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Abstract—The main purpose of this paper is to consider the new
kind of approximation which is called as t-best coapproximation in
fuzzy n-normed spaces. The set of all t-best coapproximation define
the t-coproximinal, t-co-Chebyshev and F-best coapproximation and
then prove several theorems pertaining to this sets.
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[. INTRODUCTION

HE concept of best coapproximation was introduced

by Franchetti and Furi [2], in order to study some
characteristic properties of real Hilbert spaces, and such
problems were considered further by Papini and Singer,
[12] and Rao and Saravanan [13].The concept of n-norm
on a linear space has been introduced and developed by
Gihler in [3], [4]. Following Misiak [10], Malceski [9]
and Gunawan and Mashadi [5] developed the theory of
n-normed space.The concept of fuzzy norm was initiated
by Katsaras in [7] and further, Narayanan and Vijayabalaji
[11] introduced the concept of fuzzy n-normed linear space.
Moreover, Vijayabalaji and Thillaigovindan [17] introduced
the notion of convergent sequence and Cauchy sequence in
fuzzy n-normed linear space. In [6]Igbal H. Jebril and Samanta
introduced fuzzy anti-norm on a linear space depending
on the idea of fuzzy anti-norm was introduced by Bag
and Samanta [1] and investigated their important properties.
In [8] Kavikumar et. al. introduced the notion of fuzzy
anti-n-normed linear space. Further, Surender Reddy [15]
introduced the notion of convergent sequence and Cauchy
sequence in fuzzy anti-n-normed linear space. The set of
all t-best approximations on fuzzy normed linear spaces was
initiated and studied by Vaezpour and Karimi [16].The set of
all ¢-best approximations on fuzzy anti-n-normed linear space
was introduced in [14]. In this paper we consider the set of
all ¢-best coapproximation in fuzzy anti-n-normed spaces and
then prove several theorems pertaining to this set.

II. PRELIMINARIES

Definition 1: [17]. Let n € N (natural numbers) and X
be a real linear space of dimension d > n. (Here we allow
d to be infinite). A real valued function || e,e, --- e | on
X x X x...x X (ntimes)=X" satisfying the following four
properties:

e || z1,29,....;x, ||= 0 if and only if xy,xo,...,2, are

linearly dependent.
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e || #1,22,...,x, || is invariant under any permutation of
L1yL2y eeey Ly
o || 21,29, cicxn ||= | ¢ | || 1,22, ..., 2y ||, for any real
c.
° ” 1,2y, Tn-1,Y + 2 ||§H T1,X2y 0y Tn—1,Y H + ”
X1, T2, ey Tp1, 2 ||
is called an n-norm on X and the pair (X, || o, ..., ® ||) is called
an n-normed linear space.
Definition 2: [17]. Let X be a linear space over a real field
F. A fuzzy subset N of X" x [0, 00) is called a fuzzy n-norm
on X if and only if:
o N(x1,T9,...,Tpn,t) > 0.
o N(z1,29,....2pn,t) = 1 & x1,29,...,x, are linearly
dependent.
e N(x1,x9,...,Tp,t) is invariant under any permutation of
L1,L2y ..., Tp.
o N(xy,ma,...,cxp,t) = N(x1,%2,..., Tp, ﬁ) if ¢ #
0,c € F(field)
° N(whx% vy Ty 1'.;178 + t) > N(:L'hx% "'7‘7"nat) *
N(zy1,z9,...,2),t) for all s,t € R
e N(x1,x9,...,2p,-) is left continuous and non-decreasing
function of R such that lim;_, o, N (21, xa, ..., pn,t) = 1.
Then (X, N) is called a fuzzy n-normed linear space.
Definition 3: [8] Let X be a linear space over a real field
F. A fuzzy subset N of X™ x [0,00) is called a fuzzy anti
n-norm on X if and only if:
o forall t € R with ¢t <0, N(z1,22,..., Tn, t) = 1.
o for all ¢ € R with ¢t > 0, N(z1,x2,...,2,,t) = 0 &
1, T2, ..., T, are linearly dependent.
e N(x1,m9,...,Tp,t) is invariant under any permutation of
L1,22y ..., Tp.
o for all ¢ € R with ¢ > 0, N(x1,22,...,c2p,t) =
N(z1,x2,..., Tp, ﬁ) if ¢ # 0, ¢ € F(field)
o for all s,t € R, N(z1,22,....a, + zh,s + 1) <
max{N(z1,x2, ..., Tn, 8), N*(x1, T2, ..., 20, 1)}
o N(z1,29,...,2Tpn,") is right continuous and
non-increasing function of R such that

