International Journal of Architectural, Civil and Construction Sciences
ISSN: 2415-1734
Vol:1, No:1, 2007

Contact Problem for an Elastic Layered
Composite Resting on Rigid Flat Supports

T. S. Ozsahin, V. Kahya, A. Birinci and A. O. Cakiroglu

Abstract—In this study, the contact problem of a layered
composite which consists of two materials with different elastic
constants and heights resting on two rigid flat supports with sharp
edges is considered. The effect of gravity is neglected. While friction
between the layers is taken into account, it is assumed that there is no
friction between the supports and the layered composite so that only
compressive tractions can be transmitted across the interface. The
layered composite is subjected to a uniform clamping pressure over a
finite portion of its top surface. The problem is reduced to a singular
integral equation in which the contact pressure is the unknown
function. The singular integral equation is evaluated numerically and
the results for various dimensionless quantities are presented in
graphical forms.

Keywords—~Frictionless contact, Layered composite, Singular
integral equation, The theory of elasticity.

I. INTRODUCTION

N engineering mechanics, the contact problems have

different applications to a variety of structures of practical

interest. Foundations, roads, railways, airfield pavements,
rolling mills, ball and roller bearings are some application
areas of the contact problems. Although developments in the
contact problems did not appear in the literature until the
beginning of this century, the studies are accelerated recently
because of improvements in computer technology.

In previous studies, the elastic layer resting on an elastic
half space or rigid foundation is considered. In these studies,
the layer is subjected to uniform or concentrated loading
conditions [1, 2]. The examples for the contact problems in
which the load is transmitted to the elastic layer by the rigid
stamp can be found in [3, 4] . While the effect of gravity in all
these studies is taken into account, it is neglected in [5]. In [6],
the load is transmitted to the layer by means of an elastic
stamp instead of a rigid one. The examples for the works in
which the elastic layer is resting on rigid supports can be
found in [7, 8].
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In this study, the contact problem of the two elastic layers
with different constant heights %; and 4, resting on rigid flat
supports is solved according to the theory of elasticity. The
layered medium is subjected to a uniform clamping pressure
over a portion of width 2a on its top surface as seen in Fig. 1.
In solution, the effect of gravity is neglected. The friction
between the layers is taken into account. However, it is
assumed that there is no friction between the supports and the
layered composite so that only compressive traction can be
transmitted across the interface.
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Fig. 1 Layered composite resting on rigid flat supports subjected to
uniform clamping pressure

Il. FORMULATION OF THE PROBLEM

The Navier equations to be used in the solution of two-
dimensional contact problem may be expressed as follows.

a ,ou, o

Viu, + (A, + p)—(—=-+—-)=0, la

H, u'(’ﬂ’)ﬁx(ﬁx OAy) (1a)
o ou, oy,

uNVY A (A + ) (S-+ =) =0, (1b)
@y &

where subscript i=1,2 indicates the layer number.

In these expressions, A, and g, are the Lame constant and
the shear modulus, u, and v, are the displacement
components in x and y-—directions, respectively. The
problem is symmetrical according to the y—axis and the
following conditions must also be satisfied.

w(xy)=-u(=xy), vxy)=vxy.

Due to symmetry, it is enough to consider the problem in
the region 0<x<oo. Displacements of each layer may be
expressed as the Fourier sine and Fourier cosine transforms of
the unknown functions ¢,(«,y) and ¥,(a,y) as

u (x, ) =§f¢, (. y)sin(@)da, =12, (3a)
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v (x, y):gf ¥ (@, y)cos(@)da, i=1,2.  (3b)
T 0

Substituting (3) into (1) and solving the resulting ordinary
differential equation system, one may obtain the unknown
functions ¢,(e,y) and ¥, (e, y) . Using these solutions into

