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Completion Number of a Graph

Sudhakar G

Abstract—In this paper a new concept of partial complement
of a graph G is introduced and using the same a new graph
parameter, called completion number of a graph G, denoted
by ¢(G) is defined. Some basic properties of graph parameter,
completion number, are studied and upperbounds for completion
number of classes of graphs are obtained , the paper includes
the characterization also.

Index Terms—Completion Number,Maximum Independent
subset, Partial complements, Partial self complementary.

I. INTRODUCTION

He graph operation of complementation in a graph G

keeps the vertex set V(G) unchanged and acts on the
edge set £(G). This operation can be viewed in many different
directions and each such attempt results in introducing new
complements. It is always quite interesting to investigate when
the original graphs appears back after applying the operation of
complementation. Such graphs are called Self complementary
graphs. A lot of literature is available on self complementary
graphs [1],[3],[4]and the problem of finding algorithm to test
whether a given graph is self complementary is as hard as the
graph isomorphism problem[2].

With these problems in mind, this paper introduce a new
concept of partial complement of a graph and using it a
new graph parameter called completion number of a graph is
defined in section II. An upper bound for completion number
of some standard classes of graphs are discussed in section
III. Some results on completion number of graphs are shown
in section V. Finally, conclusion are drawn in section V.

II. DEFINITIONS

Let G = (V,E) be a graph and V(G) for two vertices
u and v in V; remove the edge between them if it exists and
add the edge between them if it does not exist. The graph thus
obtained, denoted by C'V;(G), is called a partial complement
of G with respect to subset V; of V. G is said to be partial
self complementary (P.S.C) if there exists a subsets of V; of
V such that CV4(G) = G

We consider a sequence of partial complements,denoted
by {CV;(G;-1)} where V; is a maximum independent set of
V(Gifl) with GU =G and CV;(G,,1 = GL), for 4 > 1. The
above sequence terminates at the k'" step when Gj = K.
This k is called the completion number of G. The formal
defination is given below.

Definition .1. Let G be a (p,q) graph with vertex set V(G)
and edge set E(G). Let Vi(G;—1) C V(G;—1) where Gy = G
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and G; = Cv;(G;_1), the partial complement of G;_1 with
respect to maximum independent subset v;(G;_1) of V(G;_1)
for i > 1. The least positive integer k for which the sequence
{Cv;(G;—1)}i>1 terminates with a complete graph is called
the completion number of G, denoted by C(G). In the first of
the following two examples the sequence {CV;(G;_1)} with
Vi(G;—1) for the graph C; are shown and hence C(C5) is
concluded to be equal to 5. In the second example it is shown
that completion number of petersen graph is five by exhibiting
Vi(G;i—1) at each step.
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Fig. 1. Thus e(Cs) < 5 and as all independent sets induce K2,e(Cs) =5
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Fig. 2. Thus e(PetersenGraph) < 5 and as choice of every independent
set is optimal e(Petersen Graph)=5

Note 1. From the above examples it follows that two non
isomorphic graphs can have the same completion number.

This paper has two parts. In the first part upperbound for
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completion number of some standard classes of graphs like
cycles, paths, wheels, bipartite graphs, and unicyclic graphs of
the form C,, -K5 are obtained and in the second part we derive
some results pertaining to completion number of a graph are
obtained. In the same section a characterization theorem for
graphs with completion number £ for every k& > 0 is derived.
For the notation and terminology undefined, we refer to [5].

III. UPPER BOUND FOR COMPLETION NUMBER OF SOME
STANDARD CLASSES OF GRAPHS

A. Bipartite Graphs

Let G be a (p,q) bipartite graph with bipartition {V7, V,}
with |v1] = P; and |va| = Po. If G is connected then
completion number of G,C(G), satisfies the relation C'(G) <
2+ Py P, — q. Thus it follows that,

Completion number of the even cycle Cy,, < 2+ n?—2n=
n? —2n+2.

Completion number of the path Py, <2+ n%?— (2n—1) =
n?—2n+3

Completion number of Po,11 < 24+n(n+1)—2n = n?—n+2’
Completion number of Ca,, - Ko <2+4+n(n+1)—(2n+1) =
n?—n+1

The above upper bounds are not sharp. The sharper bounds
in the case of paths Pjyyy2, Pin, Pint+1 and Py, 3 are given
below.