tli)rgo N(I1,$27 7xn) =0

Then (X, N) is called a fuzzy anti n-normed linear space.
To strengthen the above definition, we present the following
example.
Example 1: [8] Let (X, || o,o,--- o ||) be a n-normed linear
space
Define,
N(l’l, T2y ey Ty, t) =

t
1 when ¢(<0) e R,Vz € X

Then (X, N) is a fuzzy anti n-normed linear space.
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Definition 4: [15]A  sequence {xx} in a fuzzy
anti-n-normed linear space (X, N) is said to be convergent
to z € X ig given t > 0,0 < r < 1, there eixsts an integer
no € N such that

N(zi,x9, ,&n,, T — x,t) < 1, Vk > ng.

Theorem 1: [15]In a fuzzy anti-n-normed linear space
(X, N), a sequence {xj} converges to x € X if and only
if

lim N(x1,z9, - ,&n,, Tk —x,t) = 0,Vt > 0.
k— o0

Definition 5: [15] Let (X, N) be a fuzzy anti-n-normed
linear space. Let {z} be a sequence in X then {z}} is said
to be a Cauchy sequence if

lerl;ON(ml,wg,--~ s Ty Thtp — Tk, t) =0,V >0

and p = 1,2,3,---. A fuzzy anti-n-normed linear space
(X, N) is said to be complete if every Cauchy sequence in X
is convergent. A complete fuzzy anti-n-normed space (X, N)
is called a fuzzy anti-n-Banach space. The open ball B(z, r,t)
and the closed ball B[z, r,t] with the center € X and radius
0 <7 <1, t>0 are defined as follows:

B(z,rt)={y € X : N(x1,22, "+, Tn,, x —y,t) <7},
B[(L’,ﬁt] = {y €X: N(xlwr%"' »Tny s T _y7t) < T'}.
A subset A of X is said to be open if there exists 7 € (0,1)
such that B(z,r,t) C A for all x € A and ¢ > 0. A subset
A of X is said to be closed if for any sequence {zy} in A
converges to x € A. ie., limg_ oo N(z1,22,  ,Tpny, Tp —

x,t) =0, for all £ > 0 implies that x € A.
Corollary 1: [15] Let (X, N) be a fuzzy anti-n-normed
linear space. Then NV is a continuous function on

X x X x..xXxR.
~— ———

n

III. T-BEST COAPPROXIMATION

Definition 6: Let A be a nonempty subset of fuzzy
anti-n-normed space (X, N) and ¢t > 0. For z € X, an element
Yo € A is said to be a t-best coapproximation of = from A
if N(x1, 22, ,@n—1,Y0 — ¥, t) < N(z1,22, ** ,Tp_1,2 —
y,t), for all y € AThe set of all elements of t-best
coapproximation of z from A is denoted by RY(z); i.e.
R%(JJ) = {yO € A: N($1,$27~~~ y Tn—1,Y0 — yat) <
N($17$27"' y Ln—1,T _yat)7Vy S A}

For ¢ > 0 putting

At.L = {.T € X;N(l’th,--'
< N(z1,20, -
= (Ry)'({0}).

It is clear yo € RY,(x) if and only if = — yo € AL.

Definition 7: Let A be a nonempty subset of a fuzzy
anti-n-normed space (X, N). If for ¢ > 0 and each z € X
has at least (respectively exactly) one t-best coapproximation
in A, then A is called a t-best coproximinal (respectively
t-co-Chebyshev) set. Also A is called t-quasi-co-Chebyshev
set if RY(z) is a compact set.

Theorem 2: Let (X, N) be a fuzzy anti-n-normed space
and A be a subspace of X and ¢ > 0. Then for each z € X
(a) A is a t-coproximinal if and only if X = A + AL,

(b) A is a t-co-Chebyshev subspace if and only if X = A&

At

y Tn—1,Y, t)
yIn—1,Y — :ut)Vy € A}

Proof: (a)(=) Assume that A is t-coproximinal, z € X
and yo € RY(x).Then, z—yo € AL. Now, = = yo+(z—1y0) €
A+ Al Hence X = A+ AL,

(S)letze X =A+ A s =y +7, yo € A, 7€ Al and

s0 0 € RY (y) = RY(x —yo). Since, N (1,22, ,Tp—1,0—
(‘T - y0)7t) < N($1,1327"' yTn—1,Y — (1} - yo)vt)’ SO
N($17$27“' y Tn—1Y0 71"71‘:) S N(Il,l’Q,"' 71’n—17(y+

Yo) — ,t) where y + yo € A; hence yo € R (z). Therefore

A is t-coproximinal.