(3), the displacements u, and v, for each layer can be
determined as

u (x, ) = % [[(4.+ By +(C + Dy)e” bin(ex) dar, (@)

v =2 {A + (ﬁ - y]Bi }
Ty a
+ {— C + [ﬂ - y]D‘ }e’” } cos(ax)de,
a

(®)

where x,,i=12 is an elastic constant and «, =(3—4v,) for
plane strain, x, =(3-v,)/1+v,) for plane stress. v, is the
Poisson’ s ratio. o, o, and r , stress components may be
expressed in terms of », and v, as follows.

o, =(4 +2yl)ﬁ+/ll i i=1, 2, (6)
& &
o, =0 +2u) 2w 2, 2 et 2, ™
= ﬂi(@Jr@), i=1,2. (8)
, 3 a

Substituting (4) and (5) into equations from (6) to (8), the
stress expressions for each layer may readily be obtained as
follows.

YT 3-
O (xv y) _ij‘{|:a(‘41 + ny) —TK'B’.:|€®
0

v
3—-«k ay
-{a(CI +Dy)+ B Dl}e }cos(ax)da,

9)
Ay, ¢ 1+, —ay
o, (x,y)=%'!.{—[a(Ai+Biy)+ 5 i B:}e :
+{— a(C, +D.y)+ ! +2K‘ D, } ew} cos(ax)de,
(10)
4y | K -1 ay
7, (%) _7.0[{— {a(A,. +B )= B‘]e "

=1 ay| .
-{a(Ci + Diy)_,(’TD‘ }e }sm(ax)da,

where 4,, B,, C, and D,, i=1,2 are the unknown constants

which are determined from the following boundary
conditions.
—0< X<,

(123)
(12b)

7,,(x,h)=0,

Uyl(x:h):_p(,, —a<x<a,

u,(x,h)=u,(x,h,), -w0<x<o0, (12c)
v,(x, k) =v,(x,h), —o<x<oo, (12d)
o,(xh)=0,(xh), -o<x<o, (12e)
t,(h)=1,(xh,), -0o<x<owo, (12f)
T (x,00=0, —ow<x<omo, (129)
0,x0)=-q(x), b<x<c, (12h)
D0 o peree. (13)

&

where g(x) in (12h) is the unknown contact pressure.

Applying the boundary conditions (12) to the displacement
and the stress expressions given in (4), (5) and (9) to (11), one
may obtain the coefficients 4,, B,, C, and D,, i=1,2 in
terms of the unknown contact pressure ¢(x). These
coefficients are given in Appendix.

3. THE SINGULAR INTEGRAL EQUATION

The unknown contact pressure ¢(x) is determined by

making use of the remaining boundary condition (13). If
constants 4,, B,, C, and D, are substituted into (5), after

some routine manipulations, one may obtain the following
singular integral equation.

T 1 1
|-

b

2
k(x, t)}q(t)dt
1+x,) )

M, 2
=P, — I(x)
P u +x,)

where k(x,t) and [(x) are given in the Appendix. The
equilibrium condition for the problem may be written as

Iq(t)dt =ap, .

The kernel, k(x,#) of the singular integral equation is

bounded in closed interval b<x<c.
To simplify the numerical analysis of the integral equation,
the following dimensionless quantities can be introduced.

(15)

c—b c+b c—b c+b
a=zIlh, x= r+ , b= s+ ,
2 2 2
l(c;br+c-£b) q(C;bs+c;b)
Lr)=——"F—, gls)=—"——"",
0 pO
c—b c+b c-b c+b
k(r,s)=k + , + . 16
(r,s)=k( Sy Tt St ) (16)

Substituting the dimensionless quantities given in (16) into
(14) and (15), these equations may be written as follows.

j 1 1
s—r (s+r)+2(c+b)l(c-b)

-1

(c-b) 1 My .
Qe ) O = ey )

-1<r<1, (17)

+
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jg(s)ds = CZT”b . (18)

