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Abstract—This paper considers the development of a two-point
predictor-corrector block method for solving delay differential
equations. The formulae are represented in divided difference form
and the algorithm is implemented in variable stepsize variable order
technique. The block method produces two new values at a single
integration step. Numerical results are compared with existing
methods and it is evident that the block method performs very well.
Stability regions of the block method are also investigated.
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|. INTRODUCTION

IN this paper we consider the development of a numerical
method for solving systems of first order delay differential
equations (DDEs) of the form:

{Y'(X) = f(x y(x),y(x-7;)), xelabl,z; >0, )
y(x) = #(x), xe[a,al,
where  ¢(x) is the initial function and 7;, for

i=12,---,n,where nis an integer such that n>1is the lag

function and a = rrgir;](x—ri). The lag can be constant, time
Xela,

dependent where 7; =7;(x) or state dependent, that is
7; =7;(X, Y(X)). The expression y(x—z;) is the solution of
the delay term, or simply called the delay term. The function
f where f:[a,b]xC([&,b],RMxC([@,b],R™) —R™ is
continuous and satisfies a Lipschitz condition which
guarantees the existence of a unique solution of (1). Here,
C([@,b],R™) denotes the space of continuous functions

mapping [a,b] into R™ for an integer m>1.

Most numerical methods for solving DDEs are adapted
from that of numerical methods for ordinary differential
equations (ODEs). For some of the earlier work, please refer
to [1]-[6]. These methods approximate only one new solution
at each integration step. Block methods, however, produce
more than one approximate solution at every step. Greater
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efficiency is achieved because the total number of steps taken
can be reduced. Block methods are also the natural candidates
for parallel computations because these solutions can be
computed simultaneously at every step. Block methods for
solving ODEs have been proposed by [7]-[10].

The purpose of this paper is to develop a variable stepsize
variable order (VSVO) two-point block method for solving
(1). The method produces two new solutions at every step and
varies the stepsize and order while achieving the desired
accuracy as efficiently as possible. In variable stepsize, the
integration coefficients need to be recalculated when the
stepsize changes. The recalculation cost can be minimize by
representing the formulae in divided difference form because
the coefficients are calculated using a simple recursive
formula. The performance of the method will be compared
with the existing methods SNDDELM in [5] and S2PBDI in
[11]. SDDDELM is an all purpose non-block VSVO
algorithm where the formulae are represented in modified
divided difference form. S2PBDI is a predictor-corrector two-
point VSVO block method in divided difference form. The
order of the corrector for S2PBDI differs from the order of the
method developed here.

The organization of this paper is as follows. In section II,
we describe the development of the VSVO predictor-corrector
block method. Absolute stability for the two-point predictor-
corrector block method is discussed in section I11. Numerical
results are presented in section 1V. Finally section V is the
conclusion.

Il. METHOD DEVELOPMENT

For simplicity, we consider only single-delay scalar
equation of (1). However, the results can easily be extended to
systems of equations with multiple delays.

From (1), we let i=1 and z; =z. Consider a non-uniform

grid given by a<a=xy <--- <X, <Xp,q <---<h. We denote
the approximation to y(x) , the solution of (1) by y,(x). The
predicted value of y,(x) is denoted as p,(x). We also
denote the expression f(X,,Y,(X,) Yn(@)), a=x,—-7 by
f,. Assume that vy, (x) has been computed for x [a, x, 1.
The immediate task is to evaluate yp(X,,1), Yn (Xq42).and
their corresponding delay terms. The formulae are
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implemented in PECE mode where P stands for an application
of a predictor, E stands for an evaluation of a function f , and

C stands for an application of a corrector.
Let P, be the interpolating polynomial of degree k-1
interpolating f at points