(b)(=") Suppose that A is t-co-Chebyshev subspace, z € X,

and * = y1 + Y, = Y2 + Yy, Where y;1,y2 € A and

Y1,Yy € AL. We show that y; = y2 and J; = ¥,. Since

T =y +Y; =Yz + Yy then z —y1 =7y, T — y2 = Y, this

implies that y1,y2 € RY(z). Therefore y; = yo, it follows

that 5, = 7,. Thus X = A @ AL,

(&) Let X =A@ fl;, and suppose for x € X, there exist

y1,y2 € RY(z). Then z — y1, 2 — yo € A’ and therefore,

T=y1+Y =Yy2+ Ty Where gy =z —y1, Yy = —yo. It

follows that y; = y2 and J; = ¥s. |

Theorem 3: Let A be a nonempty subset of a fuzzy
anti-n-normed space (X, N). The for ¢ > 0 and for each
reX.

(@ RY,,(z+y) = RY(x)+y, for every z,y € X.

) R(az) = aRY for every x € X and a € R\{0}.

(¢) A is t-coproximinal (respectively ¢-co-Chebyshev) if
and only if A + y is t-coproximinal (respectively
t-co-Chebyshev), for any y € X.

(d) A is t-coproximinal (respectively ¢-co-Chebyshev) if and
only if A is | a | t-coproximinal (respectively | « |
t-co-Chebyshev), for any y € X, for any given a €
R\{0}.

Proof: (i) For any z,y € X, t >0, yo € RYy, (v +y)
if and only if

N($17x27“' s Tn—15Y0 - (a + y)vt) S
N('T17'T27 e 7.17n_1,fll+y*(a+y),t) for all (a+y) € A+y
if and only if,

N($17$27"' >xn—17(y0 - y) - a‘7t) S
N(zy,z9, -+ ,&p_1,¢ — a),t) for all a € A, if and

only if, (yo —y) € R4Y(z), ie., yo € RY(z) + .

(i) For any z € X, a € R\{0}, and t > 0, yo € Rlﬂt(az)
if and only if,
N(xh T,
N(fl}h T,
if and only if N(z1,x9,---

y Tp—1; (yO - aaﬁ‘ «Q | t) <
, Tp—1,00 —aa),at) forall a € A
y Tp—1, (iyo - a7| & | t) <

N(zy1,z2, -+ ,Zp—1,2 — a),t) for all @ € A if and only
if, %yo € Rl(z) if and only if, yo € aR!y(z). Therefore
R (ax) = aRY

(iii) Is an immediate consequence of (i)

(iv) Is an immediate consequence of (ii). |

Corollary 2: Let M be a nonempty subspace of a fuzzy
anti-n-normed space X. Then for £ > 0 and each x € X.

(@) R (x+y)= R (z)+y, for every z,y € X.
) RI%(az) = aRY, for every = € X and o € R\{0}.
Proof: The proof is an immediate consequence of theorem
3 and this fact that M +y = M and aM = M forall y € M
and o € R\{0}. [ |
Definition 8: Forz € X, a € A,0<r <1,and t > 0,
define

et<x) :N(l'hl‘z,“'

a >xn—17mia7t)
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Theorem 4: Let (X, N) be a fuzzy anti n-normed space, A
be a subset of X, z € X\ A and ¢ > 0. Then we have

RYy(z) = [ﬂ Bla, e (z),t]] N A.

acA

Proof: By definition of R!,(z) for each a € A we have
Riy(x) C [Bla, eq (), t]] N A
Therefore

RYy(z) C [ﬂ Bla, e (z),t] N A.

acA

Conversely, let y € [, 4 Bla, el (x),t]] N A, then we have
y € A, and for each a € A, N(z1,22, ,Tp_1,a —
y,t) < et = N(x1,72, -+ ,Zpn_1,2 — a,t), which implies
that y € R'y(z). So [,c4 Bla, €} (x),t]]NA C RY (x), which
completes the proof. |

Corollary 3: Let (X, N) be a fuzzy anti-n-normed space,

A be a subset of X, x € X\A and t > 0. Then

(a) The set RY(z) is t-bounded.
(b) If A is t-closed, then RY(z) is t-closed.