The function g(s) has singularities at s =+1 and thus the
index of the integral equation is +1 [10]. Assuming the
solution of integral equation as

g(s)=G(s)/v1-s?, (-1l<s<1]), (19)
and using the appropriate Gauss-Chebyshev integration
formula [11], (17) and (18) may then be replaced by

iW 1 1
= s, -1 (s, +7r)+2(c+b)/(c—b)

i

.t,.M;k(r.,S,) G(S,):_&LL(V )’
h (Q+x,) u Q+x,)
j=1,...,n-1, (20)
SwG(s) ==L, @1)
i=1 c—b
where
Wo=W, =—"—0y W=""0 i=2..nI,
2n—2 n-1
5
s, = COS| |, i=I...n,
n-1
2j—
r, =C0§ |, Jj=1,..., n-1 (22)
2n—

Equations (20) and (21) constitute » linear algebraic
equations for n unknowns, G(s,), i=1,....,n. Solution of these

algebraic equations and use of (19) yield the unknown contact
pressure, g(x). Once the contact stress is obtained, the stress

components at any point in the medium may be found easily
by making use of (9) to (11).

4. RESULTS

Results for normalised contact pressure g(x)/ p, are shown

in Figs. 2 to 5.

Fig. 2 shows the normalised contact pressure distribution
with variation of load width. It should be mentioned that the
calculated contact pressure distribution was found to depend
essentially on «/h only, that is, the normalized contact
pressure g(x)/ p, independent of the magnitude of the applied

load. As expected, the contact pressure has singularities at the
corners of the supports. The normalised contact pressure
decreases with decreasing of a/h. As alh increases, the
normalised contact pressure has more great values at where
close to outer edge with respect to ones at where close to inner
edge of the rigid stamp.

In Fig. 3, the normalised contact pressure distribution with
variation of support width is given. As support width
increases, it is observed that the normalised contact pressure
decreases at where close to the outer edge of the rigid stamp.
Also, as c¢/h increases, the normalised contact pressure gets
smaller. Therefore, it shows the possibility of separation
between the rigid stamp and layered composite.

As seen in Fig. 4, the normalised contact pressure decreases
at where close to inner edge whereas increases at where close
to outer edge of the rigid stamp with decreasing of 4, /4 .

As u,lp, increases, the normalised contact pressure

increases interior region of the rigid stamp while decreases in
the region close to corners as seen in Fig. 5.
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Fig. 2 The normalised contact pressure distribution with variation of
load width (h/h=0.2, 11,/1;=6.48, b/h=0.1, c/h=0.5)
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Fig. 3 The normalised contact pressure distribution with variation of
support width (h,/h=0.2, 11/11;=6.48, b/h=0.1, a/h=1I)

Results for o (0,y)/ p, dimensionless stress are shown in

Figs. 6 to 8.

In Fig. 6, it can be seen that the layer 2 has tensile stress
distribution along the y-axis, although very small compressive
stresses appear at the upper surface for small values of a/h .
In the layer 1, compressive stress distribution is examined. On
the contrary, stresses are tensile in the layer 1 and compressive
in the layer 2 for larger values of a/h, although small
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compressive stresses appear close to the lower surface. For
small values of a/#h, the layered composite behaves like a

simply supported beam whereas it behaves like an
overhanging beam for larger values of a/# .
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Fig. 4 The normalised contact pressure distribution with variation of
h, | h (uy/1=6.48, b/h=0.1, c/h=0.5, a/h=0.1)
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Fig. 5 The normalised contact pressure distribution with variation of
elastic constants (1,/h=0.2, b/h=0.5, c/h=1, a/h=1.5)

Variation of o (0,y)/ p, dimensionless stress distribution

with elastic constants is shown in Fig. 7. In the layer 2, for
every g,/ ratio, tensile stress distribution is observed. As

w1, | p, increases, the values of the tensile stresses increase at
the lower surface of the layer 2. In the layer 1, both tensile and
compressive stresses are determined. As g, /g, ratio

decreases, the region where the tensile stresses appear
becomes closer to the middle of the layer 1.

