one
hundred years. The improvement in high-strength, high
performance, fiber-reinforced, and other material and structural
properties in concrete achieved earlier are now accepted as
routine and various types of advanced high strength concrete
have been widely used. However, in spite of many of the
improvements in concrete technology that have been made over
the year, much remains to be developed about concrete
technology related to high strength materials. In particular, to
increase the applicability of high strength materials such as
high-strength concrete, high-strength steel bars, and FRP
sheets, it is needed to research on the crack control of RC
members with high strength materials. Many researches on the
crack control of RC members with high-strength concrete have
been carried out for the last a few decades, while the researches
on RC members with high-strength steel bars are relatively few.
For last two decades, much research on the high yield
strength of reinforcement has been conducted in USA, Japan,
and European countries. As representative cases, research on
Grade 100 reinforcement has been actively carried out in USA
for last over 10 years [1], [2]. In particular, performance
evaluation of Grade 100 reinforcement has focused on shear
and bond capacities. As for Japan, applicability of the high
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yield strength of reinforcement (800 MPa to 1000 MPa) on RC
structures has been performed in terms of “New RC Project”.
This results in many of RC structures incorporating the high
yield strength of reinforcement [3].

According to the ACI 318-11 design code [4], for
non-prestressed flexural members, the yield strength of
longitudinal tension steel used in design calculations shall not
exceed 550 MPa to reserve adequate deformability and control
deflections and cracking. The ACI 318-11 code also limits the
yield strength of shear reinforcement used in shear design to
420 MPa for two reasons; first to provide a control on diagonal
crack width and second to prevent possible sudden shear failure
due to concrete crushing before yielding of stirrups due to over
shear reinforcement. In the 1995 ACI design code, however,
the limitation of 420 MPa for shear reinforcement was raised to
550 MPa for welded deformed wire reinforcements. [5].

The extensive study on the flexural crack width has been
carried out, while the understanding of the diagonal crack
width of RC members with high strength materials has been
somewhat less particular. In this study, the diagonal crack
widths of RC members with various types of materials are
analyzed by simulating a compatibility-aided truss model.

II. A MODEL FOR THE ESTIMATION OF DIAGONAL CRACK
WIDTH

A. Evaluation of Diagonal Crack Width

Leonhard and Walther indicated it by experimental tests that
the diagonal crack width became smaller as the amount of shear
reinforcement increased. Moreover, they concluded, for the
tested specimens with the same amount of shear reinforcement,
that the diagonal crack width of the tested specimens in which
shear reinforcement was arranged vertically to the diagonal
crack inclination was smaller than that of the specimens
without vertically arranged shear reinforcement to the diagonal
crack inclination. Place and Regan [6] proposed an equation to
estimate the diagonal crack width based on the experimental
results as given in (1):

_ ssina Vn—VC)
Wmax = 1060w(fc')1/3( bd 1

where, Wy, ,,: maximum diagonal crack width, s : spacing of
shear reinforcement in direction of span, o angle between shear
reinforcement and: direction of span, p,,: shear reinforcement,
f.': compressive strength of concrete, V,: shear strength, V,:
shear strength contributed by concrete, b: web width of section,
d: effective depth of section. On the other hand, [7] estimated
the crack width in, (2) based on EC-02 design code [8].
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where, ¢, and ¢, : clear concrete cover in the x- and y-
directions, respectively, Sy, and Sy, : maximum spacing
between longitudinal steel bars in the x- and y- directions,
respectively, k, : coefficient that characterized bond properties
of bars, k,=0.4 for deformed bars and k,= 0.8 for pain bars,
dpy and dp,, : steel bar diameter in the x- and y- directions,
respectively, p, and p,, : steel reinforcement ratio in the x- and
y- directions, respectively, ¢ : inclination of diagonal cracks to
member axis.

Even if (1) and (2) are relatively simple equations to predict
the diagonal crack width of RC members, it is not so simple to
estimate the diagonal crack width. In order to predict the
diagonal crack width with a good accuracy, a sophisticated
truss model considering the mechanism of materials was used
in this study.

The classical 45-degree truss model for RC beams with shear
reinforcement was proposed by [9], [10] at the turn of 20"
century. The classical truss model is unique to explain the shear
mechanism of cracked RC beams and the equations derived
from the equilibrium conditions are simple to be used as the
equations for the shear resistance of shear reinforcement in the
ACI 318 design code. However, by assuming the inclination of
the diagonal tension crack to the horizontal axis, ¢, is equal to
45 degree, the predicted shear strength by this model is
conservative with respect to the experimentally observed shear
strength in case of RC beams with shear reinforcement more
than their upper limit. As a result, two different improved
approaches of truss model had been developed in calculating
the various value of the inclination of the diagonal tension
crack, ¢. The first approach is based on the lower bound theory
of plasticity that was developed by Nielsen [11]. In the second
approach, the inclination of the diagonal tension crack is
derived from the equilibrium conditions of forces and
compatibility conditions of deformations.