Theorem 5: Let (X, N) be a fuzzy anti-n-normed space.
For each x € X and ¢t > 0, if A is a convex subset of X, then
R () is a convex subset of A (for RY (z) # 0).

Proof: Let z,z2 € RY, then for t > 0
and each ©z € X, N(x1,29, " ,Tp-1,y — 21,t) <
N(Ihm?a o In—-1,T — y7t) and N('Ilﬂx?? oy Tn—1,Y —
z9,t) < N(z1,29, -+ ,Tp_1,2 —y,t) for all y € A. Now for
each A € (0,1) we have

N(.Tl,-’L'Q,"' sy Tn—1,Y — (/\Zl + (1 - )‘)Z2ﬂt)
= N(x1, 22, ,Tn_1,\y — Az1 +y — Ay — 22 + Azp, 1)
= N(xthv“' 71:”—1,)\(2/_21) + (1 _A)(y_22)7
A+ (1= A)t)
At
S max{N(@ — 1,22, &n-1,y = 21, ),
1=t
N(I1,$27"' s Tn—1,Y — 22, H)}
At
S maX{N(l‘ — 1,%27"' s pn—1,T — Y, 7)7
(1= At

N(mbe:"' 7mn—lax_y7ﬂ)}

< N(x1,x9,+* ,Tp_1,Z — Y, t)

So Az1 + (1 — Nz € RY(z) and RY(z) is convex. ]
Theorem 6: For t > 0 and each z € X. let A be
a t-coproximinal subspace of a fuzzy anti-n-normed space
(X, N). Then
(a) If /1’; is a t-compact set then A is t-quasi-co-Chebyshev.
(b) If AL is a t-closed set then RY(x) is t-closed for every
rzeX.

Proof: (i) Suppose z € X and {y,} is a sequence in
RY(z). Since = —y,, € A% and A is a t-compact set, there
exists a subsequence {z — y,, } that t-convergence to z —
yo € AL. Consequently, {,,} has a subsequence ¥, 4 Yo €
RY () and hence A is t-quasi-co-Chebyshev.

(ii) The proof is similar to (i). [ |
Definition 9: A subset A of a fuzzy anti-n-normed space
(X, N) is called to be ¢-boundedly compact if every ¢-bounded

sequence in A has a subsequence ¢-converging to an element
of X.

Theorem 7: Suppose for some ¢ > 0 and each x € X,
A is a t-boundedly compact and t-closed subset of a fuzzy
anti-n-normed space (X, N), then, A is t-quasi-co-Chebyshev.

Proof: Let {y,} be any sequence in R!(z). Then
N(@1, 22, Tn—1,Yn — Y,t) < N(T1,22,+ ,Tp—1,T —
y,t) for every y € A. Since RY(z) is t-bounded, {y,} is
a t-bounded sequence in A, and so {y,} has a ¢-convergent
subsequence {yy, }, let yn, L yo € A, as A is t-closed.
Consider

N(x_ 171:27"' 7xn—17y0_y7t)

= h}gﬂN(l’l,xQ, s Tp—1,Yng, — yat)

< N(z1,22, ,Tp-1,Z — Y, 1)

for every y € A. So yo € RY(z), which implies that A is
t-quasi-co-Chebyshev. |

Definition 10: Let (X, N) be a fuzzy anti-n-normed space
and A be a subset of X. For ¢ > 0 and an element z € X
is said to be t-orthogonal to an element y € X, and we
denote it by xlly, if N(z1,20, - ,on_1,2 + Ay,t) >
N(x1,x9, - ,xp_1,z,t) for all scalar A € R, A # 0. We
say ALly if x 1!y for every z € A.

Theorem 8: For t > 0 and each x € X and yy € A, let
(X, N) be a fuzzy anti-n-normed space and A be a subspace
of X. If AL!z — y, then yg € RY(2).