(an fn)v(xn—li fn—l)l---l(xn—k+1v fn—k+1)'
In divided difference form, the interpolating polynomial can
be written as

k-1 i-1
Pen(X) = f[xn]+Z;‘ f[xn,xn,l,...,xn,i]l_!(x—xn,j),
i= j=
where
FI[X0 Xnotre s Xnoka1] =
F[Xn-Xn1-e- s Xnokr2] = FIXn_1 Xnz2s e Xnokaa]
Xn = Xn_k+1 .
Integrating (1) from x, to X,,q, d =12 and replacing f
with P, yields the following predicted values

simultaneously at the grid points,
Xn
Ph (Xnea) = Yo (%) + [ 7 P()d&

k=L Xoq
= Y () 2 DX X g0 X i1 7 €0 (£)dE,
i=0 "

where & is an independent dummy variable and
1, i=0,
Ch,i (X) = { .
(X=X) (X=X 1) (X=X i), P21
The predicted values of the derivative are given by

k-1
Ph (Xnea) = D Cai g ) DX X g+ X1

i=0
Let the t-fold integral of c;(x) be denoted as c(ft) (x). Now

define g;(x) as follows,

Cn,i (X)' t=0,
gi,t (X) = Cr(ﬁt) (X): t>1.

The formula for g;,(x) where t>1i>1can be obtained

recursively by the relation
it (%) = (X = Xn_i51) Giiae (X) =194 142 (X)-
The predicted values at the grid points are given by
k-1

Pn (Xn+d ) =Yh (Xn)+ Z gi,l(xm-d ) f[Xn 1 Xn-gsee s Xn—i]l
i=0
and
k-1
pi'1 (Xn+d )= zgi,o (Xn+d ) f [Xn 1 Xngree o Xnj !
i=0
We now describe the corrector for the first point. Consider
the interpolating polynomial P, .,, of degree k that

interpolates f at points

(Xn+1' anjrl): (an fn)v (Xn—lr fn—1)1 ceey (Xn—k+lv fn—k+1)v
where

fi1 = f (Xns, P (Xpa1), Ph (Xni1 —7))-
Clearly the interpolating polynomial Py, .,; can be written
as

Pestns1(¥) = P n (¥ +Co i (0 F P[X0g, Xy X g Xngaa]:
The notation f P[X;,1, Xy, Xn_gs-+s Xnksa] 1S referred to the

divided difference that uses fF;

above. Replacing f in (1) with the polynomial P, ., and

for the points described

integrating from x,, to x,.,;, the first point corrector formula
is obtained as,
yh(xn+l) = Pn (Xn+1) + gk,l(xn+1) f p[XnJrll Xn Xn—1"~-vxn—k+1]'
The corrected value of the derivative is given by
W\ (Xn+1) = p% (Xn+1) + gk,O(Xn+l) f p[xn+1r Xps Xngse-es Xn—k+l]'
For the second point corrector, consider the interpolating
polynomial P,,, .,,0f degree k +1 that interpolates f at

(Xn+2l fnljrz)a (Xn+1l fnij-l)l (an fn)l (Xn—lr fn—l)v

(R (Xn—k+1 ) fn—k+1)1
where

fn'il =f (Xn+1l Ph (Xn+1)' Pn (Xn+1 _T))
and
fn’jrz = f(xn+21 ph (Xn+2)l ph (Xn+2 _T))-
The interpolating polynomial P, .., can be written as
Pk+2,n+2(x) = F)k,n (X) + cn,k (X) f p[Xn+ll Xy Xp_grees Xn—k+1]
+ Cn+1,k+1(X) f p[Xn+2,xn+ll Xpreons Xn—k+1]-

The notation f P[X, 2 Xy, X0re--s Xq_sa] IS referred to the

divided difference with the interpolations points fP”, and
fP

ns2- Replacing f in (1) with the polynomial P, .., and
integrating from x, to X,,,,the formulae for the second
point corrector are obtained as
Yh (Xns2) = Pn(Xns2)
+ gk,l(xn+2) f pI:XnJrlv Xns Xn_gre-es Xn—k+1]
+(hgy 1 (Xnr2) = G2 (Xni2)) P DX 20 X 1o Xoe oo X ksl
and
YE (Xn+2) = ph (Xn+2)
+ gk,O(Xn+2) f p[Xn+1v Xn, Xn—ll"-rxn—k+1]
+ hgk,o(xmz) f p[xn+2v Xn411 Xpoeeor Xn—k+1]'
For computational purposes, we let ey, d =1,2 be defined as
4 = Yh (Xnea) = Ph (Xnia )
Thus
!