In the plasticity truss model, the inclination of the diagonal
crack is a function of the amount of shear reinforcement, p, fyy,
(fuy is the yield strength of shear reinforcement) and the value
of various from 0 degree to 45 degree corresponding to the
value of py, fi,y. The shear design method adopted by the AlJ
guidelines [12] is also based on the lower bound theory of
plasticity and on the superposition of truss and arch
mechanisms. This model limits the inclination of the diagonal
crack from 26.7 degree to 45 degree. It is believed that this
approach is more theoretical than an empirical one. However,
the predicted stress state of materials (concrete and shear
reinforcement) at failure does not necessarily correspond to the

experimentally observation. Some tests indicated that the stress
of shear reinforcement did not reach the yield strength although
the theoretical prediction required yielding. It may also be
remarked the opposite case, i.e., concrete does not reach the
yield strength when the amount of shear reinforcement, p,, fi,y,
is very small. A truss model considering the mechanism of
materials (equilibrium of forces, compatibility of deformations,
and constitute laws of materials) has been developed [7], [13].
This truss model, so called compatibility-aided truss model,
calculate the inclination of the diagonal tension crack from the
equilibrium conditions of forces and compatibility conditions
of deformations. This model is capable of tracing the shear
response of RC member until the member fails in shear.
Moreover, the compatibility-aided truss model expects that
shear and normal stresses on the surface of the diagonal cracks
can be transmitted by the rough shape of crack surface [14].
However, this model is basically developed to predict the shear
behavior of RC members subjected to pure shear, such as RC
panel or membrane plate. In order to calculate the shear
behavior of RC member with better accuracy, the stress
characteristics of RC members should be considered. In this
study, a compatibility-aided truss model that is capable of
tracing the response of RC members for shear is used to predict
the inclination of diagonal crack of RC members. In the model,
the effect of bending moment on shear behavior was
considered.

Fig. 1 A compatibility aided truss model

B. Equilibrium Conditions

In a compatibility aided truss model, the concrete stress state
at the critical shear failure section is given by the normal stress
parallel to the crack inclination and the acting crack stresses
due to aggregate interlock. From the equilibrium conditions of
forces in Fig. 1, the following equations are obtained [14], [15].

fa=-— Sii’;@ — 2v, cot2¢ + £, )
v =+ (f, — f,)cote 3)
fy = —pwfws (6)

where f,;: normal stress parallel to the crack inclination, v :
shear stress, ¢: inclination of diagonal crack, v,: shear stress at
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cracked surface due to aggregate interlock, f: normal stress at
cracked surface due to aggregate interlock, f, : vertical
compressive stress of the concrete element induced from shear
reinforcement, p,, : shear reinforcement ratio, f;,,: stress of
shear reinforcement.

The angle § between the inclination of diagonal crack, ¢,
and the inclination of principal compressive stress, 0, is
calculated by (7).

2
tan2p = _fd%f (7)

In case of RC beams or columns, bending moment influences
on the shear behavior. In this study, (8) and (9) were used to

(fe,

y

(a) Concrete stress

consider the effect of bending moment on the shear response of
RC members.

_ Vecotp M

fcom - 2-Agc ja-Asc (8)
V-coty M

feen = +— )

2-Ast jd-Ase

where f,,,: stress of upper longitudinal reinforcement, fi,,:
stress of lower longitudinal reinforcement, V: shear force, Ag,:
sectional area of upper longitudinal reinforcement, Ay, :
sectional area of lower longitudinal reinforcement, M : bending
moment, jd : distance between upper and lower longitudinal
reinforcements.

YA

(&, =

(b) Concrete strain

Fig. 2 Mohr’s stress and strain circles of concrete

C.Compatibility Conditions

The smeared strain in the cracked reinforced concrete in the
x-and y-directions, as shown in Fig. 2, results from the strains
of concrete, &y, and €, and the strains due to crack opening
and crack shear displacement as shown in (10) and (11) [14],
[15].

