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Abstract—In this work some characterizations of semi
Riemannian curvature tensor on almost split quaternion Kaehler
manifolds and some characterizations of Ricci tensor on almost split
quaternion Kaehler manifolds are given.
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I. INTRODUCTION

QUATERNION Kaehler Manifolds are frequent studied a
subject. It is important study some characterizations of
Riemann curvature and Ricci curvature on quaternion Kaehler
manifolds. Split quaternions are a new developing topic.
Inoguchi, J. studied on this topic. Now in this article we obtain
these characterizations of Riemann curvature and Ricci
curvature on split quaternion Kaehler manifolds.

II.  PRELIMINARIES

Definition 1. Let M be a semi Riemannian manifold and
)((M) be vector field’s space on M with levi-civita

connection D. The function
R:;((M)S—>;((I\/I)
given by

RyZ =Dy, ,Z -[Dx.D,]Z

[x.y

is a (1.3) tensor field on M called the semi Riemannian
curvature tensor of M, where X and Y arbitrary elements

of }(( M ) [2]. The alternative notation R(X,Y)Z for

R,y Z is convenient when X and Y are replaced by more

complicated expressions.
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Definition 2. Let R be the Riemannian curvature of a semi
Riemannian manifold M . The Ricci curvature tensor Ric of

. . 1 0
M is the contractionC, (R) el, (|\/| ),
components relative to a

R, =Y R [21.

Lemma 3. The Ricci curvature tensor Ric is symmetric and is
given relatives to a frame field by

RIic(X,Y) =Y &, (R, Y65

where as usual &, = (e e > [2].

whose

coordinate  system are

m?>~m

Definition 4. The algebra H of quaternions is defined as the
4-dimensional vector space over R having a basis {,1, j,k}
with the following properties

i2= j2=k2:_1
lj=—ji=kki=-ik=]j, jk=-kK=i. (1

From (1) it is clear that H is not commutative and 1 is the
identity element of H . It also H is an associative algebra. For

q=a.l+bi+c.j+dkeH (a,b,c,d eR), we
define the conjugate a of q as a=a.1—b.i —C.j —d.X. For
every g=a.l+bi+c.j+dkeH we have
q.a:(az +b* +¢? +d2). We define the norm N, of the
number

quaternion (to be the

a’+b?+c’+d’. N, =0 ifand only if =0 [4].

nonnegative  real

Definition 5. We may construct a 1:1 correspondence between
H"=HxHx..xH (n-times product) and R*" by
setting (X1 s Xy geees Xup ) e R"and (q] o JUSs ) eH"

are the elements iff

k(1< a <n), so avector

corresponding
0, =X, + X0l + Xopop J + X

2n+a 3n+a

inR*™ or H" may be considered as a vector in the other. By
this correspondence we define the linear mappings Fo,Gy and
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H() of R4n
respectively from right in H" . We have

onto itself as multiplication by 1i,j and k

FO2 = GO2 = HO2 =—1

F,.G, =-G,.F, =H,,

H,.F,=-F,H,=G,,

Go-Hoz_HoGozFo (2)

and callF,G,,H, standard quaternion  structure

. 4n 4n . P
inR™ . R™ can be made into a quaternionic vector space by

defining the multiplication of vectors of R*" by a 0 € H as

follows. For xe R* and
g=a.l+bi+c.j+dkeH define Xq as follow [5].

x(a.l+bi+cj+dk)=
ax+bF x+cG,x+dH x.

Definition 6. An almost quaternion manifold (M,V) is

defined to be a Riemannian manifold M of dimension n,
together with a 3-dimensional bundle V of tensors of type
(1,1) over M, there is a local base {F,G,H} of V such

that

F?=G’=H>=-I
FG=-GF =H,HF
——FH=G,GH =-HG=F 3)

where | is the identity tensor field of type (1,1) in M . We
call {F,G,H} a canonical local base of the bundle V in U

and V an almost quaternion structure on M . If there is a
global base {F,G,H}of the bundle V which satisﬁes(3),

then {F,G, H} is called a canonical global base ofV [3].

Proposition 7. An almost quaternion manifold is of dimension
n=4mi[3].

Proposition 8. In any almost quaternion manifold( M.,V )
g such
that ¢ (¢X ,Y ) +g ( X, oY ) =0 holds for any cross section

@ of V. where X,Y GZ(M)B].

there is a Riemannian metric

Definition 9. Let (M ,V) be an almost quaternion manifold

and g be the Riemannian metric as defined in proposition 3.