f p[xn+ll Xn Xnor- -1 Xn_ks1] =
Ik ,0(Xns1)

and
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1
p —
f [Xn+2’xn+1lxnrXn—lw"xn—kﬂ]—*

€; _ €
h gko(Xni2)  Gko(Xns1)
Therefore, the corrector formulae for the first point can be
written as

9 1 (X11)
Ik ,0(Xns1) Y
Y (Xns1) = Ph(Xns1) + €1

The corrector formulae for the second point can be written as
gk,Z(Xn+2)

h9y 0 (Xn.1)
+[h%(xmz) - gk,z(xmz)]ezy

gy 0(Xn:2)

Vi (Xns2) = Ph(Xns2) + €5
Approximation formulae for the delay terms y;, (Xp,1 —7)

yh(Xn+l) = Py (Xn+l) +

Yh (Xn+2) = Pn (Xn+2) +

and vy, (x,., —7) are derived following the earlier discussions
for formulae at grid points. For d =12, let oy =X, q —7 be
the delay argument. If 4 <a, the predictor and the corrector
are evaluated by wusing the initial function, that is,
Phlag) =yn(ag)=d(ay). If a<ay <Xx,,we determine
the exact location of a4y by finding the value of j such that
Xj <@g <Xj,. The predictor is given by
kj -1
Pr(eg) = Yn (X)) + Zc;gi,l(ad)f[xj Xjcara XSl

i

and the corrector is given by
Yh(ag) = pPnlag) + gkj+1,1(ad) f p[Xj+1l X}, Xjpe oo Xjogal-

If X, <ay < X,,, the predictor is given by

k-1
Pn(eq) = yh(xn)+zgi,l(ad)f[xnvxn—ll'-'lxn—i]l

and the corrector is given bly0
€
Yn(ag) = Pnlag) + G alag )m-
If Xpg <@y < Xpuos

Oxalaz)

9i,0 (Xns1) !
+[(“2 — Xnu1 )9k (@2) — Gk 2 (az)J

h

Yh(ay) = pplay) +

« €2 _ €
O,0 (Xni2) gk,O(XnJrl).

Local errors at the grid points are estimated by comparing
the formulae of different orders. The error magnitude of the
first point is presumably higher than that of the second point
because the approximation at the first point is one order less
than the approximation at the second point. By controlling the
error at the first point, the method produces better result. We
simply refer to the estimated local error at the first point as the
local error. From [11], the local error when applying the

formulae of order k , denoted by E, is given by
_ —Ok-1,2(Xns1)
Ok.0 (Xns1)
We also calculate local errors for formulae of orders k — 2,
k-1, and k+1 because these errors will facilitate in the

stepsize and order changing strategy. Local errors of adjacent
orders E,_,, E,_;, and E,,; can be calculated directly from
(2) by exchanging k with k-2, k-1, and k+1
respectively.

This VSVO algorithm is self-starting. A method of order
one with a suitable initial stepsize starts the integration. The
algorithm varies the order while taking the most optimal
stepsize to achieve the desired accuracy as efficiently as
possible. A step is accepted if

E, < TOLx(A+Bx py(Xy,1))

where TOL is the user specified tolerance and the values of A
and B are either 1 or 0 depending upon whether we use
relative, absolute or mixed error test. Whenever a step fails,
the new stepsize is reduced by half. New order is selected
before the integration step is repeated. When a step is
accepted, we select a new order K, based on the following

Ex & O]

strategy. The order is reduced by one, that is, K., =k -1 if
we encounter the following criteria,
o for k>2, max(]Ek,l|,|Ek,2|)s|Ek|,
o for k=2, |E, 4| <0.5[E,],
o if |Ey.a|is available, k>1 and
|Eya] < min(Ey [ |Ereal)
We consider raising the order by one only after k+1

successful steps at constant stepsize. The new order
Knew = k+1 if

o for k=1 |E.4| < 0.5E],
o for k>1,|E | <|Ey|< max(]Ek,1|,|Ek,2|)
If none of the above criteria is satisfied, k¢, = k.