Consider Pj,49. It is a bipartite graph in which each
partite set has 2n + 1 elements. Let {v1,va,..., 0411} be
the vertex set of Pj,4o and the partite sets V3 and V, be

given by V4 = {v1,v3,...,Vant1}s

Vo = {va,v4,...,Vanq2}

Go = Pypq2

V1(Go) = {V1, V3, Vant1, Vanta, Vange, - - -, Vang2}s
C”Ul (Go) = Gl

Va(Gh) = {1, V3, Vanta, Vanys, Vanas, - - s Vang1 s
CUQ(Gl) = Gg'

In Vi n independent sets of size three and in Va,(n — 1)
independent sets of size three are possible. Thus totally there
are (2n — 1) independent sets of size three are possible. Thus
C’Ui(Gi_l) =G;,3<i<2n+1.

At the end Gap4+1 has two induced complete graphs,Ko,1
and (2n — 1) induced triangles. V;(G;_;) for
2n + 2 < i < 4n? — 2n + 4 are independent sets with two
vertices and Cv;(G;_1) = Gy, 2n+2 <1 < 4n? — 2n + 4.
Ganz—onta = Kanio. Hence C(Pyyq2) < 4n? —2n+4
similarly, C'(Py,,) < 4n? —4n +1

C(P4n+1) S 4712 —4n + 5

C(Pinys) < 4n? +4

B. Bound for Completion number of Cay 11

The first and second independent sets have n vertices in
each of them. Afterwards there is a sequence of maximal
independent sets with three vertices. Depending upon the
nature of these sets the problem is divided into six parts.

C. Bound for Completion number of C12,41
Consider the cycle vertex

set{vy, va, ..

Cl2n+1 with
< V12n+1> Go = Cr2p41,

Vi(Go) = {V1, Vs, ..., Vign—1},Cvi(Go) = G4

VQ(Gl) = {‘/27 V4, ey Vlzn},CUQ(G1) = GQ.

The graphs G4 has two disjoint induced complete subgraphs
on 6n vertices and a vertex not on either of them. Then
Vi(Gi-1) for 3 < i < 6n are independent sets with three
vertices one of which is the vertex which is not in any of the
two induced complete subgraphs Kg, and Cv;(G;—1) = G,
3 < i < 6n. At the end Gg,, has two induced complete
subgraphs Kg,, and (6n — 2) induced triangle K3. Then
Vi(G;_1) for 6n + 1 is 36n% — 12n + 5 are independent
sets with two vertices and Cv;(Gi—1) = G;, 6n + 1
is 36n? — 12n = 5 Thus Gagpr_iones = Kiont1
and C(Ciznt1) < 36n? — 12n + 5 similarly
C(ClgnJrg) < 36n2 + 2, C(Clgn+5) < 36n2+12n+5
C(Clgn+7) < 36n2 + 24n + 8

C(ClgnJrg) S 36712 + 36n + 11

C(Clgn+11) S 36n2 + 48n + 20

D. Bound for Completion number of UniCyclic Graphs of the
form copy1 - Ko

Consider Co,,+1-Ko with vertex set {v1, v, vs3, ..., Vani2}
Let free end of K5 be V; other end be V5 and
Vo, U3, ..., V12n+2 be the vertices of an+1. Go = Cl2n+1 Ky
v1(Go) = {v1,v3,0s, ..., V2n41, C1(Go) = G
UQ(Gl) = {’Ug, V4,06, .,U2n+2, CUQ(G1) = G2
G2 has two disjoint induced complete subgraphs. Then
Vi(G;—1) are independent sets with two vertices and
C’Ui(Gi_l) =G;,3<i< n? + 1.

Thus Gp2q1 = Kopyq and thus C(Capyq - Ko) <n? + 1.

E. The completion Number of a Wheel

Completion number of Wy ,, = K; + C,, is same as com-
pletion number of C,,. The completion number of generalized
wheel W, ,, = K., +C,, is given by C(W,, ,) = C(Cy,)+1.

IV. SOME RESULTS ON COMPLETION NUMBER OF A
GRAPH

The completion number of a (p,q) graph C(G) satisfies,
0<C(G) <CF—q.C(G) =0 if and only if G = K, and
C(G) = CL — ¢ if and only if G is the graph obtained by
removing ¢ edges from K, such that no three edges form
a triangle. In the following theorem graphs with completion
number one are characterized .

Theorem 1. Completion number of a (p,q) graph G is one
if and only if either G = K, for some integer m > 1 or
G = K, + K, for some integers m and n with n > 1 and
m > 1.

Proof: The necessary part is trivial. To prove the sufficient
part,consider a graph with completion number one. Consider
the maximal independent set V; of V(G). If V; = V(G) then
the graph is k,, for some integer n > 1. If V] is a proper subset
of V(G), as the completion number is one, every vertex of
the maximal independent set is adjacent to all the vertices of
V(G) — V1 and every two vertices of V(G) — V; are adjacent.
Hence G = K, + K,,, where n = |[V41(G)|and m =p—n. B
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Let G be a graph with C(G) = k. Then C(G + K,,) = k
and C(G + K,,) = k + 1 for any integer n > 1
Given any integer K > 0, there exists graph G with
C(G)=k
Let G; be a graph with completion number K; and G2 be a
graph with completion number K5>. Then completion number
of G1 + Gy is k1 + ko.