The pair (g,V) is called an almost quaternion metric

structure and (M ,g,V) an almost quaternion metric
manifold [3].

Definition 10. If for every (local or global) cross-section ¢ of
the bundle V,D, ¢ is also a (respectively local or global)
cross-section of V , where D is the Riemannian connection
of (M , g,V) and X an arbitrary vector field in M , then

(M,g.v)

manifold and (g V ) a quaternion Kaehlerian structure [3].

(or M) is called a quaternion Kaehlerian

Theorem 11. For an almost quaternion metric

manifold ( M,qg,V ) the following are equivalent :

i) (l\/l ,0,V ) is a quaternion Kaehler manifold

ii) {F,G,H} is a canonical local base of V in a
coordinate neighbourhood U of M | then

D, F = r(X)G —q(X)H
D, G =—r(X)F + p(X)H
Dy H =q(X)F - p(X)G 4)

for any X € ;(( M ) , where P,( and[l are certain local 1-
forms defined in U [3].

Lemma 13. Let (M ,V) be an almost quaternion manifold
with dimM =4m(m=>1). If {F,G,H} is a canonical
local base of V in a coordinate neighbourhood U of M,

then there exists elements X, X,,...,X,, of TM for

m
X eU such that

X5 Xy, X EX L EX G EX,
GX,,GX,,...,GX,,HX ,HX,,...,HX }
is a base of T, M [5].

Definition 13. Let {F,G,H} be a canonical local base of
the bundle V of an almost quaternion metric manifold
(M ,0,V ) in a coordinate neighbourhoodU . Each of F,G

and H is almost Hermitian with respect to g. We define the
local 2-forms @, ¥ and @ in U as follows.

D(X,Y)=g(FX,Y),¥(X,Y)=g(GX,Y),
0(X.Y)=g(HX.Y).
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Now we define the 4-form Q as

Q=0 NO+YN\Y+0 N\ O
and the tensor field /\ of type (2.2) by
N=F®F+G®G+H®H in U [3].
Theorem 14. An almost quaternion metric manifold is a
quaternion Kaehlerian manifold if and only ifVQ=0 or
V A=0[3].

Definition 15. The algebra H “of split quaternions is defined
as the 4-dimensional vector space over R having a basis
{1,i, j,k} with the following properties

i=-1j =k*=1

jj=—ji=kki=—jk=i,ki=—ik=] (5

from (5) it is clear that H' is not commutative and 1 is the

identity element of H It is easy to verify that H' is an
associative algebra. For

g=al+bi+cj+dkeH

(a,b,c,d S R), we define the conjugate a of ( as
g=al-bi-cj-dkeH"

For every (=a.l+bi+cj+dkeH we have

qa =a’+b>—c*—d’*. We define the norm N, and the

inverse q‘l of the quaternion respectively the real number

N, =a’+b*-c¢*—d’ and q"' =i, N, # 0 [1]. Thus
N

q

the space H ' correspondence with semi Euclidean space

E;={g=(ab,c,d):a,b,c.d eR,
9(q.q)=-a’—b*+¢*+d’}
[1].

III. ON THE ALMOST SPLIT QUATERNION KAEHLERIAN
MANIFOLDS CURVATURES

Definition 16. An almost split quaternion Lorenz manifold
(M ,V) is defined to be a semi Riemannian manifold M of

dimension n, together with a 3-dimensional bundleV of
tensors of type (1,1) over M satisfying the following
condition. In any coordinate neighbourhood U of M | there
is local base {F,G,H}of V such that

F2=—I,G>=H>=|
FG =-GF =H,
HF=—FH =G,HG=-GH =F (6)

where | is the identity tensor field of type (1,1) in M . We
call {F,G,H }a canonical local base of the bundleV in U

and V an almost split quaternion structure on M . If there is
a global base {F,G, H}of the bundle V which satisfies (6)

then {F,G, H}is called a canonical global base of V .