new

Once the new order is selected, it is renamed k and the
corresponding E, is used in selecting the new stepsize. For a
successful step, the new stepsize is given by

2h, ifR>2,
Rh, ifl1.6<R<2or 0.5<R<0.9,
hnew = oA
0.5h, if R<0.5,
h, otherwise,
where
1
~ k+1
R=0.8R, R= _ToL
‘9n+1|Ek|
and
1

= A+ B x|y, (Xnu)|

n+l

760



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:5, 2011

We multiply R with a safety factor of 0.8 in order to give a
more conservative estimate for the new stepsize. This practice
reduces the number of steps being rejected.

Derivative discontinuities in the solutions of DDEs can be
detected whenever the magnitude of the local error is too big
as compared with a given tolerance. The algorithm reduces the
stepsize and order of the method accordingly in order to
reduce the magnitude of local error. The process is repeated
until the discontinuity point is included in the grid.

I11. ABSOLUTE STABILITY

It is of practical importance to study the behavior of the
global error where the numerical solution is expected to
behave as the exact solution does when the independent
variable x approaches infinity. Many authors including [12]-
[15] studied various concepts of stability based on test
equations with known stability regions. Common test
equations are

y'(x) =y(x) + wy(x—=7), X=X, 3
y(x) = ¢(x), -7 < X< X,

and
y'(X) =my(x=17), X=X, 4
y(x) = #(x), -7 < X< X,

where Aand g are complex numbers.

We refer to [14] for the definitions of P- and Q-stability
regions. Let h be a fixed stepsize such that x, = x, + nh and
mh=z,mel". Let H; =hiand H, =hgu.

Definition 1: For a fixed stepsize hand A, € R in (4), the
region Rp in the H; —H, plane is called the P-stability
region if for any (H;,H,)e Rp, the numerical solution of (3)
vanishes as X, — oo.

Definition 2: For a fixed stepsize h, xeC in (4), the
region Ry in the complex H,-plane is called the Q-stability
region if for any H, e Ry, the numerical solution of (4)
vanishes as x,, — o.

For notational purposes, let n = 2N. We define the matrices
YZ. Yy, Fy and Fy as the following,

Y =IYm Yo Yekear Yoekes Yok Yol
YN =1Y0 Vet Yaske Yaekets Yook Yicead s
Fl\? = [fncv nc+1v---l fnc+k—21 fnﬁk&Y fnﬁk’ fnﬁkﬂ]Tl

c c c c c c c T
FN = [fn ) fn+11'“’ fn+k—21 n+k-11 "n+k» 1:n+k+1

For simplicity, we denote the predicted value of y, (X,.«)
by yP, and the corrected value by yr,,. The predictor-

corrector formulae for the two-point block method are given
by

Y., = CYS +hDFg,
YNa1 = SYyy + TR,

Here, C,D,Sand T are (k +2) x (k + 2) square matrices given

®)

by,
00
Do .
C=00 )
00 0 1
00 0 1
0 0
D=(0 - 0 |
0 0 dyp dyy -+ dy, dyy
0 0 dy dy - dy, dyg

00
| Do
S= ok , and
o - 0 00
0o - 0

1
1
0 0
T=|0 0 |
o ty o i by
to T oty T

where 1., isthe kxk identity matrix and d;; and t; are the
integration coefficients. The application of (5) to (3) yields
Yy = (C+HD)Y{ +H,DY\_p,
Vi = (S +HT)Y 0 + HoTY .
Consequently, the P-stability polynomial of the two-point
predictor-corrector block method, 7,pecem(Hy Hoig) s
given by
det[1g®™* —((S + H,T)(C + H,D))g?" -
((H,(S+HT)D+H,T(C +H;D))c™ - H3TD],
and the Q-stability polynomial, w,pece i (H2i6) is given by

det[1g2™! —SCg®™ —H,(SD +TC)¢™ — H3TD],
where det[.] is the determinant of a square matrix.