As the support width increases, the values of dimensionless
stress o, (0,y)/ p, increase as seen in Fig. 8. Although only

compressive stresses are determined in the layer 1, both
tensile and compressive stresses are observed in the layer 2.
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Fig. 6 The axial stress distribution o (0, y)/ p, with variation of
load width (4,/h=0.2, 11,/1;=6.48, b/h=1.0, c/h=1.5)
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Fig. 7 The axial stress distribution o (0, y)/ p, with variation of
elastic constants (h,/h=0.2, b/h=1.5, ¢/h=2, a/h=1)
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APPENDIX

Here, we gave the coefficients 4,, B,, C, and D,, i=1,2
determined from the boundary conditions and the functions
k(x,t) and I(x) seen in (14).

A=x(ejzo(3 - 40Czg)) + (e); + €x)(zyx x5 + X4x5)

+e(2z5(1 + kaxy - mxz) + K520+ mALh((-h + 4hy)
+m(h-2hy) )+ 2K((1 + z19) + kym(1 + .5z9))

+ 216(.5z2;5 + 1g(-1 + 22212)

+ (e + er)((1 - 40Cz9)x 252~ x3x5)(1 + €3)x3(-xy)

(A1)

+ (es+ e;)xxs

OAT1=(-(.5(P(es(xx3(z4 + zoz4- 21K7) - X4X5(24 + K7))

+ es(xizo(zsky T 2(1 + ahozs) + 2o+ Kim (-2 + Km))
+ zm(zo1 - &) - Kk°xg) + (1 - 2227)(1 + K5°)

+ z5(ki(1 + 1°) + 2im(-1 + K5 + m))

+m2K(l - kx+ Kym) + 2z5(z7x, + ahkixg)))

+ (et ep3)(xox4z5(z2 + k) - X3X5)

+ (24 K))(esxsxy- €146x5)) + T(xo(X2(z2(-Kim)(€2- Z11€10)
+ m(-exzozs + (z5+ 4 h(h - hy + zx(h - hy))esy)

+m(ki- K)(ex+ en2ah) + (mza(xgm(l - k) + (-1 + k7))
+ xs(Kkiko- 1)) + eym(zzii (1 + kymxg) + xo((1 + z15) 5

+ (1 + 2ahzi)m + 2athozecm - h(l - kiK5) + (1 - K)zp
- ki1 + Kkzy) + ejp(xskimxs)))))/A (A2)

BI=(-(P(es(m(z:((2 - m) + Kkixg) + z7(-1 + K3+ m))

+ (1 +z)((1 + Koxy- mxy) + zox;) - egxns

+xo(erxs t (enn+ egs) (1 + z12)xy) + es(z1xx3 + x4x5))

+ T(xomxgs(ep2of-h - hyzyy) + exzs) + eym(-z3(1 + K;mxq)

- zpp(m + Koxy)) -m(xgle s + xy) + e124K3))))/A (A3)

aCl=((.5(P(es(x;(2zo(-1 + athsz;y) + (211 - 20211) K1)

+ (-1 + zyz)(1 - Kxs) - Ky (Kxy + m’)

- ZQZ4m(2)C2 + (1 - K'g)) - X5(2(] + .529)1(1m - ZgK'g)

+ ZK,m(-ahgqug - (1 + .521()) - (Zth))

+ ep(xsxxzy + zoz7 + 21K - XX4(27- K1)

+ (ers + e)(xxxy(z2z)) - z11K1) + X3x5) + egs(-X2Xs5(z7 - K1)
+ es(xuxs3(z7 - k1)) + T(mxg(xa((eo(-1 - 215 + 22 - 21025)
+epzze) t(Kizaleszs - e17) + (ki - K)(2ahey - e;7)
+x6m(—K1x5eg + (I - K]KZ)(-ZahEI + e;))

+em((-1 - 2ahzi)(m + Koxy) - Kol +z15)

+ zy(-z7kmxs - 2ah) + Ki(xxs + zx(x3 + K2X5))

+ eszm((l - kymxs +(-1 + k5°))/A (A4)

DI=(-(P(z;(es(1 + Koxy- mxy) + (e;5+ e7)x:xy)