Proof: Suppose t > 0, * € X and Allx —
yo. Then N(z1,z9, - ,Tpn_1,a + Az — yo),t) >

N(zy,z9,++ ,&p_1,a,t) for all @ € A and all scalar
A € R, X # 0. Then N(z1,22, " ,Tp-1,T —
Yo + A‘la,‘%‘) > N(xz1,29,-- ,:rn,l,)\_la,‘%l). Hence
N(zy,xg,--- ,In_l,x—al,‘tﬁ) > N(x1,@2,  * ,Tn_1,Y0—
a/,ﬁ), where @@ = yo — A *a. Now if A = 1 then,
N(zy,29,+* ,Tn-1,Y — Yo,t) > N(x1,29, - ,Tp_1, —
y,t) for all y € A, and so yo € RYy (). ]

IV. F-BEST COAPPROXIMATION

Definition 11: Let A be a nonempty subset of a fuzzy
anti-n-normed space (X, N). An element yy € A is said to be
an F-best coapproximation of x € X from A if it is a ¢-best
coapproximation of x from A, for every t > 0, i.e.,

Yo € ﬂ R} (2).

t€(0,00)

The set of all elements of F-best coapproximation of X from
A is denoted by FRY (), ie.,

FRYy(x)= [ Ra(x).
te(0,00)

If each x € X has at least (respectively exactly) one
F-best coapproximation in A, then A is called F'-coproximinal
(respectively F'-co-Chebyshev) set.
Example 2: Let X = R3 Define N : X x X x X x
[0,00) — [0,1] by
_ HIl,Ig,l‘gH

N(z1,22,23,1) = if

=1, if

t>0,teRzy, 29,23 € X

t<0,t €R,zy,29,23 € X.
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where ||z1,z2, z3|| = lrgiigngzl | ;5 |. Then (X, N) is a

fuzzy anti-3-normed linear space. Let A = {(a,b,c) € R :
a? +b% < 1,0 <c<a?+bv*}and 1 = (1,0,0), 25 =
(0,1,0), z3 = (0,0,4) are inX. Let ag = (0,—1,1) and a1 =
(0,1,1) are in A. Then (0,-1,1),(0,1,1) € FR(0,0,4).
So A is not a F-co-Chebyshev set.

Theorem 9: Let {||.,., -+ ,.||%, : @ € (0,]} be a descending
family of a-n-norm on X corresponding to the fuzzy
anti-n-norm on X. Then yy € A is a best coapproximation
to x € X in the descending family of a-n-norm on X
corresponding to the fuzzy anti-n-norm on X if and only if yg
is a F’-best coapproximation to z in the fuzzy anti-n-normed
space (X, N).

Proof: For each x € X, yo is a best coapproximation
to x € X in the descending family of a-n-norm on
X corresponding to the fuzzy anti-n-norm on X. if and
Only if H'Thz?v LY ?JOHZ < Hl’hl’g,- R y”:w
for every y € A , if and only if m >
m for every y € A and ¢t € (0, 00), if and only
if N(xlax%"' awnflay_y()vt) < N(i)Zl,ZC%--- yTn—1,T —
y,t) for every y € A and t € (0,00), if and only if
yo € FRY (z). [ |

Definition 12: Let (X, N) be a fuzzy anti-n-normed space
and A be a subset of X. For each element z € X is said to
be F'-orthogonal to an element y € X and we denote it by
Ly, if for every t > 0, x Lty. We say ALy if 1y for
every x € A.

Theorem 10: Let {|.,.,---,.]|k : a € (0,]} be a
descending family of a-n-norm on X corresponding to the
fuzzy anti-n-norm on X. Then x € X is Brikhoff orthogonal
to y € X in the descending family of a-n-norm on X
corresponding to the fuzzy anti-n-norm on X if and only if
x is a F-orthogonal to y in the fuzzy anti-n-normed space
(X, N).

Proof: For each x € X, x is a Brikhoff orthogonal
to y € X in the descending family of a-n-norm on X
corresponding to the fuzzy anti-n-norm on X. if and only
if |21, @0, po1,zlh < 21,22, Zpe1, 4 Ayl for
every scalar A € R\{0} , if and only if ¢ >

t

tHzy @2, an—1,2lly =

o v I3 for every scalar A € R\{0}and
t > 0, if and only if N(zy,z2, - ,zp_1,2,t) <
N(z1,z9, -+ ,xp—1,2 + Ay, t) for every scalar A € R\{0}
and t > 0, if and only if 21 L'y. |

V. CONCLUSION

In this paper we introduced the concept of ¢-best
coapproximation in and F'-best coapproximation in fuzzy
anti-n-normed spaces and also introduced ¢-coproximinal and
t-co-Chebyshev in fuzzy anti-n-normed spaces. Then prove
several theorems pertaining to this sets illustrate with example.
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