The P- and Q-stability regions are obtained by using
boundary locus technique. Inside the regions of absolute
stability, the magnitudes of all the roots of the P- and Q-
stability polynomials are less than one. As an illustration, the
P- and Q-stability regions for k =1 are shown in Fig. 1 and
Fig. 2 respectively. The Q-stability regions are symmetric
about the real axis and Fig.2 represents the regions in the
plane where 3(H,) > 0.
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Fig. 1 P-stability regions for the predictor-corrector block method,

k=1
Im (Hy)
03
0.2~
04 02 4] Re (Hp)
m=1 m=3
,,,,,,, m=2 e M =4
Fig. 2 Q-stability regions for the predictor-corrector block method,
k=1

IV. NUMERICAL RESULTS

We test the performance of the block method on various
examples from [1]. The performance of the block method is
compared with the methods S2PBDI from [11] and
SNDDELM from [5]. The examples used are as follows,

Examplel:

y'(x) = cos(x)y(y(x)—2), 0<x<50,
y(x) =1, x<0.
The exact solution is y(x) =sin(x) +1.
Example 2:
y'(X) = —y(x—1+exp(-x))
+sin(x—1+exp(—x)) + cos(x), 0<x<10,

y(x) =sin(x), x <0.
The exact solution is y(x) = sin(x).
Example 3:
T T
(X)=-y,| Xx—=1| =<x<10,
y1(X) Y1( 2) 5
T T
5(x)=- -= | =<x<10,
y2(X) Y2(X 2) 5 X
Y1 (x) = sin(x), x<Z,
Yy, (X) = cos(x), x < %

The exact solution is y; (X) = sin(x) and y, (x) = cos(x).

Example 4:
y'(x)=1- y(exp(l— ED 2<x <100,
X
y(x) = In(x), 0<x<2.

The exact solution is y(x) = In(x), x > 0.
The error err; at the grid point for each component is
defined as
(err), = |0 = (V0G|
| A+BOYOO) |
where (y), is the t-th component of y and y(x;)is the exact

solution at x;. A and B may take the values of either 1 or O

depending upon the kind of error test chosen. In this case, we
used mixed error test where A=1 and B =1 as opposed to
absolute error test (A=1 and B =0) and relative error test
(A=0 and B =1). The maximum error is defined as follows,
MAXE = max (max(erri)t),
I<i<SSTEP\ 1<t<N

where N is the number of equations in the system and SSTEP
is the total number of successful steps. The experiment was
executed on Sun Fire V1280 by using one processor. The
machine is located at the Institute for Mathematical Research
(INSPEM), Universiti Putra Malaysia.

The numerical results are given in Table | — Table IV. The
following abbreviations are used to describe the numerical
solutions:

TOL the chosen tolerance,
MTD method employed,
STP total number of steps,
FS total number of failed steps,
MAXE maximum error,
TIME time taken in microseconds,
S2PBTI the algorithm described in the paper,
S2PBDI the algorithm in [11],
SNDDELM the algorithm in [5],
2.47518E-02 is equivalent to 2.47518x1072,
TABLE |
NUMERICAL RESULTS FOR EXAMPLE 1
TOL MTD STP FS MAXE TIME
S2PBTI 55 7  4.86496E-01 1725
10%  S2PBDI 62 4  254222E-02 2858
SNDDELM 81 3 2.44098E-03 9026
S2PBTI 76 5  1.77338E-04 2374
10*  S2PBDI 88 3  1.81656E-04 4017
SNDDELM 120 6  3.10620E-05 14811
S2PBTI 125 6  5.15951E-07 4346
10°  S2PBDI 126 5  1.48025E-06 5588
SNDDELM 136 3  5.12003E-06 16118
S2PBTI 179 13 1.73155E-08 7137
10®  S2PBDI 148 0  1.04934E-09 8185
SNDDELM 180 2  5.01504E-08 21591
S2PBTI 171 1 1.08162E-11 9841
10" S2PBDI 214 7 5.99198E-11 10923
SNDDELM 282 7  6.55478E-09 35516
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TABLE Il