+ eja(-zXx3- X4xs5) T eg(zozy X + m(-z4(X- k) + 22((2 - m)
+ Kixg))) - e6x2xs5 + esxaxy) + T(xymxs(e; z
+ eg2a(-h - hyzs)) + e;(m(-zg(1 + Kymxg)

- 27K2- Zpp(Koxg + m))) + mxglesxy + egxs)))/A (AS)

aA2=(~(.5(P(es(z:(1 + Kixy) + zpp(kx, + m)

+m(x(kiio- 1) + 2ahky) + er(xr(x2(z11- 22211K) - KoXs))
+ 612()67(2225)(2- Z1Ko - m(z5l(2 + K']))) + 65(1(2(25(1(2)67 + m)
- 25(1 + K5x3) - z7Km) + x7x3)) + T(e (x1(8 hy(h;
(-l - hy' + 2hoh + zz16) + (-] + z3- 245~ 29+ 229
+8ahyzi9)K) + z3(ka + Kim (2K + Km(-1 + K3)))

+ (1 + z15)(1° + m2io+ m) + (m(zp(-1 + K7x7)

- 2a(h + hyxy) + (2219 (K5 + m(xz-m + Kok - 1))

+ 2ok + Km(-2K; + Kym))) + zx(-2 + m(2 - m)))

+ K- 2055m) + epof 1 - 4zl (1 - k) (- i)

+m(l + K57) - 21om) + (1 - K)(K- k/°m?)

+ K‘1m(—1 + 2K2- KZZ))) + (eg + 617)(-23)(2(7(2)@ + ZZX3)

+xgxs) + (1 - K)(epxx5- x4x3))))/A (A6)

B2=(P(zs(ejpxxx; + es(koxy + m)) + xs(er(-z2z11%2- Xs5) + esx3)

+ es(-z(1 + xpx3) - z7im) + T(xa(-zsx3(e2 + e;7)
+ep(-1-40215) x4-epixs) + x3(epxs + x,)

+ey(x)(-zg+ 2z19- 8 hozg+ (-1 - zj5+ 23)) + z3(1 + Kymx3)
+ zpp(m(1 + Kox7)) + z4xm)))/A (A7)

aC2=(.5(P(xs(xx(-e12z5(1 + K325) + er(z:z; - K2212) + e2kxs

+ em(i; - K3) + es(za(xr + m(-1 + k%)
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+x7(z1262 + m(z7- KiKy)) + es(-zio(Koxy + m)

- 2oko(1 + Kix3) - x7x5- zgkyiom)) + T(ei(x1(8C ho(-hs

+a(-h’ - hy’ + 2hy(h + azg) + ro(1 +z+ zp5+ 29

+ 8Chy(-h - azg) + z(Kr + m(-1 + K°K)

+ km((-1 - zzg)(kim - 213) + 20(-h - hy)

+ 2(1((-1 + zi) (k2 + m(1 - k1)) + 2 Ko~ - )

+ zo(-xs+ 20hm(-1 - K1+ m)) + m(.5z;5(k5°x7- 1)

+.5z215(-21- m)) + eo((1 - 40Czg)((12- 1)(12- m’)

+m(-1 + 102 - k) + (xs3(x” + Kgm) - K(km(xm + 2)

+ 1)) + (ex+ er)(x2x3z6(22- 1) - X5%y)

+ (1 - K)(-epxsxs + esx4x3))))/A
D2=(-(P(x;(xs(esz;; + e;z:25) - ejxs + esxs)

+ eg(zyrm + zp(m + Koxz) + zo(1 + Kix3)))

+ T(xs(zs(er7 + €x)x3- exs) + esxxs + en(-zo(2x2 + 1mx;s

+m’) - zpp(m(1 + Kix7) - z7km) + eo (-1 + 4o zg)x

(A8)