Ex = Exo T Exw T Exp (10)
&y =&t Eyw T &y (11)

where &, and €,: smeared strains in the cracked reinforced
concrete in the x-and y-directions, respectively, &, and &,,,:
strains of concrete in the x and y directions, respectively, &,
and ¢,,,: smeared strains due to crack opening in the x-and
y-directions, respectively, &y, and €,,,: smeared strains due to
crack shear displacement in the x-and y-directions,
respectively,

The concrete strains, &y, and &, in the x-and y-directions
can be derived from the principal strains of concrete as:

Exo = £5In%0 + &£,c05%0 (12)

£y = €05%0 + &,sin’0 (13)

where &, and €, : principal tension and compression strains,
respectively, 0: inclination of principal compressive stress.

The smeared uniaxial and shear strains of cracked concrete
in x-and y-directions are expressed by (14) through (17).

Exw = sinZ(p:V—C (14)
Eyw = Cosch:/—c (15)
Exp = —SinQ - COS(p:—C (16)
&y = Sin@ - cos<pi 17)

where, width of diagonal crack, v : crack shear displacement,
s. : average crack spacing.
D. Equation for Crack Widths

The smeared strains, w/s, and v/s., due to diagonal cracks
can be derived as shown in (18) and (19) by use of (10) through
17):

w
S—C=ex+£y—sy—sy (18)

sin?@—sin%0 cos?@—sin?0

w
— = g, tang — &,.cotp — € 19
Sc y ¢ x ¢ 1 sing-cos@ 2 sing-cos@ ( )
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In the analysis, the centroidal axial strain at the shear critical
section, &, , is the average values of the lower and upper
longitudinal reinforcements as:

gy = SR (20)
where €.y, and &, : strain of upper and lower longitudinal
reinforcements, respectively.

As shown in (19), the diagonal crack width, w, is closely
related to the following five parameters: €, : average smeared
strain of cracked concrete in span direction, &, : average
smeared strain of cracked concrete in transverse direction, &;:
principal tensile strain of concrete, &, : principal compressive
strain of concrete, s : average crack spacing

III. ANALYSIS PREPARATION

A. Parameters

The diagonal crack width of RC members was estimated by
simulatinga compatibility aided truss model considering the
effect of bending moment to the three parameters: shear
reinforcement ratio, yield strength of shear reinforcement, and
compressive strength of concrete. These variables are
considered as the most important factors affecting the diagonal
crack width. Three parameters are arranged as follows:

1) Shear reinforcement ratio, p,, : check the effect of p,, on
the diagonal crack width for values of 0.2% < p,, < 1.2%
(py, increases by 0.1%)

2) Yield strength of shear reinforcement, fy,,, : check the
effect of f,,,, on the diagonal crack width. The f,,, various
as fwy =300 MPa, 400 MPa, 800 MPa, and 1300 MPa.

3) Compressive strength of concrete, f;' : check the effect of
f.' on the diagonal crack width. The f," various as
f.' =24 MPa, 36 MPa, 48 MPa, and 60 MPa.

B. Geometric and Material Properties
The geometric and material properties of the analyzed beams
can be summarized as:
1) The sectional dimensions of the analyzed beams are 150 m
m wide and 300 mm deep. The effective depth is 270 mm.

2) Tensile strength of concrete, fsp, is determined by using
the equation in CEB-FIP design code as given in (21). The
value of fg, is the function of the compressive strength of

concrete.
fop = 0.607(f.) %3 1)

With respect to the spacing of diagonal crack, s, measured
vertical in the direction of diagonal cracks, (22) was used.
1 _gPw, 2
T = 5 a, + 7a (22)
where p,,: shear reinforcement ratio, d,: distance of shear steel
bar, jd : distance between upper and lower longitudinal
reinforcements.

IV. ANALYSIS RESULTS

A. Effects of Shear Reinforcement Ratio on Diagonal Crack
Widths

Figs. 3 and 4 show the effect of shear reinforcement, p,,, on
the diagonal crack width by using the analytical model. The
shear reinforcement, p,,, varied from 0.2% to 1.2%. In Figs. 3
and 4, x- and y- axes represent the shear reinforcement ratio and
the shear stress, respectively. The figure illustrates the
relationships of V//(b - jd) and p,, at the formation of diagonal
crack with w = 0.1 mm, 0.2 mm, 0.3 mm, 0.4 mm, 0.5 mm, and
at shear failure. Moreover, the values in the graph represent the
shear crack width at the formation of diagonal shear crack and
at shear failure.