Proposition 17. In any almost split quaternion manifold
(M ,V) there is a metric tensor g such that
g (¢X Y ) +9 (X N ) =0 holds for any cross-section ¢
of V- where X,Y € ;((M )

Proof. Let g’ be a Lorentz metric on the manifold M . Define
a tensor field g of degree 2 on M as follows

g(X,Y)zg'(X,Y)+g'(FX,FY)
+g'(GX,GY)+g'(HX,HY)

where {F,G,H} is a canonical local basis of V in a
coordinate neighbourhood U of M and X,Y arbitrary

vector fields on M . g satisfies all the conditions for a Lorentz
metric, because g’ is a Lorentz metric. We now prove that g
satisfies

g(#X,Y)+g(X,4Y)=0

for any cross-section ¢ of V where X,Y € }((M ).Since
{F,G,H}is alocal base for V , any cross-section ¢ of V
may be written uniquely as a linear combination of F,G and

H, soH is sufficient to show

e g(FX,Y)+g(X,FY)=0.
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g(FX.,Y)+g(X,FY)=

g (FX.Y)+g'(F*X,FY)+g'(GFX,GY)

+9 (HFX,HY)+g'(X,FY)+g (FX,FY)
+9'(FX,F?Y )+ (GX,GFY)+g (HX,HFY)
g(FX.Y)+g(X,FY)=g'(FX.Y)
-g'(X,FY)-g'(HX,GY)

+9'(GX,HY)+g (X,FY)-g (FX,Y)
~g'(GX,HY)+g (HX,GY)
g(FX.,Y)+g(X,FY)=0

Definition 18. Let(M,V ) be an almost manifold and g be

the metric tensor as defined in proposition 8. The pair (V , g)
is called an almost split quaternion metric structure and
( M,qg,V ) an almost split quaternion metric manifold.

Definition 19. If for every (local or global) cross-section ¢ of
the bundle V , D, @ is also a cross-section of V ,where D

is the semi-Riemannian connection of ( M, g,V) and X an

arbitrary vector field in M , then ((|\/| , g,V) (orM ) is

called a almost split quaternion Kaehlerian structure.
Theorem 20. For an almost split quaternion metric
manifold( M,q,V ) the following statements are equivalent

i) (M ,0,V ) is a split quaternion Kaehler manifold

ii) {F,G,H} is a canonical local base ofV in a coordinate
neighbourhood U of M , then

D,F =r(X)G+q(X)H

D,G=r(X)F + p(X)H

Dy H =q(X)F - p(X)G (7
for any X EZ(M),Where P,q and I are certain local 1-

forms defined inU .

Proof. (i)=(ii) Let (M ,0.V ) be a split quaternion
Kacehlerian manifold and {F,G, H } be a canonical local base
of V in a coordinate neighbourhood U of M , then

D,F=a,F+a,G+a,H
D,G=a,F+a,G+a,H
D,H =4, F +a,,G+a,,H )

for some local 1-forms 8; (i, j= 1,2,3) defined in U . But

D, G can be written as
DX(HF)z(DXH)F+H(DXF)
)
a,,F +a,,G +a,H =(D,H)F +H (D,F)
:(a31_a13)+a12|:
+(a,, +2a,,)G —a,,H
and we obtain &;, =a,5,8,, = a,,,8;, =0 and@,, = —a,,.
So the system (8) reduces to the form
D,F=a,F+a,G+a,H
D,G=a,F+a,G+a,H
D,H =a, F-a,G.
Using
DyH =D, (FG)=(DyF)G+F(D,G)
we see that
a, F —a,G =(D,F)G+F(D,G)
a,F-a,G=a,+a,F-a,G+a,H

we obtain a&,, =0 so

D,F=a,G+a,H
D,G=a,F +a,,H
D,H=4a,F-a,G

and finally letting
P(X)=2a,;,q(X) =a;,r(X)=a,
we reach the system (7).

(ii)=(i) Suppose (ii) holds and let ¢ =aF +bG +CH is a
cross section of bundle V where ab,c are locally defined
functions on U , then
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D, ¢ =D, (aF +bG +cH)
= X (a)F +aD,F + X (b)G +bD, G
+X(c)H +cD, H
=(X(a)+br(X)+cq(X))F
+(ar(X)+ X (h)-cp(X))G
+(aq(X)+bp(X)+ X (c))H

which shows that D, @ ¢ is also a cross section of V' .