Note 2. In General if G; is a graph with completion number

Note 3. The converse of the above is not true.i.e, if G is a
graph with completion number k then G need not be sum of
i graphs G1,Ga,...,G; with C(G;) = K;, 1 < j < i and
k = ki+ks,... k; foranyi > 1 as illustrated in the following
example.

Example: Consider graph G = (4 C(G) = 4 But
G =3,_,Gj with C(G;) = Kj and 37 _, k; = 4 for any
i, 2 < ¢ < 4. The following results characterizes a graph with
completion number k that can be written as sum of k graphs

each with completion number one.

Theorem 2. Let G be a graph with completion number k.
Then G = G1 + Go,...,Gy with C(GZ) =1,1<i<k
if and only if either G is the complete k partite graph. G =
Ky, ps,...pn Where P, = |V(G;)| or G = Ky my,...omi +
Ky no,...ny, where Gy = Ky, + Ky, with m; > 1 and n; >
1,1 <i<k.

Proof: If G = Kp, py..p OF G = Ky, omy +
Ky, n,,...m, then it is easy to see that G is of completion
number k. Conversely if G is of completion number £ and
G = G1+Ga+,. .., Gy then each G is of completion number
one,i < j < k. Then by theorem (4.3.1)either G is K, for
some m > 1 or G; = K,, + K,, for some m and n with
m >1and n > 1.Thus G = Zle Gj is either Kp, p, .. pe
or Koy mo,...mi + Knymg,...m,- Thus if C(G) = K and
G= Zle G then either G is a complete K-partite graph or
sum of a complete K -partite graph and a complete graph. W

In the following theorem graphs with completion number
k are characterized.

Theorem 3. Let G be a (p,q) graph. Then C(G) = k if and
only if G is one of the following types.
1) G is a complete k-partite graph Ky, 1, . p.
2) G is sum of a complete k-partite graph and a complete
graph.i.e,G = Kp, p,,... p, + K,

-
3) G is the graph obtalned from the complete graph K, as
follows.
Let Vi,Va,..., Vi be the k& maximal independent sets

of G in succession and v € Vj. Let v also belong to
V n ‘/;2, Ceyige il,i27 .. .,it S k and bjnbjza .. .,bja where
a—P“ +Pi2+7-~7pit — t with {‘/Zj} :Pijv 1 S] §tbe
the vertices of V;, UV;,U. ..UV, other than v. Then remove the
star K1 o from K, at v joining v to each of b;,,b;,,...,b;,.
continue the process for every vertex in V3 U VoU, ... UV}

Proof: In the first two cases it is easy to observe that
the assertion of the theorem is true. The proof of the third
case is given below. Let G be a graph with completion
number k. V1, V5, ..., Vi be the maximal independent subsets
of V(G) in successsion. Let v € V;, 1 < ¢ < k and
v also belong to V;,,N,V;,N,...,NV;,. Let b;,,bj,,...,b;,
be the vertices in V;, U V,2 U... UV, other than v. Then
in the process of taking succesive partial complements with
respect to Vi, Vo, ..., Vi, the edges added with the vertex
v as the common vertex are the edges joining v to each
of bj,,bj,,...,b;, ie, the star with v has the root and
bj,,bj,,...,b;, as pendent vertices. The above is true for
every vertex in V3 U VoU, ..., Vi. Thus G can be obtained
by removing the above said stars at v from K,. Conversely
Let G be the graph obtained by removing stars at vertices
v of K,. Let the star removed at V;,1 < i < p be the one
with V; as the root and v;,,v;,,...,v;,, as pendent vertices.
Further v;, , v;,, ..., v;,, be the ¢; vertices which are mutually
non adjacent with ¢; < n;. Then form an independent set
Vi = {vi,viy,vigs .-, v, }o Similarly if {V;, Vi, Vi y
independent sets of V(G). If an independent set V; has k;
vertices the same set will be repeated £; times,once each as the
independent set corresponding to each pendent vertex. If there
are k distinct maximal independent then completion number
is k, if the distinct independent sets are arranged in increasing
order of size and partial complements are taken in succession
then resulting graph is K, ]

V. CONCLUSION

An upper bound for completion number of graphs from
some standard classes are obtained. Some results pertaining to
completion number are obtained. A characterization of graphs
with completion number £ is given.
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