NUMERICAL RESULTS FOR EXAMPLE 2
TOL MTD STP  FS MAXE TIME
S2PBTI 18 0 3.33076E-02 778
102 S2PBDI 21 0 3.05156E-03 1162
SNDDELM 22 1 3.76223E-03 1446
S2PBTI 25 0 1.13313E-04 1353
10*  S2PBDI 30 0 1.04934E-04 1694
SNDDELM 36 2 3.01735E-04 3788
S2PBTI 38 0 2.55530E-07 2092
10°  S2PBDI 66 5 1.95644E-06 3780
SNDDELM 62 4 3.98644E-06 6260
S2PBTI 55 1 2.89023E-09 3688
10®  S2PBDI 62 1 1.01360E-08 4991
SNDDELM 82 6 3.00713E-09 9078
S2PBTI 68 0 1.07294E-10 4873
10" s2PBDI 63 2 3.67489E-10 7534
SNDDELM 120 11  9.63660E-09 16576

TABLE 111

NUMERICAL RESULTS FOR EXAMPLE 3
TOL MTD STP  FS MAXE TIME
S2PBTI 17 0 1.40301E-03 1240
10?2 S2PBDI 21 1 4.25522E-03 1723
SNDDELM 18 1 2.78831E-03 3409
S2PBTI 25 0 1.50308E-05 1588
10*  S2PBDI 28 0 1.10485E-04 1767
SNDDELM 35 3 2.41004E-04 7288
S2PBTI 35 0 3.02703E-07 2629
10°  S2PBDI 40 0 6.56416E-07 3397
SNDDELM 51 4 5.79068E-06 10458
S2PBTI 45 0 7.06017E-09 4102
10®  S2PBDI 61 0 6.23463E-09 6395
SNDDELM 55 1 4.93816E-09 10646
S2PBTI 62 0 7.63623E-11 5766
10" s2PBDI 74 0 7.69796E-10 8895
SNDDELM 77 1 1.04197E-09 16172

TABLE IV

NUMERICAL RESULTS FOR EXAMPLE 4
TOL MTD STP  FS MAXE TIME
S2PBTI 25 0 3.02890E-03 2043
10?2 S2PBDI 31 0 5.67125E-04 2933
SNDDELM 29 0 1.30425E-03 1420
S2PBTI 37 0 6.51784E-06 1522
10*  S2PBDI 45 0 3.65948E-05 2086
SNDDELM 54 0 4,58017E-05 4169
S2PBTI 53 0 9.51416E-07 2537
10°  S2PBDI 62 0 2.00824E-06 3539
SNDDELM 86 2 9.49873E-06 8185
S2PBTI 72 0 1.83465E-08 3484
10®  S2PBDI 85 0 6.48735E-08 5195
SNDDELM 128 6 1.58750E-07 18088
S2PBTI 97 0 8.92104E-11 6513
10  S2PBDI 113 0 1.45530E-10 8735
SNDDELM 167 6 5.97529E-09 25699

From the numerical results, it is evident that S2PBTI
achieves the desired accuracy and performs very well when
compared to S2PBDI and SNDDELM. Using corrector of one
order higher than S2PBDI results in reduction number of total
steps and time taken. The predictor-corrector formulae in
divided difference form as opposed to the modified divided
difference form in SNDDELM do not reduce the performance

of the method. Overall results show that total steps taken in
S2PBTI are reduced. The simpler formulation together with
the reduction in total steps reduces the integration time when
compared with S2PBDI and SNDDELM.

V. CONCLUSION

We have described the development of a two-point
predictor-corrector block method for solving DDEs. The
formulae for the VSVO algorithm in PECE mode are
represented in divided difference form. The corrector for the
second point uses one extra point resulting from the prediction
process. The P- and Q-stability polynomials of the predictor-
corrector block method are determined and the stability
regions indicate that the method is suitable for solving nonstiff
DDEs. From the numerical results we conclude that the two-
point block method is efficient, accurate and reliable for
solving DDEs.
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