Lemma 21. Let (I\/l ,g,V) be an almost split quaternion

Kaehler manifold. Let {F,G,H }be a base of V and semi-
Riemannian curvature tensor R. Then for arbitrarily

XY e;((M)
(R(X,Y)F)=C(X,Y)G+B(X,Y)H
=R(X,Y)F-FR(X.,Y)

=[R(X,Y),F] 9)
(R(X.Y)G)=C(X.Y)F+A(X,Y)H

=[R(X.Y).G] (10
(R(X.Y)H)=B(X,Y)F-A(X.Y)G

=[R(X.,Y),H] (11)

where

A=dp+qar,B=dg-rap,C=dr-paaq.

Proof. Firstly, we proof of the first equation for any
Ze )((M ):

(R(X,Y)F)(Z)=(DxD,F ~D,D,F - Dy ,,F)(2)
using (ii) of Theorem 20

(R(X,Y)F)(Z)={Dy (r(")G+q(Y)H)
—D, (r(X)G+q(X)H)
—r([XY])G-a([X.Y])H}KZ)
={D, (r(Y)G)+ D, (q(Y)H)

-D, (r(X)G)-D, (a(X)H)
—r[X.Y]G+q([X.Y])H}(Z)

= {X(r(Y))G+r(Y)(r(X)F
+p(X)H)+ Xq(Y)H
+q(Y)(a(X)F = p(X)G)

=Y (r(X))G+r(X)(r(Y)F + p(Y)H)
=Y (q(X))H —a(X)(a(Y)F - p(Y)G)
—r([X.Y])G—-q([X.Y])H(Z)
={X(r(")) =Y (r(X))-r([X.Y])
—(P(X)Ha(Y)-a(X)p(Y))(GZ)
+X(a(Y)) =Y (ax))

—(r(X) p(Y)—r(Y)p(X)H(HZ)

where

dr(X,Y)=X(r(Y)-Y(r(X)-r([X.Y])
dg(X,Y) =X (a(")-Y@X)-q([X,Y])

then

(R(X,Y)F)(2Z)=(dr(X,Y)-(pAq)(X,Y))GZ
+(da(X,Y)=(r A p)(X,Y))HZ so
=C(X,Y)GZ +B(X,Y)HZ

we obtain

(R(X,Y)F)=C(X,Y)G+B(X,Y)H.

Now, we show that the following equality is valid.

(R(X,Y)F)=R(X,Y)F = F(R(X,Y)H
=[R(X,Y),F]

for any Z E;((M)
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R(X,Y)(FZ)=D,D, (FZ)
~D, Dy (FZ)- Dy, ,(FZ)

=Dy ((DYF)Z+F(DYZ))
D, ((D,F)Z+F(D,2))
—(D[X’Y]F)Z—FD[X,Y]Z
=D, (D,F)Z +(D,F)(D,Z
+(DyF)(D,Z)+FDy (D,Z)

D,Z

-Dy (DxF)Z -(DF)(D,Z)
—~(D,F)(DxZ)-FD,D,Z
(

D
~(DixyjF)Z-FDy 2
- D, (D,F)Z-D, (D,F)Z
~(Bp F)2

+F(DyD,2-D,D,Z- D, Z) .

«Z)

=(R(X.Y)F)Z+F(R(X,Y)Z)

(R(X.Y)F)(Z)=R(X.Y)(FZ)-F(R(X,Y)Z)

then we have

(R(X,Y)F)=R(X,Y)F = FR(X,Y) =[R(X,Y),F]

Similarly, we can show (10) and (11) are also true.

Lemma 22. Let (M ,g,V) be an almost split quaternion

Kaehlerian manifold. Let {F,G,H}be a base of V and

semi-Riemannian curvature tensor R . Then for arbitrarily

x,Y,Z e;((M)

g(R(X,Y)FZ,FW)—g(R(X,Y)Z,W):
—C(X,Y)g(Z,HW)—B(X,Y)g(Z,GW) (12)
g(R(X,Y)GZ,GW)-g(R(X,Y)Z,W)=
—C(X,Y)g(Z,HW)—A(X,Y)g(Z,FW)  (13)
g(R(X,Y)HZ,HW)—g(R(X,Y)Z,W):
B(X,Y)g(Z,GW)—A(X,Y)g(Z,FW) (14)

Proof. Since Lemma 9, we have

(R(X,Y)FZ)=(R(X,Y)F)(Z)+FR(X,Y)Z)

then we obtain

g(R(X.Y)FZ,FW)- g(R(x Y)zw)
[ (R(X.Y)F)Z+F(R(X.Y)Z)](Fw
-g(R(X.,Y)Z,wW)
=g((R(X.Y)F)zZ,Fw)
=g((C(X,Y)G+B(X.Y)H)Z,Fw)
=—C(X,Y)g(Z,HW)-B(X,Y)g(Z,GW)

and similar calculations we can obtain the other two equations
(13) and (14).