+ x3x5) + 61((—215— Zg+ 2210 + 8&3}1223))61))))/4‘ (Ag)
where
e, — g (2ah) , €, :e(iahz) , e, :e("‘ah)l e, :e(-‘lfiﬂz) , e, — gl :
e, = e(—3ah)’ e, = e(-3ah+211h2), e, = e(-Aah+2n/r|2) e, = e(-zﬂ’h-zﬂhz)l
2ah+2ah, _ . (4ah+4ch, _ (-ah-2ah,
em:e( ), eﬂ_e(A 4 ), eu_e( )l
__ (-ah+2ah,) _ . (-3ah+4ah,) _ 4 (-3ah-2ah,)
e13_e 1 elA_e ’ elS_e '
g, =M g =gl (A10)

z21=(-1-4’hy),  z=2ah, z;=(-1+2ah;), z,/~(-1+2ah),
zs=(-1+2a(-h+hy)), zs=(1+2ah,), z,=(1+2ah),
zg=(-W’+hy(2h-h;)), zo=4c’h;’, zy=4cChh,,
21 =(-1+2a(h-hy)), z;,=2a(h-hy), z;3=(1+2c’h(h-2hy)),
21=20Ch, z;s=4dh’, zi5=(h"+h(h-2h))  (A1l)
x=(1+m(-2+m)), x,=(1-m), x;=(I+xym), x,=(xrtm),

xs=(kim-12), xs=(1+kr), x;=(1+k)) (A12)
C
m=p/p;, T=-(1/21) [ q(t)cos(at)dt.
b
P=-pypsin(aa)/2,a (Al13)

©

k(x,t)=-[ ((em(l(g(x;((-l - 4&2216))64) +X3)C5) - .5(1(1(—1 + 2/('2

- k)m + (1 - K)(ko- ki°m’) + (I - 40lzg)(-2Kkom

+ (1 + &)m + (1 - K)(k:- m?))))

+ (-12- . 5(1 - K))(-x2x5(-ep1 + ey) + x3(e3xy

+ (e + €5)222x5) + eo(-Ko((-1 + 4 zg)xx, + x3x5)

- 50007+ igm) - (] + km2 + gm))

+(1-4z)((-] + (2 - K)xIm + (-] + K)(k2-m")) )

+ei(-x(-80Chyzis + Ko(zo1 + 4clz1) - 400 (W + 223214)))

+ z3(1o(1 + Kymx3) - S(i0 + km(H210 + K(-1 + Ko)m)))

+ (Ko 262+ m(m + Kpxy) - S(ko+ (-] + K i)m’))

+ ((2ah + zo)xm - zpp(-1 + X757 )m + 2x(z15(1 + x7K)m

+ 2ahiim)) + 1o((-1 - 25+ z2)x)) - S((Kae(K2- 2Km)

+ (1 +zi3) (K + m2ie+ m) + 2a(hy(-2 + (2 - m)m)

+22h(-k7 + (7 + (1 + K)Ka- mIm) + ho(i’

+ km(-21x+ km))) + (kim((-1 - 2:20) (-2 k> + Kym))

+ ((z15(-2K3-m))m + 2z5(-1 + m + 2ahm(-x; + m))

T Ko(-(zis T z9)kr + 2(-1 + z1) (ko + (1 - KYm))))))

+ . Sxpxxe)/delta + Sxq) [sino(t + x) - sina(t - x) ] do
(A14)

o

l(x)=j a((xs(er(x2(z11(-K2- . 52¢) + Koa((1 - z12)h;
0

- (-h + hy)) + . 5(-xsks- (K1 - K)m)) + epa(x2z5(-Koz3- othy)
+.5 (zs(rom + (1 + z6)x5) + (Kim + (x5 + 212)))
+x3(.5 + Ko)(es- es) + . S(es(-(zaxr + (-1 + ))m)
+x7(z12Kk2 + (27- Kikz)m)) + Ka(zs(x7kz + m)

- 2o(1 + Kyx3) - z7k5m) + eg(-zo(1 + Kx3)Xs

- (m2ahi; + x;(-1 + K1) + (Z4(K162m))

+ (x762+ m)(Kz - 212%4))))/delta)

. [cosafa - x) - cosaa + x)]da (A15)
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