From the figure, it can be seen that when the yield strength of
shear reinforcement and the compressive strength of concrete
are fixed, the diagonal shear crack width decreases with the
increase of shear reinforcement ratio due to the restraint of the
opening of shear crack for the same shear force. Further it is not
surprising that the shear strength of the beam with small shear
reinforcement ratio is lower than that of the beam with larger
shear reinforcement ratio because the increase of shear crack
width causes the decrease of stress transfer on the crack plane.
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Fig. 3 Effect of shear reinforcement ratio for RC beams with f;'=24
MPa

B. Effects of the Yield Strength of Stirrups on Diagonal
Crack Widths

Fig. 5 illustrates the effect of the yield strength of shear
reinforcement, f,,,, on the diagonal shear crack predicted by
applying (22). The yield strength of shear reinforcement, f,,,,
various as 300, 400, 800, and 1300 MPa. For the four analyzed
beams, the shear reinforcement ratio and the compressive
strength of concrete were the same as p,, = 0.4% and, f;'=24
MPa, respectively. In the figure, the x- and y- axes represent the
diagonal shear crack and the predicted shear strength,
respectively. The open circle indicates the yield point of shear
reinforcement.
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Fig. 4 Effect of shear reinforcement ratio for RC beams with
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Fig. 5 Effect of yield strength of shear reinforcement

As can be seen from Fig. 5, it is clear that when the shear
reinforcement ratio and the compressive strength of concrete
are fixed, the shear crack width, w, decreases with the increase
of the yield strength of shear reinforcement, f,,,, due to the
restraint of the opening of shear crack for the same shear force.
Furthermore, as can be known from the open circles, the shear
reinforcing bars of S3 and S4C24P reach their yield strains at
the crack width of w~0.16 mm and w = 0.22 mm,
respectively. That is, the specimens S3 and S4 fail in shear due
to excessive widening of shear cracks without a large increase
of shear force after the yielding of shear reinforcement. On the
other hand, for the specimens S8 and S13, it was not observed
that the shear reinforcing bars reached their yield strains even
up to the shear force. These two specimens fail due to concrete
crushing before the yield of shear reinforcement.

| f,,=300MPa

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Diagonal crack width  (mm)

Fig. 6 Effect of compressive strength of concrete

The shear strength vs. diagonal crack width curves of four
specimens might be the same up to the yield point of shear
reinforcement. However, for the average stress-strain
relationship of shear reinforcement, as the proposed analytical
method takes into account the tension stiffening effect due to
the surrounding concrete connected to the steel bars, the shear
strength vs. diagonal crack width curves of four specimens
were different one another when the shear reinforcement
arrived at its yield strain.

C.Effects of the Compressive Strength of Concrete on
Diagonal Crack Widths

Fig. 6 illustrates the effect of the compressive strength of
concrete, f,', on the diagonal shear crack predicted by applying
(22). The compressive strength of concrete, f.', various as 24,
36, 48, and 60 MPa. With respect to the four analyzed beams,
the shear reinforcement ratio and the yield strength of shear
reinforcement were the same as p,, = 0.4% and f,, = 300
MPa, respectively. In the figure, the x- and y- axes represent the
diagonal shear crack width and the predicted shear strength,
respectively. From the figure, it can be noted that when the
shear reinforcement ratio and the yield strength of shear
reinforcement are fixed, the shear crack width, w, decreases
with the increase of the compressive strength of concrete, f,.',
for the same shear force. Regarding the maximum shear crack
width at shear failure; however, the diagonal shear crack width
of the beam with high strength concrete is greater than that of
the beam with normal strength concrete. The reason is that it is
hard of the principal compressive stress of a beam with high
strength concrete to attain the effective strength of concrete,
vf.", since the effective strength of concrete increases
proportionally to the value of f.".

V.CONCLUSIONS

In this study, the diagonal shear crack width of RC members
with high strength materials were predicted by simulating a
compatibility-aided truss model. The diagonal crack width was
predicted by simulating the proposed analytical method varying
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three parameters: shear reinforcement ratio, yield strength of

shear reinforcement, and compressive strength of concrete. The

analytical results can be summarized as:

1) The diagonal shear crack width decreased with the increase
of the shear reinforcement ratio due to the restraint of the
opening of shear crack when the yield strength of shear
reinforcement and the compressive strength of concrete
were fixed.

2) The yield strength of shear reinforcement and the
compressive strength of concrete decreased the diagonal
shear crack width for the same shear force because of the
change of shear failure modes. However, regarding the
maximum shear crack width at shear failure, the shear
crack width of the beam with high strength materials was
greater than that of the beam with normal strength
materials.
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