Lemma 23. Let (M .9,V )be a split quaternion Kaehler
manifold of dimension 4m with canonical local base
{F,G, H} of V. Let R be the semi-Riemannian curvature

tensor of M such that {ei } ,1<i<4mbe an orthonormal

base of M forany X,Y e;((l\/l)
A(X,Y)_ Zgg( (X.Y)e,Fe) (15
B(X,Y)— Zgg( (X,Y)e.Ge) (16)

C(X,Y)— ng( (X,Y)e.He) (17

Proof. Substituting Z =¢€,,W = Fe, into the equation (13)

of Lemma 22, we get
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g(R(X.Y)Ge,GFe )-g(R(X.Y)e,.Fe )= fsig(R(X,ei)Fei,Y)=i4Zmei
~A(X.Y)g(e.F’g)-C(X.Y)g (e, HFe,) 25

(R(X,&)Fe,.Y)—g(R(X,Fe )e,,Y
g(R(X.Y)Ge,~He; )-g(R(X.Y)e; Fe,) [9(R(X.&)Fe.Y)-g(R(X,Fe)e.Y)

= A(X.Y)g(e.€)-C(X.Y)g(e,Ge) =—Z“’ (R(X.&)Fe,Y)
—9(HR(X.Y)Ge,.&)-g(R(X.Y)e, Fe,) +g(R(Fe;, X)g,,Y)]
= A(X,Y)g.4m-g(R(X,Y)e,HGe) 2—25 (R(Fe, &) X.Y)
_g(R(X,Y)ei,Fei)
= A(X,Y)e.4m =—Zgg R(X.Y)Fe,e)
~g(R(X.Y)e,Fe)-g(R(X.Y)e,Fe) =—n|1/lx(x,Y).
= A(X,Y)s,.4m
Hence, we have
. . 4m
which gives L —mA(X,FY)=> &g (R(X.e)Fe,FY).
_ = i=1
AX,Y) = 2 ;gig(R(x’Y)e“ Fei)‘ Similarly, we have

By use similar calculations we can also prove (16) and (17). MB(X,GY) = % £ (R(X . )Gei GY)
i=1

Lemma 24. Let (M ,0,V )be a split quaternion Kaehler l

manifold of dimension 4m with canonical local

4m
basis { F,G,H } of V. Let S be the semi-Riemannian Ricci MACX, HY) = ;gig (R(X & ) He,, HY)

curvature tensor of M . Then forany X,Y € y ( M ) . b
We denote by the Ricci tensor

S(X,Y)=-mA(X,FY)+B(X,GY) S(X,Y):4Zm:gig(R(ei,Y)Z,ei).
~C(X,HY) (18)
Substituting Y =Z =€,and W =Y into the equation (12) of
S(X,Y)=A(X,FY)-mB(X,GY) Lemma 22 we get
+C(X,HY) 19)  9(R(X.e)Fe,FY)-g(R(X,&)e.Y)
S(X,Y)=A(X,FY)-B(X,GY) =-B(X,e)9(e,,GY)+C(X,e)g(e, HY)
~-mC(X,HY) (20)  —mA(X,FY)=S(X,Y)

=-B(X,GY)+C(X,HY)
and ifm > 1, then

) S(X,Y)=—-mA(X,FY)+B(X,GY)-C(X,HY).
S(X,Y)= —E( B ( X,GY ) +C(X, HY)) (21)  With similar calculations we can obtain (19), (20) and (21).

Lemma 25. With the same assumptions and notations of
Proof. From the equation (15) of Lemma 23 and the Bianchi's  Lemma 12, we have

Ist identity
dA+rAB-gqAC=0 (22)
dB+pAC-raAA=0 (23)
dC+pAB-gAA=0 (24).

Proof. From Lemma 9, we get
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A=dp+qAar
B=dg-rap
C=dr—pnag

or
dA=d’p+dgar+qgadr=dgar+qadr.

So we have
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